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Example 4

Find and interpret the average rate of change of quadratic functions given symbaolically, in tables, and in graphs

Exercises (13-21)

P10

Determine the average rate of change of f{x) over the specified interval.

13. fix) = x2 —10x + 5; interval [—4, 4]

16. fix) = 4x% + x + 3; interval [—2, 2]

14. fix) = 2x? + 4x — 6; interval [—3, 3]

17. fix) = 2x2 — 11; interval [—3, 3]

15. fix) = 3x? — 3x + 1; interval [—5, 5]

18. fix) = —2x% + 8x + 7; interval [—4, 4]



Example 5

Find and interpret the average rate of change of quadratic functions given symbaolically, in tables, and in graphs

Exercises (13-21)

P10

Determine the average rate of change of f{x) over the specified interval.

19. interval [—3, 3]

-3 0

-2 3

-1 | —4
0o |[-—-3
1 0
2 5
3 | 12

20. interval [—4, 4]

—4 | =27
-2 | —3
5

2| -3
—-27

21. interval [—2, 2] [T
-2 | -3

-1 | -3

o -

1 3

2 9




1 Find and interpret the average rate of change of quadratic functions given symbaolically, in tables, and in graphs Exercises (13-21) P10 SO".I“O"

solution method Example 4 Find Average Rate of Change from an

Equation

Learn Finding and Interpreting Average Rate of Change Example 4

) . o . . Determine the average rate of change of f(x) over the specified interval.
A function’s rate of change is how a quantity is changing with respect

to a change in another quantity. For nonlinear functions, the rate of
change is not the same over the entire function. You can calculate

the average rate of change of a nonlinear function over an interval. [ =f(-4) S3)=f(-3)

The average rate of change is equal fo (=D The average rate of change is equal to 3-(-3)

13. fix) = x2 — 10x + 5; interval [—4, 4] 14. fix) = 2x? + 4x — 6; interval [—3, 3]

Key Concept - Average Rate of Change

The average rate of change of a function f{x) is equal to the change in . First find f{3) and /1-3).
the value of the dependent variable fib) — fla) divided by the change et

in the value of the independent variable b — a over the interval [a, b]. ﬂ3]=2[3)2+4{3}—6 or 24

S @) =4 -10(4)+50r — 19

fib) - fia) _3)=2(-3) +d(-3)-
b-a f(=4)=(=4)" = 10(=4)+5 or 61 S
. ) Then substitute to find the average rate of change.
Example 4 Find Average Rate of Change from an e e
. f3)-f(=3) _ 24-0 _
Equation [)=fi=4) _ =19=61 _ 3-(-3) 3=y

4-(-4)  4-(-4
Example 5 Find Average Rate of Change from a Table




15. fix) = 3x? — 3x + 1;interval [-5, 5]

The average rate of change is equal to 5—(-5)

First find f{5) and f1—5).
f(5)=3(5=3(5)+ 1 orel
f=5)1=3(=5"-3(-5)+1or9l

Then substitute to find the average rate of change.

f&)=f=5) _ 61-91 _ .
Sm(=5)  S5=(=5)

Example 5

1 Find and interpret the average rate of change of quadratic functions given symbaolically, in tables, and in graphs

Exercises (13-21)

P10 Solution

16. fix) = 4x2 + x + 3; interval [—2, 2]

The average rate of change is equal to 1—(-2)

First find /2) and f1-2).
f(2)=4(2P +(2)+3 or 21
A=-=4(-2+(-2)+30r 17

Then substitute to find the average rate of change.

f@=f=2) _ 20-17 _
2=(=2) 2=(-2)

Determine the average rate of change of f(x) over the specified interval.

19. interval [—3, 3]

3|0

-2 3

—1 | -4
0|-3
1] 0
2|5
3| 12

20. interval [—4, 4]

fQ)=A=2)

17. fix) = 2x? — 11; interval [—3, 3]

The average rate of change is equal to 3-(-3)

First find /{3) and f-3).
f3)=2(3"-110r7

f(=3)=2(=3 =1lor7

Then substitute to find the average rate of change.

fO=A=3 | _1=7__,
3I-(-3 3=(-3)

-4 | =27
-2 | —3
o0 5
2| -3
4 | =27

a(,\/((‘aa{ vele o Qk°\‘"°\]€

20)-R0) .27 _1.27

-A

o Y

S3)=f(-3) _

18. fix) = —2x? + 8x + 7, interval [—4, 4]
S =f-4)

The average rate of change is equal fo a—(-4)

First find /74) and fT—4).

fid)==2(4)’ +8(4)+ 7 or 7
f=4)==2(-4y +8(~4)+ T or =57

Then substitute to find the average rate of change.

fE-f=4) _1-(=57) _,
4-(-4) 4=(-4)

21. interval [—2, 2]

—2 3
-1 | -3
o -
1 3
2 9

il B
== S e




2 Solve quadratic equations by graphing Exercises [1-10) P17

Example 1
Use the related graph of each equation to determine its solutions.

1.X2+2X+3=0 2.){‘2_3}(_10:‘:' 3._)('2_8){_15:0
X VI L 1 ¥
\, /
\ ] “X5o| 1 Z 3 4F 6x o] |x
\1, / VAmEL
3 HH
° x L2 / \
| [ y




Solve each equation by graphing.

4. x2—10x+21=0

Solve quadratic equations by graphing

Exercises (1-10)

P17

5. 4x° +4x+1=0

6. x4+x—6=0



7.2 4+2x—3=0

Solve quadratic equations by graphing

Exercises (1-10)

P17

—x2 —6x—9=0

9 x2—6x+5=0

10. 2+ 2x4+3=0



2 Solve quadratic equations by graphing

Exercises (1-10)

P17

Example 1

solution method

1. 24+ 2x+3=0

Learn Solving Quadratic Equations by Graphing

L} yig

A quadratic equation is an equation that includes a quadratic expression.

Key Concept » Standard Form of a Quadratic Equation \ f

The standard form of a quadratic equation is ax? + bx + ¢ = 0,

where a # 0 and a, b, and ¢ are integers.
One method for finding the roots of a quadratic equation is to find the ©
zeros of a related quadratic function. You can identify the solutions or

There are no zeros of the function.

roots of an equation by finding the x-intercepts of the graph of a
related function. Often, exact roots cannot be found by graphing. You
can estimate the solutions by finding the integers between which the
zeros are located on the graph of the related function.

3. —x2—-8x—16=0

Example 1 One Real Solution ¥
O
P( \
"
] \
¥ ¥
The zero of the function is —4.

Therefore, there is no real solution of the equation]|

Therefore, the solution of the equation is —4.

Use the related graph of each equation to determine its solutions.

Solution

2. x2—-3x—10=0

k

¥

\

f
/

[*] TS

bx

=0 Y

The zeros of the function are —2 and 5.

Therefore, the solutions of the equation are —2 and 5 |



Solve each equation by graphing.

4. x2—-10x+21=0

Find the aous of symmetry.
b N . -
x=—-— Equation of the axis of symmetry
2a
I=—;[—][? a=1,b=—-10
x=5 Simplify.
Make a table of values.

3 0
4 -3
5 —4
] -3
7 0

Plot the points and connect them with a curve.

flx)

The zeros of the function are 3 and 7.

2 Solve quadratic equations by graphing Exercises [1-10)

P17

5. 4x° +4x+1=0

Find the axis of symmetry.
b ) . L
xX==-— Equation of the axis of symmetry
2a
=E=—— g=4 h=4
T ¢
x=—l Simplify
2 Pl ] X
Make a table of values.
1
-1 1
1
5 0
0 1
4
o

Thezemoftheﬁmdimlis—T_

6. x?+x—6=0

Find the axis of symmetry.
b . . L.
x= -E Equation of the axis of symmetry
1
x= -m a=1,b=1
x= . Simplify.
7 3
Make a table of values.
IEE
-3 0
-2 —4
-1 -6
1 .
-E —6.25
0 -5
1 —4
2 0

Plot the points and connect them with a curve.
fix) T ]
!
j:x‘

NN !

The zeros of the function are —3 and 2.

7. x2+2x—3=0

Find the aas of symmetry.
h , . L.
x=—-—— Equation of the axis of symmetry
2a
2
— b=
x (1) a=1] 2
x==1 Simplify.
Male a table of values.
I N
=3 0
-2 -3
-1 —4
0 -3
0

Plot the points and connect them with a curve.

[fog = 2+ 2x— 3],
|

The zeros of the function are —3 and 1.



Solve each equation by graphing.

8 —x2—-6x—9=0

Find the axis of symmetry.
b : : -

x==—" Equation of the axis of symmetry

2a
r=—2[+6” a=—1,h=-08
x=-3 Simplify.
Make a table of values.
IEE

-5 —4

—4 -1

-3 0

-2 -1

-1 —4

Plot the points and connect them with a curve.

.|ﬂ.)‘j,.=_.,f?-._r[_:,,[-._.-;;,r"mI

The zero of the function is —3.

Solve quadratic equations by graphing

Exercises (1-10)

P17

9. x2—6x+5=0

Find the axis of symmetry.
b _ . -
xX=—-—— Equation of the axis of symmetry
2a
-6
== =1,h=-6
X 2[]) a
xr=3 Simplity.
Malke a table of values.
I
1 0
2 -3
3 —4
4 -3
5 0

Plot the points and connect them with a curve.

fix) 4
1 ;
\ |
\ /
o) X
/[
AN
Y fi)=x2—6x+5-

The zeros of the function are 1 and 5.

10. x?+2x+3=0
Find the axis of symmetry.
h

X==——" Equation of the axis of symmetry

2a

2
20)
x=-=1 Simplify.

x= a=1,h=2

Make a table of values.

Plot the points and connect them with a curve.

LY Y 4

There are no zeros of the function.



Solve quadratic equations by graphing

Exercises [50-53)

P19

REGULARITY Use a quadratic equation to find two real numbers that satisfy each

situation, or show that no such numbers exist.

50. Their sum is 4, and their product is —117.

51. Their sum is 12, and their product is —85.




3 Solve quadratic equations by graphing Exercises [50-53) P19

REGULARITY Use a quadratic equation to find two real numbers that satisfy each
situation, or show that no such numbers exist.

52. Their sum is —13, and their product is 42. 53. Their sum is —8, and their product is —209.



solution method 3

Solve quadratic equations by graphing

Exercises [50-53) P19

Example 2 Two Real Solutions

50. Their sum is 4, and their product is —117.

Let x represent one of the numbers. Then 4 — x will represent the other number. So x(4 —x)=-117.

Solve the equation for 0.
w4=x)=-117
Ax-xt=-117

-xt=-4x-117
O=x2=dx=117

Find the axis of symmetry.

x=2 Simplify.

Make a table of values.

Original equation
Distributive Property
Subtract 4x from each side,

Add v to each side.

N

-0 0
-7 —40
—4 -85
-1 -112
2 -121
3 -112
8 -85
11 —40
13 0

The zeros of the function are —9 and 13.

x=-—Sandx =13 504 -x=13 or 4 —x =-0 Thus, the two mumbers with a sum of 4 and a product of -117

are —9 and 13.

x(12-x)=-85
12x —x*= -85

—

2a
=12

Solve the equation for 0.

—xi=—12x -85
0=x'=12x=85

Find the aus of symmetry.

a=1,h=-12

x=6 Simplify.

Make a table of values.

51. Their sum is 12, and their product is —85.

Let x represent one of the numbers. Then 12 —x will represent the other number. So x(12 — x) =-85.

Original equation
Distributive Property
Subtract 12x from each side.

Add x© to each side.

o= Equation of the axis of symmetry

4

=5 0
=3 —40
-1 —72
1 -06
3 -112
5 —120
] -121
7 -120
9 -112
1 -06
13 72
15 —40
17 0

are -5 and 17.

The zeros of the function are —5 and 17.

x=-5andx=17,s012—-x=17 or 12 —x =-5. Thus, the two numbers with a sum of 12 and a product of 85

Solution



Solve quadratic equations by graphing

Exercises [50-53) P19

B2. Their sum is —13, and their product is 42.

Let x represent one of the numbers. Then —13 — x will represent the other number. So x(—13 —x) =42

Solve the equation for 0.
x(-13-x)=42 Original equation
-13x-x1=42 Distributive Property

0=x2+13x+42 Add 13x and x” to each side.

Find the axis of symmetry.
= —i Equation of the axis of symmetry
X zﬂ .I.|...|..I. CodXilt LI, (% 3
I=—% a=1, k=13
x==06.5 Simplify.
Make a table of values.
IERN
-7 0
—6.5 025
0

The zetos of the function are —7 and —6.

x=-Tandx =-6,s0-13 —x=-6 or —13 —x =-7. Thus, the two numbers with a sum of —13 and a product of

42 are —7 and —6.

53. Their sum is —8, and their product is —2089.

Solution

Let x represent one of the numbers. Then —8 —x will represent the other number. So x{—8 —x) =-209.

Solve the equation for 0.

x-8-x)=-209
g

=By =x"==200
0=x +8x

Orniginal equation
Distributive Property

=209  Addx- and 8x to each side,

Find the axis of symmetry.

xX=—-—— Equation of the axis of symmetry

x=——— ua=1,h=8

x==4 Simplify.

Make a table of values.

-10 0
-15 -104
-11 -176
—7 —216
—4 —225
-1 -216
3 —176
1 -104
1l 0

The zeros of the function are —19 and 11.

x=-19andx =11 s0-8—-x=11 or -8 —x =-19. Thus, the two numbers with a sum of —8 and a product of —

209 are —19 and 11.



Examples 1and 2

Simplify.
1. /—48
7. V=23 -4/-46

Perform operations with complex numbers

Exercises (1-12])

P25

2. V/-63

3.v-72 4. J/-24
9. V=510 10. (3)(—24)(5/)

5. /—84

M.

6. Vv—99

12. 4i(—6i)?



solution method

Learn Pure Imaginary Numbers

In your math studies so far, you have worked with real numbers.
However, some equations such as x* + x + 1 = 0 do not have real
solutions. This led mathematicians to define imaginary numbers.
The imaginary unit j is the principal square root of —1. Thus, i = |
and i = —1.

Numbers of the form 6i, —2i, and i+/3 are called pure imaginary
numbers. A pure imaginary number is a number of the form &i,
where b is a real number and i = +/—1. For any positive real number

V—b2 =vb2 . VT or bi.

The Commutative and Associative Properties of Multiplication hold

true for pure imaginary numbers. The first few powers of i are shown.

=i 2= —1 PB=R«jor—i

Example 1 Square Roots of Negative Numbers

Example 2 Products of Pure Imaginary Numbers

J2a=y-1:226
=/ 1y/22+[6
=ji+2+/6 or 2iyJ6

10. (37)(—20)(5)
(30 = 20051)= (3= —2=5)+f"
= =30
= —30si%
= —30e— 1+
= 30i

4 Perform operations with complex numbers Exercises (1-12]) P25
Examples 1and 2
Simplify.
1. /—48 2. /—63
— 2
o —AB =af — 194243 N =63 =4/=1:37
= Teyf#+3 =137
=f¢4aﬁgr4jﬁ =f‘3‘ﬁ or 3fﬁ
4. v-—-24 5. V-84

J8a=y-1:2221
=T 22T

=je2+/21 or 2421
1. M
il =510,
=(—1)si

Solution

3.v-72

=12 =4 =1+6%+2
=ﬁf-[¢\/ﬁ_2qﬁ
=i+6+42 or 6iy/2

6. V—99

V=5 10=i5-iy10
=i%\50
=_] .E.ﬁ
==-52

12. 4i(—6i)?

(40— 6i) =4i =36
= 144;°
= 144000
= ldde — ]
=-144i



5 Perform operations with complex numbers Exercises (25-37) P25

Examples 5 and &

Simplify.
25. (6 + i)+ (4 — 5 26. B+ 3)—(6—20) 2. (5 -0 —([3— 2 2B. (4 + 2+ (6 — 3 29.(6 —3i) +(4 — 2i)
o 3@ e 32. (5 - 24 - 1) 33. (4 — 201 2)

34. ELECTRICITY Using the formula V = Cl, find the voltage V in a circuit when the
current C = 3 — j amps and the impedance | = 3 + 2j ohms.



Example 7
Simplify.

3.

_5
3+

Perform operations with complex numbers

Exercises (25-37)

P25

7 —13i
36. —;

37.

6 —5i

3i



solution method 5

Perform operations with complex numbers

Exercises (25-37)

P25 Solution

The Venn diagram shows the set of complex numbers. Notice that all
of the real numbers are part of the set of complex numbers.

Complex Numbers (a + bi)

Real Numbers
b=0

Imaginary Numbers
b#0

Pure

Imaginary
Numbers
a=0

Two complex numbers are equal if and only if their real parts are equal and
their imaginary parts are equal. The Commutative and Associative
Properties of Multiplication and Addition and the Distributive Property hold
true for complex numbers. To add or subtract complex numbers, combine
like terms. That is, combine the real parts, and combine the imaginary parts.

Two complex numbers of the form @ + bi and a — bi are called complex
conjugates. The product of complex conjugates is always a real number.

A radical expression is in simplest form if no radicands contain fractions
and no radicals appear in the denominator of a fraction. Similarly, a
complex number is in simplest form if no imaginary numbers appear in
the denominator of a fraction. You can use complex conjugates to
simplify a fraction with a complex number in the denominator. This
process is called rationalizing the denominator.

Example 5 Add or Subtract Complex Numbers

@ Example 6 Multiply Complex Numbers

Example 7 Divide Complex Numbers

Examples 5 and 6

Simplify.

25. (6 + 1) + (4 — 5i)

(6+i)+(4=5i)=(6+4)+(i=5i)
=10-4i

28. (—4 + 2i) + (6 — 3i)

(=44 20)+ (6= 3i)= (=4 +6)+(2i = 37)
=2-

3.2+ )3 -
(2403 -i)=203)+2( =) +i(3)+i(~ i)

=6-2i+3=i"
=6+i—(—1)
=T+i

26. B+ 3)—(6—2i)
(B+30)=(6=2)=(B=6)+(3i = (= 2i))
=2+5i
29. (6 — 3i) + (4 — 2i)

(6=3)+(4=-20)=(6+)+(-3i-2)
=10-35i

32.(5— 204 — i)
(3-204-D)=5(H+3(-y-28(d-2i(-D)
=20-5i -8 + 2i*
=20-13i+2(-1)
=18-13i

27. (5 -1 — (3 — 2i)

B=D=(3=2W=(E=-RN+(=i=(=2)
=2+i

30. (—1 + 4i) — (1 — 5i)

(=11+4i)=(1=50=(=11=1)+(di=(=5i))
==1249

33. (4 — 201 — 2i)
(4=20)1=20)=4(1)+4( - 2i) = 2i(1) = 2i( - 2i)
=4—8i—2i +4i°
=4-10i +4(— 1)

=-10i

34. ELECTRICITY Using the formula V = CI, find the voltage Vin a circuit when the
current C = 3 — jamps and the impedance | = 3 4+ 2j ohms.

V=l

=(3-/)3+2))
=3(3)+3(2)—j(3) =i (Z)
=0+6/ -3 -2
=9+3-2(=1)
=11+3f

11+ 3j volts



Perform operations with complex numbers

Exercises (25-37)

P25

Example 7
Simplify.
5
35. 377
5 5 3-i
PR Wra y
_15-5i
9—i?
_15-5i
T 9=(=1)
_ 15=2i
10
15 5
010"
3]

Solution



Examples 5-7

Solve gquadratic equations by factoring

Exercises(15-32)

P31

Solve each equation by factoring. Check your solution.

15. x? = 64

21. 4x2 —28x+ 49 =0

16. x2—100=0

22. 9x? + 6x = —1

17. 289 = x? 18. x2 + 14 =50

23. 16x2 — 24x+13 =4

19. 2 — 169 =0

24.81x2 + 36x = —4

20. 124=x?+3

25, 25x2 + 80x + 64 =0



26. 9x? + 60x + 95 = -5

30.x2+4=0

Solve gquadratic equations by factoring

Exercises(15-32)

P31

27. x2 +12 = —13 28. x2+100=0

31. 36Bx2 = —25

32. 64x? = —49

29, x2=-225



solution method

Learn Solving Quadratic Equations by Factoring

Special Products

Key Concept - Factoring Differences of Squares

Words: To factor a? — b?, find the square roots of g and b2. Then apply

the pattern.

Symbols: a? — b? = (g + b)l@ — b)

Key Concept - Factoring Perfect Square Trinomials

Words: To factor a? + 2ab + b2, find the square roots of @ and bZ. Then

apply the pattern.
Symbols: a® + 2ab + b? = (g + b)®

Not all quadratic equations have solutions that are real numbers. In
some cases, the solutions are complex numbers of the form a + bi,
where b # 0. For example, you know that the solution of x2 = —4 must
be complex because there is no real number for which its square is —4.
If you take the square root of each side, x = 2i or —2i.

6 Solve quadratic equations by factoring Exercises(15-32) P31
15. x? = 64 16. x> — 100 =0 17. 289 = x?
x’=64 x1=100=0 289 = 2
A =64=0 x*=10°=0 280 —y2=0)
(x+8)(x—8)=0 x+10=00rx=-10=0 (AT +x}17=x)=0
x+8=00rx—-8=0 x=-10 «x=10 [T4+x=0o0r 1T—x=0
x=-8 x=8 x==17 x=17

Solution

18. x* + 14 = 50

x2+14=50
x*=36=0
x-62=0
(x+6)(x—6)=0
x+6=00orx=6=10

x=-8 x=0

19. x2 — 169 =0

27. x2 +12 = —13

xi+12=-13
x*+25=0
=(=25)=0
¥ =(51PF=0
(x+5i)x=5i)=0
x+5i=00rx—-5=10

x=—5i x=5i

28. x> +100=0

¥+ 100=0

¥ =(=100)=0

2= (10iy* =0

(x+10{)(x — 10i{)=0

x+10i=0o0rx—10i=0
xr=—10i x=10i

20. 124=x2 43

2. 4x2 —28x+49=0

22. 9% + 6x = —1

¥ =169=0 124:12*'3 AP =28y +49=0 9x? +6x=—1
x*=13"=0 0=x"-121 (2x)P =2(2xU T+ 72 =0 Ox? 4 x4+ 1=0
(x+13)x—13)=0 0=x*-11° (2x-7P%=0 (32 +203x) 1)+ 12=0
x+13=00rx—-13=0 O=(x+11)x-11) 7 (Gx+172=0
x=-13 x=13 O=x+1lorx=11=0 = |
=ll=xor x=11 x:“T

23. 1662 —24x+13=4
1652 —24x +13=4

16x°—24x +9=0
(4x)% = 2(4x)(3)+ 3% =0

(4x=3)"=0
=32
=%

24.81x2 + 36x = —4
81x%+36x=—4

8lx’+36x+4=0

(9x ) +2(9x)(2)+2°=0

(9x+2)°=0

X ===

9

25. 25x2 4+ BOx + 64 =0

25x% +80x +64=0
(5x) +2(5x)(B)+8* =0
(5x+8F =0

8

r=-—

5

26. 9x2 + B0x + 95 = —5

9x2 + 60x +95=—5
9v +60x + 100=0
(3x) 4+ 2(3x)(10)+ 10°=0
(3x+10)*=0
10

xX==—

3



Example 4

Complete the square in the case of a trinomial that is not a perfect square

Exercises (19-24)

P39

Find the value of ¢ that makes each trinomial a perfect square. Then write the

trinomial as a perfect square trinomial.

19. x2 +10x + ¢

22. x* +5x+c¢

20. ¥ —1x + ¢

23. > — 9% +c

2. x2 + 24x + ¢

24. x> —x+c



solution method

Complete the square in the case of a trinomial that is not a perfect square Exercises (19-24)

P39

Example 4

Learn Solving Quadratic Equations by
Completing the Square

All guadratic equations can be solved by using the properties of
equality to manipulate the equation until one side is a perfect square.
This process is called completing the square.

Key Concept » Completing the Square

Words: To complete the square for any quadratic expression of the form
x? + hx, follow the steps below.

Step 1 Find one half of b, the coefficient of x.
Step 2 Square the result in Step 1.
Step 3 Add the result of Step 2 to x* + hx.

Symbols: x* + hx + I[%}2 = (x + g}z

To solve an equation of the form x? 4+ bx + c = 0 by completing the 5
square, first subtract c from each side of the eguation. Then add (%]
to each side of the equation and solve for x.

Example 4 Complete the Square

19. x2 +10x + ¢

|
Step 1 Find one half of 10. Tﬂ =5

Step 2 Square the result from Step 1. 52=25
Step 3 Add the result from Step 2 to x>+ 10x. x>+ 10x +25

Theexp‘essinﬂ:rl+ 10x + 25 canbewrittena.s(x+5}2.

20. ¥ —14x+ ¢

Step 1 Find one half of = 14, —_—==7

Step 2 Square the result from Step 1. (=77 =49

Step 3 Add the result from Step 2 to x> — 14x.  x7— 14x + 49

Theeaqrﬂssinﬂxl—14I+49caﬂbewﬁrtena5{x—?]2.

Solution

Find the value of ¢ that makes each trinomial a perfect square. Then write the
trinomial as a perfect square trinomial.



2. x2 + 24x + ¢

Step 1 Find one half of 24.

Step 2 Square the result from Step 1.
Step 3 Add the result from Step 2 to x*+ 24x.

23. 2 — 9% +c

Step 1 Find one half of —9.

Step 2 Square the result from Step 1.

Step 3 Add the result from Step 2 to x* - 9x.

— 12 81 :
The e}qn'essmnl(‘—gx + e can be wnitten as

w2+ 24x + 144

Complete the square in the case of a trinomial that is not a perfect square Exercises (19-24)

P39

22. 2 +5x+¢c

Step 1 Find one half of 5.

Step 2 Square the result from Step 1.

Step 3 Add the result from Step 2 to x* + Sx.

i 25 .
The EJEIH'E:SEIDHI2+ 10x + e can be written as

24. X2 —x+c

2__3
2 2 . _ ,
9V 81 Step 1 Find one half of — 1.
2 4
&1 Step 2 Square the result from Step 1.
“=0y+—

x=—

Step 3 Add the result from Step 2 to x* - x.

. l :
The expression xtox+ 7 e be written as

X=

X+

| L

2 25

4

ra | +3

25

2

¥“+5x+—
4

-

g ] |’_.I'|

P |

Solution



Solve quadratic equations by completing the square

Exercises (44-49)

P40

Examples 9 and 10

Write each function in vertex form. Find the axis of symmetry. Then find the vertex,

and determine if it is a maximum or minimum.

44, y=x? +2x—5

47. y=—x*—8x—5

45. y = x% + 6x + 1

48. y=2x? + 4x + 3

46. y = —x2 +4x + 2

49, y = 3x? 4+ 6x — 1



solution method

Solve quadratic equations by completing the square Exercises (44-49) P40 s°|uti°n

Learn Quadratic Functions in Vertex Form

When a function is given in standard form, y = ax? + bx + c, you can
complete the square to write it in vertex form.

Key Concept » Vertex Form of a Quadratic Function
Words: The vertex form of a quadratic function is ¥ = alx — b2 + k.

Symbels: Standard Form Vertex Form
y=ox + hx +c y=ax —hPE+k
The vertex is (h, k).

Example: Standard Form Vertex Form
y=2x+12x + 16 y=2x+37-2
The vertex is (—3, —2).

After completing the square and writing a quadratic function in vertex
form, you can analyze key features of the function. The vertex is (f, k)
and x = his the equation of the axis of symmetry. The shape of the
parabola and the direction that it opens are determined by a. The
value of k is a minimum value if o > 0 or a maximum value if o < Q.

The path that an object travels when influenced by gravity is called
a trajectory, and trajectories can be modeled by guadratic functions.
The formula below relates the height of the object A({f) and time t,
where g is acceleration due to gravity, v is the initial velocity of the
object, and h is the initial height of the object

h{t]=—%grz+w+hﬂ

The acceleration due to gravity g is 9.8 meters per second sguared or
32 feet per second squared. Problems that involve objects being
thrown or dropped are called projectile motion problems.

Example 9 Write Functions in Vertex Form

Example 10 Determine the Vertex and Axis

of Symmetry

L

44 y=x? +2x— 5

y= xX2+2x =5 Original equation
y= [x2+2x)—5 Group ax® + bx.
y=(x*+2x+1)=5=1 Complete the square.
y=(x+1)?-6 Simplify.

The vertex is (5. k) in the vertex form v = a(x — h)” + k. The vertex of v = (x + 1)? = 6 is (—1. —6).
The equation of the axis of symumetry is x = /. The axis of symmetry is x = —1.
Since the value of @ = 1, which 1s greater than 0, the value of & is a minimum value.

45, y=x?+6x +1

y= Hbx+1 Original equation
y= [;::2 + ﬁx] + 1 Group ax’ + bx.
y= (x> +6x+9)+1-9 Complete the square.
y=[;r+3]2—8 Simplify.

The vertex is (5, k) in the vertex form y = a(x — h)?> + k. The vertex of v = (x + 3)>— 8 is (—3. —8).
The equation of the axis of symmetry 1s x = h. The axis of symmetry 1s x = —3.
Since the value of @ = 1, which 1s greater than 0, the value of & 15 a munmmum value.




8 Solve quadratic equations by completing the square

Exercises (44-49) P40

46. y = —x2 + 4x + 2

y= —x2+4x+2 Original equation

y = [—x2+43::|+2 Group ax> + bx.

y = -(x?*-4x)+2 Factor out — 1.

y = —(x*—4x+4)+2- (—=1)(4) Complete the square.
y = -(x=2)*+6 Simplify.

The vertex is (h, k) in the vertex form y = a(x — h)* + k. The vertex of y = —(x — 2)> + 6 is (2. 6).
The equation of the axis of symmetry i1s x = k. The axis of symmetry 1s x = 2.
Simee the value of @ = —1. which is less than 0, the value of & 1s a maximum value.

47. y=—x>—8x—5

y=—x—8x-5 Original equation

y = (-x*—8x)-5 Group ax® + bx.

y = —(x2+8x)—5 Factor out — 1.

y = =(x*+8x+16)-5-(=1)16 Complete the square.
y = —(x+4]2+ 11 Simplify.

The vertex 1s (h, k) n the vertex form y = a(x — h)g + k. The vertex of y = —(x + 4}2 +111s(—4, 11

The equation of the axis of symmetry 1s x = h. The axus of symmetry 1s x = —4.
Since the value of @ = —1. which 15 less than 0. the value of k 15 a maximum value.

48. y=2x2 + 4x + 3

y=2xz+4x+3

y = (2x"+4x)+3

y = 2(x*+2x)+3

y =2+ 20+ 1)+3-2(1)
y=2x+1)P+1

Original equation
Group ax® + bx.
Factor.

Complete the square.

Simplify.

The vertex is (h. k) in the vertex form y = a(x — h)? + k. The vertex of y = 2(x + 1)2 + 1is (-1, 1).
The equation of the axis of symmetry is x = . The axis of symmetry is x = —1.
Since the value of @ = 2, which 15 greater than 0. the value of & is a nunmmum value.

49, y=3x? 4+ 6x —1
y= 3t +6x—1 Original equation
v =0Bx+6x)-1
y =30 +2x) -1
y =3xF+2x+1)-1-3(1)
y =3(x+1)*-4

Group ax” + bx.
Factor.
Complete the square.

Simplify.

The vertex is (h. k) in the vertex form v = a(x — h)> + k. The vertex of y = 3(x + 1)> — 4 is (=1. —4),
The equation of the axis of symmetry 1s x = h. The axis of symmetry 1s x = —1.
Since the value of a = 3, which 1s greater than 0. the value of k 15 a mnmmun value.



Mixed Exercises

Solve quadratic inequalities in one variable

Exercises (21-29)

P55

Solve each quadratic inequality by using a graph, a table, or algebraically.

21. —2x? +12x < —15

24, 2 — qx < —7

22. 5x2+x+3=0

25. —3x2 +10x <5

23. 1N < 4x? 4+ Tx

26. —1= —x? — Bx



27. 2 4+ 2x+1>0

Solve quadratic inequalities in one variable

Exercises (21-29)

P55

28. ¥ —3x+2 <0

29, 24+ 10x+7=0



solution method

9 Solve quadratic inequalities in one variable Exercises (21-29) P55

Learn Graphing Quadratic Inequalities

You can graph guadratic inequalities in two variables by using the
same technigues used to graph linear inequalities in two

variables. A quadratic inequality is an inequality of the form y > ax?
+h+tcyza+bhx+cy<or+bx+cory=axc®+bhx+c

Key Concept - Graphing Quadratic Inequalities

Step 1 Graph the related function.

Step 2 Test a point not on the parabola.
Step 2 Shade accordingly.

Example 1 Graph a Quadratic Inequality (< or <)

Example 2 Graph a Quadratic Inequality (> or =)

Example 3 Solve a Quadratic Inequality
(= or =) by Graphing

Example 4 Solve a Quadratic Inequality (> or

O Sarapenndg

21. —2x2 +12x < —15

-2.1'r+ 12¢=—15 Related equation
=23+ 12x - 15=0 Add 15 to each side.
x=—1.060rx=7.00 Quadratic Formula

Plot the solotions on a mumber line and test a value from each inferval.

Testx =—2_x =0, and x = 8. The values that satisfy the original inequality are x =—2 and x = §, so the solution

setis {x |x = —1.06 or x > 7.06}.

22. 5x2+x+3=0

sxP+x+3=0 Related equation

S SO VE

10 10

(uadratic Formula

There are no real solutions. therefore the graph never intersections the x-axis. The graph 1s always above the x-

Solution

axiiwhichmﬂmsﬂxz+x+3isﬂwaysgrﬂatﬂrﬂmnﬂﬁmﬂmmigmalhmquaﬁtyismmfmaﬂmalnmnbemThe

solution set 15 {all real numbers}.

23. 1 < 4x? + Tx

11 =4x%+7x Related equation
0=4x"+T7x—11 Subtract 11 from each side.
0=(x—1){4x +11) Factor.
l=xor —2.75=x  Zero Product Property

Plot the solutions on a number line and test a value from each mterval

Testx =—3, x =0, and x = 2. The values that satisfies the ongmal mequality are x = —3 and x = 2, so the solution

setisfx |[x=-2T7500x=1}.



Solve quadratic inequalities in one variable

Exercises (21-29) P55

24. x? —4x < —7

"
X=4x==17 |{L'|;'||.L'liI.'L]Il.l'.lirH

Pedr+7=0
x=2+3f

Add 7 to each side.

Ouadratic Formula

There are no real solutions, therefore the graph never intersections the x-axis. The graph 1s always above the x-
axis, which means x> — 4x + 7 is always greater than 0. so 1t cannot be less than or equal to 0. So, the original
mequality 15 never true for any real number. The solution set 1s .

25. —3x2 +10x <5

-3x2+10x=5 Related equation
=3x2+10x-5=0

re=06] ory=272

Subtract 5 from each side.

COuadratic Formula

Plot the solutions on a number line and test a value from each mterval

Testx =0, x = 1, and x = 3. The values that satisfies the onginal mequality are x = 0 and x = 3, so the solution set
5 {x|x=<0610rx=272}

26. —1 > —x? — 5x

7
=] ==x“=5x Related equation

0=-x*-5x+1
=5 19=xor(,19=x

Add 1 to each side.

Ouadratic Formula

Plot the solutions on a number line and test a value from each mterval

Testx =—6, x =0, and x = 1. The values that satisfies the origmal inequality are x = —6 and x = 1, so the solution

set1s {x |x=—5.19 orx = 0.19}.

27. 2 4+ 2x+1>0

P+ +1=0 Felated equation
(x+1)x+1)=0 Factor.
x==1 Zero Product Property

Plot the solution on a number line and test a value from each interval

Testx =—2 and x = 0. The values that satisfies the origmal mequality are x =—2 and x =0. When x =—1_ the
ongmal megquality 1s equal to 0. so the solution set 15 {all real numbers}.

28. x2 —3x+2 <0

¥ =3x+2=0 Related equation
(x=1)x-2)=0

x=lorx=2 Zero Product Property

Factor.

Plot the solutions on a number line and test a value from each mterval
Testx =0, x = 1.5, and x = 3. The only value that satisfies the onginal mequality 1s x = 1.5, so the solution set

s{x|1sx<2}.

29, 2 4+ 10x+7=0

x> +10x+7=0 Related equation

x=—=92orx=-0.76 Quadratic Formula

Plot the solutions on a number line and test a value from each mterval

Testx =—10, x =—5, and x = 0. The values that satisfies the onginal mequality are ¥ =—10 and x =0, so the
solution setis {x [x =-9.24 orx = —0.76}.




10 Graph polynomial functions and locate their zeros Example5 P77
Example 5
Use the graph to state the number of real zeros of the function.
15. 16. 1
4 ¥
i /\Wf\'
18. 18.

20.




Solution

The graph crosses the x-axis three times, so there are 3 real zeroes

10 Graph polynomial functions and locate their zeros Example5 P77
solution method s -
’ y 17.
y
Example 5 Zeros of a Polynomial Function
Use the graph to state the number of real J 11 /\f\
zeros of the function. § o/ \O‘ / X
The real zeros occur atx = —2,1, and 4, so Ilk
there are three real zeros. B6—4po[\ } & Sk
4
B SOLUTION: SOLUTION:
| ,1_3
The graph crosses the y-axis one time, so there 1s 1 real zero.
19, 20.
y 4
/ {\/\ - y 18.
y
i U x o \} x
V VYA
SOLUTION: SOLUTION:
The graph crosses the x-axis three times, so there are 3 The graph crosses the x-axis three tumes, so there are 3 real zeroes.
SOLUTION: SOLUTION:

The graph crosses the x-axis four times, so there are 4 real zeroes |

The graph crosses the x-axis two times, so there are 2 real zetoes.



11 Find the relative maxima and minima of polynomial functions Example2 P84

Example 2
Use a table to graph each function. Then estimate the x-coordinates at which relative maxima and
relative minima occur.

5. fix) = —2x + 12x2 — Bx 6. fix)=2x*—4x2 —3x+ 4

- ] e ]




11 Find the relative maxima and minima of polynomial functions Example2 P84

7. f =x* +2x —1 8. fix) = x* + 8x2 — 12

RN N




11 Find the relative maxima and minima of polynomial functions Example2
solution method
Learn Extrema of Polynomials 3 2
5. fix) = —2x° + 12x< — Bx
Extrema occur at relative maxima or minima of )
the function. g
Point A is a relative minimum, and point B is a ) /\ Make a table vaaluflzs and gl':l.ph the function.
relative maximum. Both points A and B are [+ X -
extrema. The graph of a polynomial of degree \ -2 20
has at most n — 1 extrema.
-1 22
. 0 0
Example 2 |dentify Extrema " 3
Use a table to graph f{x) = x® + x? — 5x — 2. Estimate the B 16
x-coordinates at which the relative maxima and relative
minima occur. 3 30
. 4 32
Step 1 Make a table of values and graph the function. 3 0
x fx) -
—4 —30 “ﬂx]
-2 a 14 30 \
q x \
—1 3 25
0 -2 \uFi 20 I \
1 -5 5 !
2 o 0 ’
3 = / Pr
‘ | - / .
Step 2 Estimate the locations of the extrema. —3=2—-10M™1 2 3 4 X
The value of fix) at x = —2 is greater than the surrounding points [ Y |
indicating a maximum near x = —2. _ _ S o
The value of fix) at x = 1is less than the surrounding points indicating E;Wiui Sl e N the PR £a H cenx =0
a minimum near x = 1. Thex_ -ffl: ) 1 0 ) S _ 4
value of f{x) at x =4 1s greater than suroundmg pomnts mdicating a maxmmum near ¥ = 4.
You can use a graphing calculator to find the extrema of a function and =

confirm your estimates.

Solution



11 Find the relative maxima and minima of polynomial functions Example2 P84

6. ) =2x3-4x2 —3x + 4 7. fx) = x* + 2x — 1

Make a table of values and graph the function.

Make a table of values and graph the function
=N

= _
- 247

3 77 s ?4
2 | 22 r 5

i 1 - V4

0 4 5 &

1 i : 3

2 —2 2 19

3 13 3 T

4 36 4 263

12
10
\ 8
T8 5—1—2p(\] 4 6 8x 6
\J 4
.y 5

16

=Y

¢B "—4-3-2-(9(1 2 3 4
]

The value of f{x) at x =—0.3 1s greater than the summounding pomnts mdicating a maximum near x =—0.3. The value of f{x) at x =—1 is less than the sumounding points indicating 2 minimum near x =—1.
The value of f{x) at x = 1.6 15 less than the surrounding pomts mdicating a mummum near x = 1.6. There is no relative ﬂmunnm|




8. flx) = x*+ 8x2 — 12

Make a table of values and graph the function.
EEE
—4 372
-3 141
-2 36
-1 -3
0 -12
1 -3
2 36
3
4

141
372

f'-a-a-z-w 73 4x

11

Find the relative maxima and minima of polynomial functions

Example2

P84

The value of f{x) at x =0 1s less than the summoundmng pomnts mdicating a nunimum near x = 0.

There 15 no relatrve maxmmum.




12

Add, subtract, and multiply polynomials

Exercises (30-39)

Pas

Mixed Exercises

Simplify.

30. Sxy(2x — y) + 62 (x2 + 6)

32. ;g%8g + 12h — 16gh?)

34. (g3 — h)g® + h)

31. 3ab(4a — 5b) + 4b2(2a? +1)

.1
33. 3n%(6n — 9p + 18np?)

35. (2 =72 + 4)




12 Add, subtract, and multiply polynomials Exercises (30-39) Pag

36. (2x — 2y)° 37. (4n — 5)°

38. (3z — 2)° 39, (16x — 12y) + %(9x + 3)



SO'Ution methOd 12 Add, subtract, and multiply polynomials

Exercises (30-39) pog Solution

Learn Adding and Subtracting Polynomials

A polynomial is a monomial or the sum of two or more monomials. A
binomial is the sum of two monomials, and a trinomial is the sum of
three monomials. The degree of a polynomial is the greatest degree of
any term in the polynomial.

Folynomials can be added or subtracted by performing the operations

indicated and combining like terms. You can subtract a polynomial by
adding its additive inverse.

The sum or difference of polynomials will have the same variables and

exponents as the original polynomials, but possibly different coefficients.
Thus, the sum or difference of two polynomials is also a polynomial.

A set is closed if and only if an operation on any two elements of the set
produces another element of the same set. Because adding or

subiracting polynomials results in a polynomial, the set of polynomials is
closed under the operations of addition and subtraction.

Example 2 Add Polynomials Example 3 Subtract Polynomials

Example 4 Simplify by Using the Distributive Property Example 5 Multiply Binomials

35. (M — 7)(2n3 + 4)

(n* =720 +4)=n*(2n7) 4 n*(4) + (= 7)(2n") + (= 7)(4)
=2n’ +4n* = 14n* - 28
=2n"=14n" +4n* - 28

30. Sxy(2x — y) + 622 + 6)
Sxp(2x =) + 67 (x7 +6) = 5xp(2x) + Sxy(=) + 677 + 617(6)
= Iﬂxzy - S.r;.J2 + fu’lyz + 3&}*2
31. 3ab(da — 5b) + 4b2(2a? +1)
3ab(4a - 5b)+4b* (24> + 1) = 3ab(4a) + 3ab(—5b) + 4b*(2a%) + 4b*(1)
=12a’b = 15ab* + 8a*b* + 4b*
=12a’h +8a’b* - 15ab” + 4b*

32. 1g%8g + 12h — 16gh?)

15 A 2 =l 2 12 LT 2

e (Bg + 12k — 15gh°) e (8g)+ £ (12h)+ 4g|: 16gi”)
=2¢° +3g7h - 4g’h’

1
33. 3n*6n — 9p + 18np?)

| 1 | 1
Tnalﬁn -9p + 18np?) = ?nsfﬁn] + 3N =9p)+ ?nstlﬁnp'#]

=20t 3n3’p + 6r1"p"
34. (g° — h)ig® + h)
(g n)g* +h)=g"(g") + g (h) + (= h)(g")+ (= h)(h)

=gﬁ+g3ﬁ_g3h_ﬁ2
=g'h_h2



12 Add, subtract, and multiply polynomials Exercises (30-39) Pag

36. (2x — 2y)° 37. (4n — 5)°

(452 = 5)(dn = 5)=4n(4n)+ 4n(=5)+(=5)d4n +(-5)(-5)
= 160" =201 = 20n +25
= 16n* = 40n +25
(16n° =401 +25)(4n = 5) = 16n*(4n) + 16n%(—=5) +(—40n)(4n) + (- 40n)( - 5) + 25(4n) + 25(-5)
= 64 = 160n” = 800" + 2000 + 1008 - 125
= 64" + (= 160n° = 80n*) + (2000 + 100r) - 125
= 6’ = 240n° + 300 - 125

(2x = 2)(2x = 2y) = 2x(2x) + 2x( = 2p) + (= 29)(2x) + (- 20)(~2y)
=4:2—4xy -4x_r+4y3
=412-Hc{}- +4_u-‘2
(4 = Ry + 4y7)( 20 = 2p) = 4x?(2x) + 4x?( = 2p) # (= Ry )(20) + (- Roep) (= 2p) + 4y 2(20) + 4y (= 20)
_ Rr‘l—&x!y— lﬁ.xzy+ lﬁxz}JJr &q__z_g};
=8 + (= 8x%y — 16x%) + (16007 + Bry?) - 8y
= 8x% = 24x%y + 24xy? - &)

38. 32 — 2)° 39. 5(16x — 12y) + 5(9x + 3y)

(3z=2)(3z-2)=32(32) + 3z(-2) +(-2)3z+ (-2)(-2)

=922 — 2=z + 4 %[lﬁt— IEy]+%[Qx+3y]=%[Iﬁx]+Tl[—12y]+%[l}x]+ %[3.,]
=9z - 12z +4 =45 -3y +3r+y

(92% = 12z +4)(3z = 2) = 92%(32) # 92(=2) + (= 122)(3z) + (= 122)(=2) + 4(32) + 4(=2) =(4x +3x) +(-3y +y)
=270 - 1827 - 362° + 24z + 122 - 8 =T7x -2y

=277+ (- 182" —3627) +(242 +122) - 8
=272} - 5422+ 362 -8
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Divide polynomials using synthetic division

Exercises (11-16) P105

Examples 4 and 5 L

Simplify using synthetic division.

1. (3v2 — 7v —10)(v — 4)1

12, (3t* + 43 — 32t2 — 5t — 20)(t + 4)



13

Divide polynomials using synthetic division

Exercises (11-16)

P105

14.

253 = x2 = 18x + 32
2x =6
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Divide polynomials using synthetic division

Exercises (11-16)

P105

15. 4p° —p? + 2p) = (3p — 1)

16. (3c* + 6% — 2c + d)ic + 2)!



13 Divide polynomials using synthetic division Exercises (11-16) P105

solution method

Learn Dividing Polynomials by Using Synthetic Division

Synthetic division is an alternate method used to divide a polynomial by
a binomial of degree 1. You may find this to be a quicker, simpler method.
Key Concept - Synthetic Division

Step 1 After writing a polynomial in standard form, write the coefficients
of the dividend. If the dividend is missing a term, use 0 as a
placeholder. Write the constant o of the divisor ¥ — o in the box.
Bring the first coefficient down.

Step 2 Multiply the number just written in the bottom row by o, and
write the product under the next coefficient.

Step 3 Add the product and the coefficient above it.
Step 4 Repeat Steps 2 and 3 until yvou reach a sum in the last column.

Step 5 Write the guotient. The numbers along the bottom row are the
coefficients of the quotient. The power of the first term is one less
than the degree of the dividend. The final number is the remainder.

Example 4 Use Synthetic Division

Example 8§ Divisor with a Coefficient Other Than 1

1. 3¢ — 7v—10)(v — 4)!
(B2 =Tv=10)(v=4)"' = (3> = Tv=10) + (v-4)

Write the coefficients of the dividend and write the constant a in the box.
Then bring the first coefficient down.

44 3 -7 -0
i
3 |
Multiply by a and write the product.

The product of the coefficient and a is 3(4) = 12.

+4 3 -7 —-10
12

B I
Add the product and the coefficient.

+4 3 -7 -0
12
3 5 |

Multiply by @ and write the product.
The product of the coefficient and a 1s 3(5) = 20.

44 3 -7 -0
12 20
35|

Add the product and the coefficient.
+ 3 -7 -0
12 20
35
Write the quotient. Because the degree of the dividend 1s 2 and the degree of the divisor is 1. the degree of the
quotient is 1.
The final sum m the synthetic division is 10, so the remamder is 10.

10

v=4-

The quotient is 3v+5 +

Solution
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Divide polynomials using synthetic division Exercises (11-16) P105

12. (3t* + 43 — 3212 — 5t — 20)(t + 4)~

(3447 = 3207 =50 =20)(¢ +4) " =3 +4r* = 322 =51 =20) + (1 +4)

Write the coefficients of the dividend and write the constant a in the box.

Because t +4=7f—(—4). a=—4

Then bring the first coefficient down.
-4 3 4 -32 -5 -20
|
3 |

Multiply by a and write the product.
The product of the coefficient and a 15 —4(3)=-12.

—4 3 4 =32 =5 =20

I -12
3 I
Add the product and the coefficient.

-4 3 4 =32 =5 =20
=12
3 =8 |

Multiply by a and write the product.
The product of the coefficient and a 15 —4H—8) = 32.

-4 3 4 =32 =5 =20
bo-12 32
3 -8 |

Mltiply by @ and write the product.
The product of the coefficient and a 15 —H0) = 0.

ﬂ

4 =32 -5 -2

3
I —12 32 0
3 =8 0 |

Add the product and the coefficient.
—4 3 4 -2 =5 =%
L =12 32 0

3 -3 0 =35 |

Multiply by a and write the product.
The product of the coefficient and a 15 —H-5) = 20.

-4 3 4 =32 =5 =120
=12 32 0 20
3 -8 0 =5 |

Add the product and the coefficient.
—4| 3 4 =32 =5 =20
bo=12 32 0 2
3 -8 0 -5 o

Solution

Write the quotient. Because the degree of the dividend is 4 and the degree of the divisor is 1, the degree of the

quotient 1s 3.
The final sum in the synthetic division is 0, so the remainder is 0.

The quotient is 3#° — 82 — 5.



13 Divide polynomials using synthetic division Exercises (11-16) P105
y + 6 ’
13.
¥+ 2
3 Add the product and the coefficient.
y +6 5
742 =y +6)+ [y +2) ﬂ I 00 6
c I =2 4
1 =2 4 |

Use placeholder zeroes in the dividend.
(V¥ +6) £y +2) =0 + 067 + 0y + 6) = (1 +2)

Write the coefficients of the dividend and write the constant a in the box.

Then bring the first coefficient down.

=2l 100 6
l

t |

Multiply by a and write the product.
The product of the coefficient and a is —2{1) =-2.

=21 00 6

1 =2

| |
Add the product and the coefficient.
=2l 1 o006

l =2

1 =2 |

Multiply by a and write the product.
The product of the coefficient and a is -2{-2)=4.

=2l 1 00 6
1 -2 4
1 =2 |

Multiply by @ and write the product.
The product of the coefficient and a is —2(4) =—8.

=2 1 6

} -2 4 -3

1 =2 4 |
Add the product and the coefficient.
-2l 1 00 &

l -2 4 -8

1 -2 4 |-2

Write the quotient. Because the degree of the dividend 1s 3 and the degree of the divisor is 1, the degree of the

quotient 15 2.
The final sum i the synthetic division is —2. so the remamnder 15 2.

2

y+Z-

The quotient is 3 = 2y + 4 -

Solution



2x3 — x2 — 18x + 32

14. %X —6
=21 00 &

l -2 4 -§

1 =2 4 |-2

Write the quotient. Because the degree of the dividend is 3 and the degree of the divisor is 1, the degree of the

quotient is 2.
The final sum in the synthetic division is —2, so the remainder is —2.

- . ] 2
1 = D11 e ] o —
The quotient is v =2y +4 viz

2 - - 18+ 32

2x=6
SOLUTION:
To use synthefic division, the lead coefficient of the divisor nmst be 1.

(237 —x? - 18x +32)+2
[2x-6)+2

xj—%x2—9:+lﬁ

= B — Simplity the numerator and denominator.
x=—
s_1 2
Ry 9x+16

3_1 2
=y = —x =0y + ey -
=3 X 2Jr Oy + 16|+ (x=3)

Write the coefficients of the dividend and write the constant a in the box.
Then bring the first coefficient down.

31—%—915

1 |

Multiply by @ and write the product.
The product of the coefficient and a is 3(1) =3.

Divide the numerator and denominator by 2.

3 T — =
3 1 > ~9 16
! 3
I |
Add the product and the coefficient.
3 -1 -9 16
2
! 3
5
1 7 |
Multiply by a and write the product.

The product of the coefficient and a is 3

3 —% =9 16
15
M
S
1 = |
Add the product and the coefficient.

31—% -4 16

| mml

s
3 3
! 2 2 |
Multiply by a and write the product.

The product of the coefficient and a is 3

31—% -9 16

._
Tad
|=
I
|

ka2

3| 15
1R

L5

_il-_i
2] 2

Add the product and the coefficient.

LS

9
The final sum in the synthetic division is , 50 the remainder is

Solution

Wiite the quotient. Because the degree of the dividend is 3 and the degree of the divisor 15 1, the degree of the



L
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A4 12
3_p2 * — 3| 3 i 3
15. (4p” — p~ + 2p) = (3p — 1) |
2 | 114 1 2
To use synthetic division_ the lead coefficient of the divisor must be 1. 3 3l 3 T3 3 0
4 1
(4p? =p*+2p)+3 , Multiply by @ and write the product. J T 7
- Divide the numerator an 1(4] 4
(3p-1)+3 The product of the coefficient and g is —| — |= —. S L 10
3L3) 9 3 g 27
4 3 1, 2 S (S 2
?P _?P Ev4
= I Simplity the numerator 1|l a4 1 2 ! Mutiply by a and write the product
p—— 3| 3 3 3 : _1[{19]) 19
3 The product of the coefficient and a is —|—|=—.
l 4 27 81
9
Use a placeholder zero in the dividend. 4
4 a2 Y | ﬂi L2,
3P T3P T3P (4, 1, 2 I ‘ 303 T3 3
R A T L M ) | &Ll
P-3 : ’ : Add the product and the coefficient. 9 27 1
4 11
4 L 2, 3 9 27
Write the coefficients of the dividend and write the constant @ in the bosx. 1l 3 3%
Then bring the first coefficient down. l % Add the product and the cient
4 1 | 1]l 4 1 2
3o 33 73 3 !
J 4 L 1B
Multiply by a and write the product. 9 27 27
- 11y 4 1 19 |19
The product of the coefficient and a is 3179 ]— 7 3 9 27 |27
14 1 2
3| 3 303 quotient is 2. "
l 4 1 The final sum in the synthetic division is . so the remainder is — -
g 27 “
L |
3 9

Add the product and the coefficient.

Solution

Write the quotient. Because the degree of the dividend is 3 and the degree of the divisor is 1, the degree of the
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4 3 —1
16. (3c* + 6 — 2¢ + d)(c + 2) 3 60 -2 4
Write the coefficients of the dividend and write the constant @ in the box. Il =60 0
Becausec +2=c —(-2), a=-2. 3 0 0 |
Then bring the first coefficient down.
-3 36 0 -2 4 Add the product and the coefficient.
l
3 | =2 3 6 0 -2 4
Il -6 0 0
Multiply by a and write the product. — |
The product of the coefficient and a is —2(3) = 6. i 00~
-2 3 6 0 =2 4 . .
= P . Multiply by a and write the product.
3 | The product of the coefficient and a is —2(-2) = 4.
Add the product and the coefficient. -2 3 6 0 =2 4

-2l 3 6 0 -2 4 l =6 0 0 4

I -6 300 -2 |
i o0 |
Mu]iipl}'b],' a and write the pmdud. Add th.E pl'ﬁi'l]-ﬂ Hmi ﬂ]f.' CCEﬁCIEB.t

The product of the coefficient and a 15 -2(0) = 0.
=2 3 6 0 -2 4

= 3 6 0 =2 4
I =6 0 0 4

Il -6 0
30 | 30 0 -2 |8
s ey Write the quotient. Because the degree of the dividend is 4 and the degree of the divisor is 1. the degree of the
ol 3 60 -2 4 quotient is 3. :
Il -6 0 The final sum in the synthetic division is 8, so the remainder is e
i 00 | c+2
8
The quotient is 3¢” -2+ ——.
Multiply by @ and write the product. e+

The product of the coefficient and a 15 -2(0) = 0.



Example 3

14

Determine whether a binomial is a factor of a polynomial by using symthetic substitution

Exercises (23-30)

P139

Given a polynomial and one of its factors, find the remaining factors of the

polynomial.

23. x* —3x+ 2:x+ 2

26. x° —x2 —5Bx — 3 x— 3

24, x* 4+ 2x3 —8x—16: x4+ 2

27. 253 + 172 + 23x — 42: x — 1

25, x3 —x2 —10x— 8:x+ 2

28. 2x° + 7x2 —53x — 28:x — 4



14

Determine whether a binomial is a factor of a polynomial by using symthetic substitution

Exercises (23-30) P139

29, x4+ 23 4+ 22 — 2 — 3 x —1

30. x>+ 2x2 —x — 2:x 4+ 2




14 Determine whether a binomial is a factor of a polynomial by using synthetic substitution

Exercises (23-30)

P139

solution method

Learn The Factor Theorem

When a binomial evenly divides a polynomial, the binomial is a factor
of the polynomial. The quotient of this division is called a depressed

polynomial. The depressed polynomial has a degree that is one less
than the original polynomial.

A special case of the Remainder Theorem is called the Factor Thearem.

Key Concept - Factor Theorem
Words: The binomial x — a is a factor of the polynomial p(x) if and only if

pla) = 0.
Example:
dividend guatient divisor remainder
- - v —— A

W= =3+ T2=2=Tx+12)+(x+6+ 0

¥ + 6 is a factor of x® — x2 — 30x + 72.

Example 3 Use the Factor Theorem

23. 3 —3x+ 2:x+ 2

=211 0 -3 2
-2 4 =2
I =2 1 o

Because the remainder is 0, x + 2 is a factor of the polynomial bjrﬂ:leFactor'I‘hmrenlSux3—31 + 2 can be

factored as (x + 2)(x2— 2x + 1). The depressed polynomial is x2 — 2x + 1.

Check to see if this polynomial can be factored.

=2 +1= (x=1)x-1)or(x- I}2 Factor the polynomial,

Therefore, x° — 3x + 2 = (x + 2)(x — 1)%.

24, ¥ +2%x° —Bx—16:x+ 2

=21 20 -8 -16
-2 0 0 16
1 0 0 -8 |y

Becanse the remamder is 0, x + 2 is a factor of the polynomial bjrﬂ]eFactorT'hmrﬂnSux4—2x3—Ex— 16 can

be factored as (x + 2)(x" — 8). The depressed polynomialis x° — 8.

Check to see if this polynomial can be factored.

X-8= (x- 2][.1‘2+2r +4) Factor the polynomial.

Therefore, x4+ 233 — 8x — 16 = (x + 2)(x — (x2 + 2x + 4).

Solution



14 Determine whether a binomial is a factor of a polynomial by using synthetic substitution

Exercises (23-30) P139 Solution

25. 33 —x2 —10x—8:x+ 2
=21 5 2 -3

-2 -6 8

Because the remamder 15 0, x + 2 15 a factor of the polynomial by the Factor Theorem. So x> +5x2+2x—8can
be factored as (v + 2){12+ 3x —4). The depressed polynomial is x2+3x—4

Check to see if this polynonual can be factored.

x3+3.r—4=[,r +4][.1‘— 1) Factor the polynomial.

Therefore, 3 + 5x2+ 2x —8 = (x + 2)(x + 4)(x — 1).

27. 2572 + 172 + 23x — 42: x — 1

1217 23 -4
2 19 42
219 42 o

Because the remainder is 0, x — 1 is a factor of the polynomial by the Factor Theorem. So 2x3+ 172 + 23x - 42
can be factored as (x — l}(lrz— 10x +42). The depressed polynomial is 232+ 19x + 42.

Check to see if this polynomial can be factored.

224 19x + 42 =(x +6)(2¢+7)  Factor the polynomial.

Therefore, 2x3 + 17x2 + 23x —42 = (x — 1)(x + 6)(2x + 7).

26. x° —x2 —6Bx—3:x— 3

J1 =1 =5 =3
3 6 3
12 1 o

Because the remainder is 0, x — 3 is a factor of the polynomial by the Factor Theorem. So x> —x%—5x -3 canbe
factored as (x — 3){12+ 2x + 1). The depressed polynomial is 2+

Check fo see if this polynomial can be factored.

¥l 42x+1 =[x+ 1)x+1)or(x+ ”: Factor the polynomial.

Therefore, x> —x2 — 5x — 3= (x = 3)(x + 1)%.
28. 2x 4+ 7x2 —683x —28:x— 4
42 7 =53 -28

8 60 28
2 15 7 0

Because the remainder is 0, x — 4 is a factor of the polynomial by the Factor Theorem. So 233+ Tx?-53x - 28
can be factored as (x — 4)(2x>+ 15x + 7). The depressed polynomial is 2x” + 15x + 7.

Check to see if this polvnomial can be factored.

2x% & 155+ Te=(x+7)2x+1)  Factor the polynomial

Therefore. 23 + Tx2 - 53x — 28 = (x — 4)(x + T)(2x + 1).
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29, x4+ 23 4+ 22 — 2 — 3 x —1

Ji122 -2 -3
13 5 3
1 35 3 o

Because the remainder is 0, x — 1 is a factor of the polynomial by the Factor Theorem. So el on-

3 can be factored as (x — 1){:4:3 +3xl+ 50+ 3). The depressed polynomial is P+ 3le s +3

Because (x — 1) 15 a factor, determune if (x + 1) is a factor.

Because the remainder is 0, x + 1 is a factor of the polynomial by the Factor Theorem. So xtead el ooax—

3 can be factored as (x — 1)(x + l}{x2 + 2x + 3). The depressed polyvnomial is x2+2x +3. The depressed
polynomial cannot be factored.

Therefore, x* + 2x3 + 2x2 - 2x —3=(x - Dx + D(x2 + 2x + 3).

30. x>+ 2x2 —x — 2:x 4+ 2

13 =19 =15 7
21 14 -7
3 2 =1

Because the remainder is 0, x — 7 is a factor of the polynomial by the Factor Theorem. So - 10x2-15x+7
can be factored as (x — ]‘j{3x2 + 2x — 1). The depressed polynomial is 3l +2x— 1

Check to see if this polynomial can be factored.

Wwl+2x-1 =(x+1)(3x=1) Factor the polynomial

Therefore, - 19x2-15x + 7= (x—TNx +1)}3x—1).



15 Graph vertical translations of trigonometric functions. ‘ Exercises{1-10) ‘ P127

Examples 1-3
Factor completely. If the polynomial is not factorable, write prime.

3 _ 3 4
1. 8¢ — 27d 2. 64x* + xy° 3 of — 2p6 4. x53 + 9



5. 18x5 + 5%

15

Graph vertical translations of trigonometric functions.

‘ Exercises{1-10) ‘ P127

6. W — 2)°

7. gx? — 3hx? — 62 — gy? + 62 + 3hy?



15 Graph vertical translations of trigonometric functions. ‘ Exercises{1-10) ‘ P127

8. 12ax? — 20cy? — 18bx? — 10ay? + 15by2 + 24cx? 9. 3% — 16 ax + 64a® — b3x2 + 16h% — 643 10. 8x5 — 253 + 80x* — x2)3 + 2003 — 10x)°
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Graph vertical translations of trigonometric functions. ‘ Exercises{1-10) ‘ P127 SO|uti0n

Learn Solving Polynomial Equations by Factoring

Like quadratics, some polynomials of higher degrees can be factored.
A polynomial that cannot be written as a product of two polynomials
with integral coefficients is called a prime polynomial. Like a prime
real number, the only factors of a prime polynomial are 1 and itself.

Similar to quadratics, some cubic polynomials can be factored by using
polynomial identities.

Key Concept - Sum and Difference of Cubes

Factoring Technigque General Case
Sum of Two Cubes a® + 6% = (o + hjjo® — ab + b
Difference of Two Cubes o — b = (o — b)jja? + ab + b3

Polynomials can be factored by using a variety of methods, the most
commen of which are summarized in the table below. When factoring
a polynomial, always look for a common factor first to simplify the
expression. Then, determine whether the resulting polynomial factors
can be factored using one or more methods.

Concept Summary « Factoring Techniques

MNumber of .
Factoring Technique General Case
Terms
any Greatest Common 3 - 32 .
number Factor (GCF) 2a°? + 6ab = 2abia’s? + 6)
Difference of Two
a® — b* = o+ blio — b)
Squares
two Sum of Two Cubes o + b* = jo + b)jje® — ab + b?)
Difference of Two TS P 2 2
Cubes a b* = (@ — bj{{g* + ab + b*)
Perfect Square o + 2ab + b? = (o + b}?
Trinomials o? — Zab + b? = g — b
three
acx? + (od + belx + bd
General Trinomials
= [ax + b)jjcx + d)
four or ax + bx + ay + by
mare

Grouping = xig + b) + yla + b)
= (o + bjix +¥)

1. 8¢ — 2744

8¢ - 27d°
=(2¢)*-(34)°
=(2¢ = 3d)[(2¢)* +2¢(3d) +(3d)*]
=(2c = 3d)(4c* + 6¢d +947)

3. of — o?h®

a®—a’b®
= a(a® = b°)
=a*[(@®)? - (5]
=a*(a® - b3)(a’ + b°)
=a’l(a)’=(5)N(a)® +(»)]
=a*(a-b)l(a)’ +a(b)+(b))a +b)l(a) - alb) +(b)]

=a*(a-b)a*+ab+b*)(a+b)a*-ab+b?)

2. 64x* + xy°
64x* +x°
=x(64x> +°)
=x[(4x)" +(»)’]
= x(4x +p)[(4x)?> = 4x(y) + (»)?]
= x(4x +y)(16x% — 4xy +1?)

4. xﬁya + yg'

x03 49
=3 (x5 +%)
=3 (2 + (%]
=3(x2 +y2][(xz]2 ~ 22 + (yz]?.]

=y3[x2 +y2][x4 _xzyz +_y4]



15

Graph vertical translations of trigonometric functions.

‘ Exercises{1-10) ‘ P127

5. 18x5 + 5%

There is not an integer, that when raised to the third power is equal to 18. There is not an integer, that when raised

to the third power is equal to 5. Therefore, the polynomial 18x° + 51° is prime.

6. W — 2)°

There is not an integer. that when raised to the third power is equal to 2. Therefore. the polynomial 1= — 27 is

prime.

7. gx2 — 3hx? — 62 — gy? + 6 + 32

ax” = 3hx% = 6y — g + 6fx* + 3hy?

= (6fx2 +gx2 —3hx?) + (—6fy2 —gyz + 3hy2]

=x*(6f+g —3h) —y*(6f + g —3h)
= (x? - ?)(6f +g - 3h)

=[(x)*= () )(6f+g - 3h)
=(x+y)(x—y)6f+g—3h)

Solution



15 Graph vertical translations of trigonometric functions. ‘ Exercises{1-10) ‘ P127 Solution

8. 12ax? — 20cy? — 18bx? — 10ay? + 15by2 + 24cx?
10. 8x® — 25)° + 80x* — x4~ + 200x° — 10xy°

2 2 2 2 2 2
12ax“ =20cy” = 18bx” — 10ay~ + 15by~ + 24cx s 25};3 + 80,7 —x2y3+ 200x3 ]Oxy3
= (12ax? — 18bx2 + 24cx?) + (= 10ay? + 156y% — 20¢)?)

= 6x7(2a —3b +4c) ~ 5y%(2a — 3b + 4c) = (8 + 80x" +200x°) + (= ~ 1007 - 251°)
= (6x? - 5)%)(2a — 3b + 4c) =8x"(x? +10x +25) = p*(x* + 10x +25)
=(8x° —yS)(xz +10x +25)

=[(2x)’ - ())x* + 10x +25)

9. a°x? — 16 a°x + 64a° — b x? + 16b°x — 64b>

ax? = 16a°x + 64a° — b3x? + 16b°x — 64b° = (2x —p)[(2x)* + 2x(y) + (v)*](x* + 10x + 25)
=(a*x% = 16a°x + 64a°) + (- b>x* + 16b°x — 64b°) =(2x —y)(4x2 + 2xy +y2)(x2 +10x +25)
=a’(x? = 16x + 64) = b*(x* = 16x + 64) = (2x = y)(4x? + 2xp +y?)(x + 5)°

=(a’ = b) (x> - 16x + 64)

=[(a)’ = (b)*1(x* - 16x + 64)
=(a—b)l(a)*+a(b)+(b)*](x* - 16x + 64)
=(a—b)(a®+ab+b?)(x* - 16x +64)
=(a—b)(a*+ab +b*)(x —8)*
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16 Graph quadratic functions

Exercises [27-32)

P11

Mixed Exercises
Complete parts a-c for each quadratic function.

a. Find the y-intercept, the equation of the axis of symmetry,
and the x-coordinate of the vertex.
b. Make a table of values that includes the vertex.

c. Use this information to graph the function.

27. fix) =2x2 —6x —9 28. fix) = —3x2 —9x + 2 29. flx) = —4x2 + 5x

30. fix) = 2x2 + 1x 31. fix) =0.25x2 + 3x + 4 32. flx) = —075x2 + 4x + 6
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27. fix) =2x2 —6x — 9
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Graph quadratic functions

Exercises [27-32)

P11

28. fix) = —3x2 —9x + 2
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Graph quadratic functions

Exercises [27-32)

P11

29. fix) = —4x2 + 5x

U s | em
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30. flx) = 2x2 + 1x
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31. fix) = 0.25x2 + 3x + 4
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Graph quadratic functions

Exercises [27-32)

P11

32. filx)= —075x2 + 4x + 6
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16 Graph quadratic functions

Exercises [27-32) P11

27. filx) = 2x2 — 6x — 9
a.Furj'{x)=212—51—9,a=2._b=—6_.andr=—9.risﬂ]ey—intemeptsothey—interceptis—g.

Find the axis of svmmetry.
x= —}—J Equation of the axis of symmetry.
2a
-6
=—— =2.b=-0
2(2)
=%or] 5 Simplifv.

The equation of the aus of symmetry 15 x = 1.5, so the x-coordinate of the vertex 1s 1.5,

b. Complete the table.

I - Y™

0 2(0)* - 6(0) -9 -9

28. fix) = —3x2 —9x + 2

a. For fix)= 3xl-0x+2,a=-3,b=-9,andc=2. ¢ 15 the y-intercept, so the y-intercept is 2.

Find the axis of symmetry.
b
X = -— Equation of the axis of symmetry.
2a
= = -9 a==3b==-9
2(-3)

=—%or —1.5 Simplify.

The equation of the axis of symmetry 1s x =—1.5, so the x-coordinate of the vertex 1s —1.5.

b. Complete the table.

I e Y™

2012 -6(1)-9 -13
1.5 2(1.5)2 - 6(1.5) - 9 -135
2 22)2-6(2)-9 -13

2032 -6(3)-9 -9

3 332 -0 +2 2
-2 3(-2)2-9(=2)+2 8
-15 3(-1.52-9(-15)+2 8.75
-1 S3EDi-oE1)+2 8
0 “3(02-0(0y + 2 2

¢. Graph the function.

8—6-4—20| 2

6 8x

: :/:

c. Graph the function.

ilx)

—8—6-4r-20] 2 4 6 8x

Solution



16

Graph quadratic functions

Exercises [27-32)

P11

29. fix) = —4x? + 5x

a. Forf(x)=—1x2+ Sx,a=—4 b=>5, and ¢ = 0. ¢ is the y-intercept. so the y-intercept is 0.

Find the axis of symmetry.
h
x= - Equation of the axis of symmetry.
2a :
5
== ==4,b=35
=) a
5
=— Simplity.
2 implify

5 5
Themﬁonofthcaxjsofsymeﬁyisx='E_,sothex-coordinateofthevmexi5?_

b. Complete the table.

3 3P 3
—— - —-—— 5__
3 4| i) " 4] =
I 1P (1
3 5] +43] !
5 5V .5 B
ry —4[E + 5 F] 1.5625
1 —4(12+ 5(1) 1
2 422 +52) -5

c. Graph the function |

fix)

B In O OO

T8-6-4-200 \2 4 6 8x

b. Complete the table.

30. fix) = 2x2 + 11x

a. Furj‘{x)=212— 11x,a=2, b=11, and c = 0. ¢ is the y-intercept. so the y-intercept is 0.

Find the axas of symmetry.
= —i Equation of the axis of symmetry.
2a
:_L =2, b=11
2(2)
==275 Simplify.

—4 2=+ 11(—4) -12

- F =312+ 11(=3) -15
275 =275 + 11(-2.75) ~15.125
-25 2(-2.52+11(=2.5) -15
-15 2152+ 11(-1.5) -9

The equation of the axis of symmetry is x =—2.75, so the x-coordinate of the vertex is —2.75.

Solution
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Graph quadratic functions

Exercises [27-32)

P11

31. filx) = 025x2 +3x+ 4

a. Forfix)= 025x+3x+4.a=025b=3, andc=4.¢ is the y-intercept, so the y-intercept is 4.

Find the axis of symmetry.
b
x=-— Equation of the axis of symmetry.
2a
=- 3 a=0.255k=3
2(0.25)
=6 Simplify.

The equation of the axis of symmefry is x = 6, so the x-coordinate of the vertex is 6.

b. Complete the table.

I Yy Yy T

-10 0.25(0)% + 3(0) + 4 -1
-8 0.25(0)2 + 3(0) + 4 —4
-6 0.25(0)2 + 3(0) + 4 -5
—4 0.25(0)2 + 3(0) + 4 —4
2 0.25(0)2 + 3(0) + 4 -1

32. fix) = —075x2 + 4x

b. Complete the table.

+6

Find the axis of symmetry.
x= b Equation of the axis of symmetry.
2u
=——4 a=—-075.b=4
2(-0.75)
=% Simplify.

_ 0.75x% + dx + 6 . fix)

4 41 (4
- -0.75|=| +4|=|+
3 0.7 l ]l 4 }l ] 10
L =0 ’Hli 2+4i +6
3 3 3 11.25
8 B):. (8
3 —U.TSlT +4_T +6 1=
3 0.75(3)2+4(3) = 6 1125
4 —0.75(4) + 4(4) + 6 10
c. Graph the function.
Ay
1
1
1\

a. Forfix)= 0752 +4x = 6,a=-0.75, b=4, and c = 6. ¢ 15 the y-intercept. so the y-intercept 1s 6.

] b
The equation of the axis of symmefry is x =3 so the x-coordinate of the vertex is 3

Solution



17 Solve quadratic equations by using the Quadratic Formula Exercises(8-23) P47

Examples 2 and 3
Solve each equation by using the Quadratic Formula.

8 x2+2x—35=0 9. 4x2 +19x—5=0 10. 22 —x—15=0 M. 3x2+5x=2

2 - —
12. x*+x—-8=0 13. 8x2+5x—1=0 14.x2—x—5=0 15. 16x2 — 24x — 25 =0
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Solve gquadratic equations by using the Quadratic Formula

Exercises(8-23)

Paz7

Examples 2 and 3

Solve each equation by using the Quadratic Formula.

16. X2 —6x+21=0

20.2x° +2x+3=0

17. x2+25=0 18. 3x2+36=0

2. x2—14x+53=0

22. 42 +2x+9=0

19. 8x2—4x+1=0

23. 3x2—6x+MN=0



17 Solve quadratic equations by using the Quadratic Formula Exercises(8-23) P47 Solution

solution method 8. x2+2x—35=0 9.4x2+19x—5=0
Learn Using the Quadratic Formula p= —h2yb - dac —bE+f o —dae
2a =
To solve any quadratic equation, you can use the Quadratic Formula. 5 2a
_ _ m2:y(2P-401)(=35) ~19+/(19)* - 4(4)(-5)
Key Concept - Quadratic Formula 2(1) = 2(4)
The solutions of a quadratic equation of the form ax? + bx + ¢ = 0, -2+. 144
where a # 0, are given by the following formula. = 2 = it;@
—b+ Vb? — 4a
=Tf 3 —2;_*12 _—19+£2]
- 8
=5or =7 ]
Example 2 Real Roots, c Is Negative =3 o
Example 3 Complex Roots
10. 2x2 —x—15=0 M. 3x2+5x=2
1- 3P +5x=2 Original e
_ _-[!?i .I.r?‘__4ﬂ'-f.' L " ;
x= 3 Ix*+5x-2=0 Subtract 2 |
i
_ (=1 (-1P-42)(-15) e e
2(2)
4 1+4/121 _ —b:"'lﬁz—ilac
4 x= >a
—— _ =5::J(57-46)(-2)
. 2(3)
=3or-= _ T5%4/49
6
_—s5%7
]
= aln or —2



12. 2 +x—8=0

- —b x4/ b*—dac

2a
_ =12y (1P -4(1)(-8)
2(1)

_ =1£433

2

16. x2 —6x+21=0

~b#+/b”—4dac

2a

17 Solve quadratic equations by using the Quadratic Formula

Exercises(8-23)

Paz7

Solution

~(=6) £/ (=6 - 4(1)(21)
20
Ht4/—48
2
_ 62yT/T6e3
2

_ 6+4iy3
2

=3+2i/3

13. 8x2+5x—1=0 1. x2—x—-5=0

x= SLELLESE —b x4/ b’ —dac

2a x=

2a
_ -5 [5;-{};}4[5]{—11 _ —(=1)2y (=1 -401)(-5)
2(1)

-

17. X2 +25=0 18. 32+ 36 =0

-h bz_d'ﬂ(-' r= —b2 A bz_lq.ﬂc

e 2a - 2a
-04/(0)*-4(1)(25) _ =0£y/(0)'-4(3)(36)

- 2(1) 2(3)
T2 6

_ 2y/=1-/100 _ 2114443
- 2 6

100 _ 212i3

T2 Y

=200 =12i/3

15. 16x2 — 24x — 25 =0

X

_ =bt b*—dac

B 2a

_ =(=24)4/(=24)* - 4(16)(-25)
B 2(16)

= 24442176

32

_ 242 J6A- /34
32
24+ 84/ 34

32

_3+./34

T4
19. 8x2 —4x+1=0
- —bijfbl—dm:

2a

_ =(=4)£y/(-4) - 4(8)(1)

2(8)

§ 41+ -16




20.2x°+2x+3=0

—b +4/ b* - dac

2a

_ —224(2P-4(2)(3)

17

Solve gquadratic equations by using the Quadratic Formula

Exercises(8-23)

pa7 Solution

2(2)

=214 =20

4
_28yToyfy5
4

2. x2—14x+53=0

—b 2+ bt —dac
2a
—(~14) £/ (- 14)* - 4(1)(53)
(1)

14+./-16
2
1414/-1/16
2
14+ 4i
2
742

22. 42 +2x+9=0

—b /b —dac

2a

o —2+4/(2)* - 4(4)(9)

2(4)

=214/-140
8

g —2+2i4/35

_ 22T /3
8

23.3x2—6x+MN=0

_ —h 4 b* —dac

x

2a
_ —(=6)£y/(-61-4(3)(11)
2(3)
_ 6496
6
_ 624/-116+/6
6
p Hxdi.f6
6
_ 3+2i6
T3
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Solve guadratic equations by factoring

Exercises (31-34)

P107

31. VOLUME The volume of a cylinder is (x3 + 32x2 — 304x + 640). If the height of
the cylinder is x + 40 feet, find the area of its base in terms of x and .
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Solve guadratic equations by factoring

Exercises (31-34)

P107

32. REASONING Rewrite

Bx* 4+ 2x3 — 16x2 + 24x + 32

E

2x+ 4

as g(x) + ol

) using long division.

What does the remainder indicate in this problem?




18 Solve guadratic equations by factoring Exercises (31-34)

P107

33. CONSTRUCT ARGUMENTS Determine whether you have enough 3x — ]
information to fill in the missing pieces of the long division exercise | ) 9x2 +( )
shown. If so, copy and complete the long division. Justify your 9x2 + 3x
response.

—3x+ 5
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Solve guadratic equations by factoring

Exercises (31-34)

P107

x> —Tx* —15x3 4+ 2x2 4+ 3x+ 6 ri{x)

34. REGULARITY Rewrite 2
division.

a. ldentify g(x), r(x), and g(x).

b. How can you check your work using the expressions of g(x), g(x), and r(x)?

2x 4+ 3

as g(x) + gl Using long




18 Solve guadratic equations by factoring Exercises (31-34)

P107

31. VOLUME The volume of a cylinder is (x® + 32x2 — 304x + 640). If the height of
the cylinder is x + 40 feet, find the area of its base in terms of x and T.

The formula for the volume of a cylinder is 7= m2h.

V ,
To find the value that represents the area of the base. divide the volume by the height. 5 =

V. _ m(x’ + 32x” — 304x + 640)
h x+40

—40 1 32 -304 640
} =40 320 —640
1 -8 16 0

Write the quotient. Because the degree of the dividend 1s 3 and the degree of the divisor 1s 1. the degree of the
quotient is 2.
The final sum m the synthetic division 1s 0. so the remamder is 0.

The quotient is (x2 — 8x + 16). which represents 72 in the volume formula.

2

. . . . ¥
However. the area of the base 1s m~. so the area of the base m terms of wand x 15 w(x~ — 8x + 16).

Solution
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Solve guadratic equations by factoring

Exercises (31-34)

P107

3 _ 2
32. REASONING Rewrite &+ 2 —16x° + 24x + 32

ox + 4 as g(x) + a0 using long division.

What does the remainder indicate in this problem?

I =5x2 4+ 20 + 8
2% +4)6x* + 203 = 16x2 + 24 + 32

(=)6x" +12x7
- 10x° = 16x°
(=)—10x" — 20x?
4x? +24x
(= )4x* +8x
—16x+32
(=)= 16x +32
0
6" +2x° _2i6j2+ 2x+32 =3x° - 5x% + 2x + &. remainder 0.

Because the remainder is 0. 2x + 4 is a factor of 637 + 23> — 16x2 + 24x + 32.

E

Solution
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Solve guadratic equations by factoring

Exercises (31-34)

P107

33. CONSTRUCT ARGUMENTS Determine whether you have enough

information to fill in the missing pieces of the long division exercise

shown. If so, copy and complete the long division. Justify your

response.

3x-[1]

[Bx+1] o +[0x+5 |
9x + 3x
—-3x+5

Because 3y times the divisor is 9x2 + 3x. the divisor must be 3x + 1.

The second and third terms of the dividend must be 0x + 5 because the first difference 1s —3x + 5.

Yes. there 1s enough mformation to fill in the missing pieces of the long division exercise.

) ox2 +( )
9x? + 3x
—3x+5

Solution



18 Solve quadratic equations by factoring Exercises (31-34) P107 Solution

L 25 —Tx* —15x3 + 2x2 + 3x + 6 rx) .
34. REGULARITY Rewrite % T3 as g(x) + — using long

g(x)
division.

a. ldentify g(x), r(x), and g(x).

b. How can you check your work using the expressions of g(x), g(x), and r(x)?

a.

xt=s5x 4 x
2 +3)23 =Tt = 1503 + 22+ 3x + 6
(=)2x> +3x*

—10x* - 15x°
(=)= 10x*—15x°

0+2x2 + 3x

(=)2x> +3x

0+6

6

207 = Txt = 150 + 22 + 3x +6 TP
2x+3 T 2x+3

So. g(x) =x*—5x3 +x. r(x) =6. and g(x)=2x + 3.

b. Multiply g(x) and g(x) and then add r(x). The result will equal the original dividend.



Example 1

Use Pascal’s triangle to expand each binomial.

1. (x —y)

2. (a + b)*

3. (g — h)*

19

Use Pascal’s Triangle to write binomial expansions

‘ Exercises (1-12) ‘ P111
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Use Pascal’s Triangle to write binomial expansions

‘ Exercises (1-12) ‘ P111

Example 1

Use Pascal’s triangle to expand each binomial.

4. (m+1*

6. (d + 2)




19 Use Pascal’s Triangle to write binomial expansions

‘ Exercises (1-12) ‘ P111

Example 2

7. BAND A school band went to 4 competitions during the year and received a
superior rating 2 times. If the band is as likely to receive a superior rating as to
not receive a superior rating, find the probability of this outcome by expanding
(s + n)*. Round to the nearest percent if necessary.

8. BASKETBALL Oliver shot 8 free throws at practice, making 6 free throws and
missing 2 free throws. If Oliver is equally likely to make a free throw as he is to
miss a free throw, find the probability of this outcome by expanding (m + n)&.
Round to the nearest percent if necessary.
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Use Pascal’s Triangle to write binomial expansions

‘ Exercises (1-12) ‘ P111

Example 3

Expand each binomial.

9. (3x + 4y)°

1. (8h — 3j)4

10. (2c — 2d)’

12. (4a + 3b)°



solution method 19

Use Pascal's Triangle to write binomial expansions Exercises (1-12) P111 Solution

Learn Powers of Binomials
You can expand binomials by following a set of rules and using patterns.

Key Concept - Binomial Expansion

In the binomial expansion of (o + B)",

= there are n + 1terms.

= nis the exponent of a in the first term and b in the last term.

= in successive terms, the exponent of o decreases by 1, and the
exponent of b increases by 1.

= the sum of the exponents in each term is n.

= the coefficients are symmetric.

Pascal’s triangle is a triangle of numbers in which a row represents
the coefficients of an expanded binomial (o + &)". Each row begins
and ends with 1. Each coefficient can be found by adding the two
coefficients abowve it in the previous row.

Instead of writing out the rows of Pascal's triangle, you can use the
Bimomial Theorem to expand a binomial. The Binomial Theorem uses
combinations to calculate the coefficients of the binomial expansion.
Key Concept » Binomial Theorem
If n is a natural number, then (o + b)" =
SCaob? + Com B+ Coa™ i + Coo" 3R + .+ Cath!

or

a0 + 1,In g O+ 5y :e'm o5 0" 2b? 3,m” 35 @0+ + 100"
Example 1 Use Pascal’s Triangle

Use Pascal's triangle to expand (x + y)".

1 [x + ¥

1 1 X T )

1 2 1 (x+ 3

1 3 3 1 X+ ¥

1 4 G 4 1 x+ )

1 5 10 10 5 1 x+ )

1 51 15 20 15 6 1

1 (x—yP

In the binonual expansion of (x —yj?’__ since the exponent # 15 3, use the fourth row of Pascal's Triangle, 1 33 1, fo
represent the number of terms of the expansion. as well as the symmetric coefficients of the terms. Also apply the
following key elements:

# 3 is the exponent of x in the first term and y in the last ferm.
* in successive terms, the exponent of x decreases by 1, and the exponent of y increases by 1.
* the sum of the exponents in each term is 3.

Theexpaﬂsionisx3— 3xzy— 31}'2—}3.
Note: the even numbered terms are preceded by subtraction symbols since this is the expansion of a difference,
rather than a sum.

2. (o + b)?

Iuth:bﬁmr:ﬁa]espaﬂsioﬂnf(a—b}{ since the exponent # is 4. use the fifth row of Pascal's Trangle. 1464 1. to
represent the number of terms of the expansion. as well as the symmetric coefficients of the terms. Also apply the
following key elements:

* 4 is the exponent of a in the first term and & in the last term.
* in successive terms, the exponent of @ decreases by 1, and the exponent of b mcreases by 1.
= the sum of the exponents in each term is 4.

The expansion is a* + 4a°b + 6a°b2 + 4ab® + b*
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‘ Exercises (1-12) ‘ P111

3. (g — h)*

In the bmomial expansion of (g — .Fi}4._ since the exponent # 15 4, use the fifth row of Pascal's Tnangle. 1464 1, fo
represent the nuumber of terms of the expansion. as well as the symmetric coefficients of the terms. Also apply the
following key elements:

* 4 is the exponent of g in the first term and # in the last term.
* 1n successive terms, the exponent of g decreases by 1, and the exponent of /i increases by 1.
* the sum of the exponents in each term 15 4.

The expansion is g% — 4g°h + 6g7h” — 4gh” + b
Note: the even numbered terms are preceded by subtraction symbols since this is the expansion of a difference,
rather than a sum.

4. (m+1)*

In the bmnomuial expansion of (m + l)d'. since the exponent n is 4, use the fifth row of Pascal's Triangle, 1464 1, to
represent the number of terms of the expansion as well as the svmmetric coefficients of the terms. Also apply the
following key elements:

® 415 the exponent of i in the first term and 1 in the last term.
» in successive terms, the exponent of m decreases by 1, and the exponent of 1 increases by 1.
» the sum of the exponents in each term 15 4.

The expansion is m* + 4m(1) + 6mA(1)2 + 4m(1P + 14 =m* + 4m° < 6m? + 4m + 1.

Solution
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5. (y—2)°

In the binomual expansion of (y — :)'ﬁ, smce the exponent n 1s 6, use the seventh row of Pascal's Tnangle, 1 6 15 20
15 6 1, to represent the mumber of terms of the expansion, as well as the symmetnic coefficients of the terms. Also
apply the following key elements:

* {15 the exponent of y mn the first term and = m the last term.
* in successive terms, the exponent of y decreases by 1. and the exponent of = mcreases by 1.
* the sum of the exponents in each term is 6.

The expansion 15 _195 - 6.1-'5:: +15 _1;‘1':-2 - 1:],1-3:3 +1 5.1-3::4 - 'Ifi}.-':-5 +5
Note: the even numbered terms are preceded by subtraction symbols since this 1s the expansion of a difference,
rather than a sum.

6. (d + 2)

In the binonmual expansion of (d + 1}3._ since the exponent # 1s &, use the ninth row of Pascal's Triangle 1 8 28 56
70 56 28 8 1. to represent the number of terms of the expansion, as well as the symmetric coefficients of the terms.
Also apply the following kev elements:

# 8 1s the exponent of @ i the first ferm and 2 in the last term.
* 1n successive terms, the exponent of d decreases by 1. and the exponent of 2 increases by 1.
# fhe sum of the exponents in each term is 8.

The expansion is d° + 84'(2) + 284%2)2 + 564°(2)° + 70442 + 564°(2)° + 28428 + 8d(2) = 28 = +
1647 + 11240 + 4484° + 1120a* + 17924° + 179242 + 1024d + 256.

Solution
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‘ Exercises (1-12) ‘ P111 Solution

Example 2

7. BAND A school band went to 4 competitions during the year and received a

superior rating 2 times. If the band is as likely to receive a superior rating as to
not receive a superior rating, find the probability of this outcome by expanding

(s + n)*. Round to the nearest percent if necessary.

(s +n)!
= dCﬂ$'4+4C].§'3ﬂ +4C2.§'EI!2 +4C33n3+,,C4n4
! 1 41

4! 4! 4 !
=s4+—sj‘.n+ s‘n2+—sn3+n4

3 2 £4
4

=5t +4’n +65°n +4sn’ +n
By adding the coefficients, vou can determine that there were 16 combinations of superior and not superior ratings
that could have occurred.

i

652 represents the number of combinations of 2 superior and 2 not superior ratings. Therefore, there was a 16

or about a 38% chance of the school band receiving 2 superior and 2 not superior ratings.

8. BASKETBALL Oliver shot 8 free throws at practice, making 6 free throws and
missing 2 free throws. If Oliver is equally likely to make a free throw as he is to
miss a free throw, find the probability of this outcome by expanding (m + n)&.
Round to the nearest percent if necessary.

(m +nJ‘H
= 3C0m5+3l:'.m?n +3C1m&n2 + HC_«,mjn3+8C4m"n4+3C5m3n5+3£'{,m2nﬁ+gﬁ‘;-mn? +$C$HH
8 ! 4 8l s B! 5.3, Bl 44, 8 4 ',

8 4 8l o
e T TR T e VR 1T R TR

="+ &m0 +28m % + 56m 0’ + T0m n* + 56m 0’ + 28m2n® + Son” + u®

By adding the coefficients. you can determine that there were 256 combmations of made and not made free throws
that could have occurred.

28m%n? represents the mumber of combinations of 6 made and 2 not made free throws. Therefore, there was a
¥
—— or about a 11% chance of Oliver making 6 and not making 2 free throws.

256
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Use Pascal’s Triangle to write binomial expansions

‘ Exercises (1-12) ‘ P111

9. (3x + 4y)°

[3_Ja'+ﬂ|-_1»?]5
:SC!J[EIF"'SC [3114[41']"‘551[335]3[4}']2 5':3[31]:[4”]3"'5(?4':3‘1 4}’14"‘55-2[4%'15
=243y +—{=s|x"][41] 3,.,, _(27)(16%) + ;

T (9x%) (64 l+—[3x][25ﬁy‘]+ 1024y°
= 2437 —lﬁ’ﬂﬂxd} 432002 + 5760x %7 + 38400% + 10247

1. (8h — 3))

(8h - 3)°
= ,Col8h)* = ,C (80 (3/) +,|E':[EF:]2[3j]:

4!
=4096)" - = (5126°)(3) + ,,.2, imﬂwf]——{sh](zw J+81)°
= 4006h* — 61447 + 3456457 — 864k * + 81/

= 1C5(8R)(3) +,C,4(3/)

10. (2c — 2d)’

(2¢—2d)7

=TCU[24:}T-;C][Zcﬁid]+TC1[24:]5[2dF-1E'3 2e)(24)° T1:",,{2¢~]1[24af]*‘-?i.f:-[:.:]%{z:;r}h-::,.,[zr:][zar]"-Tf:T[:.:d]-*

9 —(32¢%)4d) - W[ 16c*)(84°) + W (8c)(164") - - T (acd)2d)+ —[Zc][Mﬂ"’] +1284"

806¢64 + 2688942 — 4480c%d 3 + 4480c3a% — 2688245 + 896 — 12847

gl
=128 - ?[Wﬁl[ld] +
=128¢7 —

12. (4a + 3b)°®

(4 +3b)
=Ecu[4a]ﬁ+ﬁc (4a)(3b) + Ca(4a)'(36)* + [,CJHH]][?J.:]J'+¢,C¢(4a]3{3b}4+{_tf'q ][3b15+f,cr,[3b]°
= 4096a" + [mm J{Sb]+—llﬁﬁ on }+—{ﬁ4a3l{2?b“l+

4, B 5 &
412! 313! ST (1622815 ]+ 5 Haliiﬂb )+ 729
= 4096a° + 13 432a°b + 34.560a%% + 34.560a°5° + 19.440a%5* + 5832ab’ + 72050



20 Factorize polynomials

Example2 P120

solution method

( Example 2 Solve a Polynomial Equation by
Using a System

ANIMALS For an exhibit with six or
fewer Emperor penguins, the pool
must have a depth of at least 4 feet
and a volume of at least 1620 gallons,
or about 217 ft2, per bird. If a zoo
has five Emperor penguins, what
should the dimensions of the pool
shown at the right be to meet the
minimum requirements?

Part A Write a polynomial equation.

Use the formula for the volume of a rectangular prism, V = fwh, to
write a polynomial equation that represents the volume of the pool.
Let h represent the depth of the pool.

Since the minimum required volume for the pool is 217 ft* per penguin,
or 217 - 5 = 1085 ft3, the equation that represents the volume of the
pool is (2x + 3)(5x — 2)2x = 1085. Simplify the equation.

(2x + 3)(5x — 2)2x = 1085 Volume of pool
[2x(5x) + 2x(—2) + 3(5x) + 3(—2)]2x = 1085 FOIL
(10x2 — 4x + 15x — 6)2x = 1085 Simplify.
(10x2 + 11x — 6)2x = 1085 Combine like terms.
20x3 + 22x2 — 12x = 1085 Distributive Property

So, the volume of the pool is 20x® + 22x2 — 12x = 1085.

So, the volume of the pool is 20x% + 22x2 — 12x = 1085.
Part B Write and solve a system of equations.
Set each side equal to y to create a system of equations.
Y= 20x3 + 22x2 — 12x First equation
y = 1085 Second equation

Enter the equations in the Y = list and graph.

Use the intersect feature on the CALC menu to
find the coordinates of the point of intersection. /

The real solution is the x-coordinate of the ol
intersection, which is 3.5.

Part C Find the dimensions.

Substitute 3.5 feet for x in the length, width, and depth of the pool.
Length: 2x + 3 =10 ft Width: bx — 2 =155 1t

Depth: 2x = 7 ft



