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Simplify expressions in exponential or radical form 1-12 & 27-47 179-180

Write expressions with rational exponents in radical form and vice versa 13-18 179

Solve radical equations 13-20 & 31-42 207-208

Find sums of geometric series 13-29 245-246
Simplify rational expressions by multiplying and dividing 2435 316

Graph rational functions with vertical and horizontal asymptotes 1-10; Examiple 1 & 3 343; 337-338-339-340




Examples 1and 2
Simplify.

1. £4/120416

5. —V81a©h20c"2

Simplify expressions in exponential or radical form

1-12 & 27-47

179-180

Write expressions with rational exponents in radical form and vice versa

13-18

179

2. +1225q%p36

6. —+/400x%,7

3. £v49x4

7.4/16(x — 3 )2

4. —16c%d?

8. 1 x'6y/8



Simplify expressions in exponential or radical form 1-12 & 27-47 179-180

Write expressions with rational exponents in radical form and vice versa 13-18 179

9. /81(x — 4)3 10. V'8 1. Va2 12. Va2

Examples 3
Write each expression in radical form, or write each radical in exponential form.

: :
13. 85 14. 45 15. ()2



16. /17

Example 6

Simplify expressions in exponential or radical form

1-12 & 27-47

179-180

Write expressions with rational exponents in radical form and vice versa

13-18

179

Simplify each expression.

1 2
27. x3-x5

17. 4/5xy°

29, b~

18. 1625x2

30. y 5



Simplify expressions in exponential or radical form

1-12 & 27-47

179-180

Write expressions with rational exponents in radical form and vice versa 13-18

179

Solution

solution method

Lesson 4-3

nth Roots and Rational Exponents

Learn nth Roots

Finding the square root of a number and squaring a number are inverse
operations. To find the square root of @, you must find a number with a
square of g. The inverse of raising a number to the nth power is finding
the nth root of a number. The symboly/ indicates an nth root.

For any real numbers o and b and any positive integer n, if a” = b,
then a is an nth root of b. For example, because (—2)5 = 64, —2isa
sixth root of 64 and 2 is a principal root.

An example of an nth root is 36, index Sy

which is read as the nth root of 36. n 3 6

In this example, n is the index and 4

36 is the radicand, or the expression d .
under the radical symbol. radical i

Some numbers have more than one real nth root. For example, 16 has
two square roots, 4 and —4, because 42 and (—4)2 both equal 16.
When there is more than one real root and n is even, the nonnegative
root is called the principal root.

Key Concept - Real nth Roots

Suppose n is an integer greater than 1, a is a real number, and a is an
nth root of b.
a nis even. nis odd.

g >0  1unigue positive and 1unigue 1unigue positive and O
negative real root: £/0 negative real rootva

g<0 Oreal roots 0 positive and 1 negative real

root: 4@

a=0 1real root40 =0 1real root40 =0

A radical expression is simplified when the radicand contains no
fractions and no radicals appear in the denominator.

Example 1 Find Roots

Example 2 Simplify Using Absolute Value

Learn Rational Exponents

You can use the properties of exponents to translate expressions from
exponential form to radical form or from radical form to exponential
form. An expression is in exponential form if it is in the form x°, where
nis an exponent. An expression is in radical form if it contains a
radical symbol.

1 g
For any real number b and a positive integer n, b =b, except
where b < 0 and nis even. When b < 0 and n is even, a complex

root may exist.
Examples: 1253 =195 or 5 (—49)3 = v—33 or 7i

The expression b% has a rational exponent. The rules for exponents
also apply to rational exponents.

Key Concept - Raticnal Exponents

For any nonzero number b and any integers x and y, with ¥ > 1,

iy ¥ ¥, x =
b¥ =46% = (b )", except when b < 0 and yis even. When b < 0
and y is even, a complex root may exist

Examiptes: 1963 = (36 ) =52 0r26
(—49) = (V=39 = (77 or —343i

Key Concept - Simplest Form of Expressions with Rational Exponents

An expression with rational exponents is in simplest form when all of the
following conditions are met

« It has no negative exponents.
= It has no exponents that are not positive integers in the denominator.
« Itis not a complex fraction.

« The index of any remaining radical is the least number possibla.

Example 3 Radical and Exponential Forms

Example 6 Simplify Expressions with Rational Exponents

Ji i: 121x%18

SOLUTION:

4/ 121610 = 24/ (11254

=+11H"

ANSWER:

+11xH4

2. #4/ 125000

SOLUTION:

+4/ 1254057 = 24/ (154 '%)*

=+15a"h""

ANSWER:
=158

3. /405"

SOLUTION:

+4/40¢% = 24/ (7x2)°

= +7y°

ANSWER:
+7x2



1 Simplify expressions in exponential or radical form 1-12 & 27-47 179-180
Write expressions with rational exponents in radical form and vice versa 13-18 179 SOIUtion
d =
4 —af 16 7.3 16(x = 3)1* 0.5 EIE.'E—"I-:F1
: 11. a1
SOLUTION:
~ 16672 = =+ (4c?at) e — 2112 = TR — 3112 T T T
1l'. ].6-{_1" 3] | [.T 3} i HJ[.T—4}'I"';:|'FH_'4 [It‘_41-4
= —4e7]d| =2x=-3)Y gikie a1z _ 8 5
= 3|y —4| va'? =yla%)
: ; =13
Since d conld be negative, you mustuse the Since (x — 3)7 could be negative. you must use the ; E
absolute value of 4 to ensure that the principal 4 l{ vahieof{r 3)35 - — Since (x —4) could be negative. you must use the
suare roof is nonnegative. Bt ; t_ i absolute value of (x —4) to ensure that the principal Because a° could be negative, you must use the
_ il el square roof is nonnegative. absolute value of o° to ensure that the principal root
ANSWER: 15 nonnegative.
—4c%d| ANSWER:
——— ANSWER: Ak
5. =8 la 02012 2ix - 371 3
3 —4 la’|
g I (16,8 —
SOLUTION: 10. §/:1# 12.4fa
SOLUTION: .
N CTIPLLT L —" TR T SOLUTION: SOLUTION:
! Y.
=_gaﬁblﬂctl ”x'f'_v* =8|I{x3-1l:|3 W={}IW
=yl O T ok
ANSWER: 21 =41 (x") e
3
16 6 =
-9a°p'% Because v could be negative. you nmist use the bl ANSTWER:
LI bsolute value of v to ensure that the principal root
6. -4/ 400y 3y %0 b : . 4
I is nonnegative. Because x° could be negative, you must use the g
SOLUTION: ANSIVER: absolute value of X7 to ensure that the pnncipal root Write each expression in radical form, or write
i is nonnegative. each radical in exponential form.
i
~[400:75, = /(201 16,20)? ANSWER:
= —lﬂ.‘rm}'m |Ji'3|
ANSWER:

2 Iﬁ}_ﬂl:l



|
1382

SOLUTION:

ANSWER:
J16

h.ill.ul

15. (x7)

SOLUTION:

2
()7 =

B

ANSWER.:

e
16./17

SOLUTION:

] B

ta|—

V17 =17

ANSWER:
|

172

17. 3 502

SOLUTION:

L
3"r5.xy2=53x3y

ANSWER:

|.h'l|I-J

kL
53x3y

18. 3/ 625x°
SOLUTION:

A 62532 =625 x

|

=5y 2

ANSWER:
l

55 2

2
3

=
4

Simplify each expression.
1 2

ﬂmxs'xj
SOLUTION:
[ | i
B s e S
X =g Add powers.
B b S
15 15 e .,
3 15" 5 15
1
= Add the exponents
1
¥ 1
£
28.a Yea

.l
a¥gt=g% * Add powers.
16 9
= g 4 _16 1 _ 9
9 367 4 36
2
— . 36 v ,
=a Add the exponents.




SOLUTION:

e 2

Bre v
4 i
IR
: 1
- v




Solve radical equations

13-20 & 3142

207-208

Examples 3and 4

Solve each equation. ldentify any extraneous solutions.

1. ¥ x—15=3—~X

14. 5+ 1)i+7=5

15. 3x+7)i—3=1

16. By —2):+5=6



Solve radical equations

13-20 & 3142

207-208

Examples 3and 4

Solve each equation. ldentify any extraneous solutions.

17. (dz—1)s—1=2

18. Vx—-10=1—+x

19. y+2+9=14

20. 2x—1N)i—2=1



Solve radical equations

13-20 & 3142

207-208

Examples 3and 4

Solve each equation. ldentify any extraneous solutions.

3. 6 ++V/4x+8=9

32. V7a—2=+a0+3

33. v x—5—vx=-2

34. \b—6+V/b=3



2 Solve radical equations 13-20 & 3142 207-208

Examples 3and 4
Solve each equation. ldentify any extraneous solutions.

35. 2(x— 105 +4=0 36. 3x+ 53 —6=0 37. 1 (140)} =1 38. }(326)i =1



Solve radical equations

13-20 & 3142

207-208

Examples 3and 4

Solve each equation. ldentify any extraneous solutions.

39, Vx—3=3—x

40. Vx—2 =22 — x

41. Vx+ 30 =x

42. x4+ 22 =x+4+2



2 Solve radical equations

13-20 & 3142

207-208

solution method

Lesson 4-6

Solving Radical Equations

Learn Solving Radical Equations Algebraically

A radical equation has a variable in a radicand. When solving a radical
equation, the result may be an extraneous solution.

Key Concept - Solving Radical Equations

Step 1 Isolate the radical on one side of the equation.

Step 2 To eliminate the radical, raise each side of the equation to a
power egual to the index of the radical.

Step 3 Solve the resulting polynomial equation. Check your results.

Example 3 |dentify Extraneous Solutions

Example 4 Sclve a Radical Equation




3 Find sums of geometric series

13-29

245-246

Example 3

13. FAMILY Amanda is researching her ancestry. She records names and birth dates
for her parents, their parents, and so on, in an online research tool. If she can
locate all of the information, how many names will Amanda record in the

generation that is 5 generations before her?

14. MOORE'S LAW Gordon Moore, co-founder of Intel, suggested that the number of
transistors on a square inch of integrated circuit in a computer chip would double
every 18 months. Assuming Moore's law is true, how many times as many
transistors would you expect on a square inch of integrated circuit in year 67




3 Find sums of geometric series 13-29 245-246

Example 4
Write an equation for the nth term of each geometric sequence.

156. 3,9,27, ... 6. —1. -3 —8. .. 17. 2, 6,18, ..

18. 5,10, 20, ... 19. 0,=324andr=3 1
B

20. a; = B12andr=



3 Find sums of geometric series 13-29 245-246

Example 5

Given a formula for a geometric sequence in recursive or explicit form, translate it to
the other form.

nz2 24. g, = —%{E}H —1

]
(]

n—1

2M.0,=3a.=06a._.n=2 22. g, = 0.8(2)" ! 23.0,=-10,=



3 Find sums of geometric series 13-29 245-246

Example &6
Find the geometric means of each sequence.

ZE- 51 N g 413" : = 334 EII aas
2 " b —— i ———— ] v
25 4r ? ? : ? Eq 26. 1’ ? ; _; , ? 31 2]- 381. 223, e 82D81 4912481 .




3 Find sums of geometric series

13-29

245-246

Example 7

29. SCIENTIFIC RESEARCH Scientific balloons carry equipment to observe or conduct
experiments. The NASA Balloon Program generally tries to fly balloons above
20,000 to 90,000 feet. Suppose a balloon rises 1000 feet in the first minute after
it is launched. For the next hour, each minute it rises 1% more than it rose in the
previous minute,

a. Copy and complete the table to show the height of the balloon at various times
after launch.

Time (s) T 3 4 5 6

Height (ft) [

b. After an hour will the balloon have reached its target height of 80,000 — 90,000
feet? Explain.




3 Find sums of geometric series

13-29 245-246

solution method Lasson 5-4

Geometric Sequences and Series

Learn Sequences

A sequence is a set of numbers in a particular order or pattern. Each
number in a sequence is called a term. The first term of a sequence is
dencted a,, the second term is a,, and so on. A finite sequence
contains a limited number of terms, while an infinite seqguence
continues without end.

A sequence can be defined as a function.

Koy Concept » Sequences as Functions

Words A sequence is a function in which the domain consists of
natural numbers, and the range consists of real numbers.

Symbaols Comaim1 2 3 .0 the position of & term

Range: oy Oy O - O the terms of 1the saguencea

@ Apply Example 3 Find the rth Term
Example 4 Write an Equation for the nth Term
Example 8 Recursive and Explicit Formulas

Example & Find Geometric Means

Learn Geometric Series

A series is the sum of the terms in a seguence. The sum of the first
n terms of a series is denoted §_. A geometric series is the sum of the
terms of a geometric sequence.

Key Concept » Partial Sums of a Geometric Series

Given The sum of 5 _ of the first n terms is:
r:.|.|~|:|l|r"
a,r.andn 8 =—g=r¥
Oy = @
a, r.and a, 5,= ".:‘_r‘;.rab‘l

GGB Online Derivie the formuia for the sum of a finite geometric serkes

in Expand 54

The sum of a series can be written in shorthand by using sigma
notation, which uses the Greek uppercase letter S to indicate that you

should find a sum.
Kay Concept - Sigma Notatlion

Symbols  last valuo of § —* 2
5 ) E (k) +— Farmula for the terms of the serles
first value of kK —sa=1

Examples E {3k + 2) = [3N + 2] + [3(2) + 2]+ [3(3) + 2] Arithmetic
k=1

= i IB:E} + 2] sanas
=54+8+MN+..4+20
=75
E El:a}*_ll = 5{3*1—1 e EBF_1+ ___+5{3}E—1 Geometric
k=1 seres

= 5{1) + 53) + _. + 5(2187)
=5+15+ . +10935
= 16,400

(&) Example 7 Find the Sum of a Geometric Series




3 Find sums of geometric series

13-29 245-246

Solution

13. FAMILY Amanda 1s researching her ancestry. She

records names and birth dates for her parents. their
parents, and so on. m an online research tool. If she

can locate all of the information. how many names
will Amanda record mn the generation that 1s 5
generations before her?

SOLUTION:

Amanda records names and burth dates for her
parents, which include 2 people. So. a; =2. Each

set of parents 1s 2 people. so = 2.

a”=a1r"_1

nath term of a geometric sequence
ﬂ5=1{2]5_| n=3a =2, andr=12
=2{2) Simplify the exponent.
=2(16) Ewvaluate the exponent.
=32 Simplify

In the 5 generation betore her, Amanda will record
32 names.

ANSWER:
32

14. MOORE’S LAW Gordon Moore, co-founder of
Intel, suggested that the number of transistors on a
square inch of integrated circuit in a computer chip
would double every 18 months. Assuming Moore’s
law 1is true, how many tunes as many transistors
would you expect on a square inch of integrated
circuit in year 67

SOLUTION:

The number of transistors on a square inch of
mtegrated circuit in a computer chip would
double every 18 months.

18 months is equal to TN 1.5 years.

After 1.5 years. the number of transistors on a
square inch of integrated circuit in a computer chip
wouldbe 1 x 2=2.

After 3 years, the number of transistors on a square
mnch of mtegrated circuit in a computer chip would
be2 x2=4

After 4.5 years, the number of transistors on a

square inch of mtegrated circuit in a computer chip
would be 4 x 2=8.

After 6 years. the number of transistors on a square
inch of mtegrated circuit in a computer chip would
be 8 x 2 =16.

ANSWER:
16



3 Find sums of geometric series

13-29

245-246

Solution

Write an equation for the nth term of each

geometric sequence.
1539275

SOLUTION:

Step 1 Find 7.

ay i ;
F= CEEs Divide two consecutive terms.
a3
2 2 I
=?Dr3 a-=9and a,=27

Step 2 Write the equation.

a, =g !

=3[3]"_| ay=3and r=3

ANSWER:
ay=33""1

=300

SOLUTION:

Step 1 Find r-.

a3 g ;
T —— [)l'\ |{|L' WO COnsecunve erms,
(45}
=9 :
='—3' ord ay,==-3mnda;=-9

Step 2 Write the equation.

a,=da |F“”_I itth term of a geometric sequence
==1(3""!' a,=—landr=3
ANSWER:

ay=-1(3)" 1

ith term of a geometric sequence

172 -6,18

18.

SOLUTION:

Step 1 Fmnd 1.

a3
r= Divide two consecutive terms.
a2
18
=——or =3 a,=—f6anda;=18
=6
Step 2 Write the equation.

e =1
d,=d

=2=3r~! g,=2andr=-3

ath term of a geometric sequence

ANSWER:

a, =2(-3y*~1
5. 10, 20, ...

SOLUTION:

Step 1 Find 7.,

23 i :

i Divide two consecutive terms.
ida
20

=——pr2 a;=10anda;=20
10 .

Step 2 Write the equation,

n—1 o .
@&, =ar nth term of a geometric sequence

=521 a,=5andr=2

ANSWER:

a, =5@y—1

19.a4=324andr=3

SOLUTION:

Step 1 Find ay.

a,,=a|r""l

324=4¢,(3)* !

324=4,(3)
324 =a,(27)
a;=12

nth term of a geometric sequence
n=4 gs=324.and r =3
Simplify the exponent.

Evaluate the exponent,

Solve for aj.

Step 2 Write the equation,

(l"=a|'ﬁ—|

G b [

ANSWER:

nth term of a geometric sequence

ay=12andr=3

a, = 123" 1

a
20. a3 =512 and r S—

SOLUTION:

Step 1 Find a;.

u,,=ﬂ'|r”_|
L=
5i2—a.|?l
1 L
5!2=¢!||EI

1
Slz—a.l 4 l
a;=32,768

I

8

J|".|| erm l:l‘:l :,_'L‘ll||;l.:|;:n_' seCusnce
) L 1
n=3 =510 andr=—
H
.‘:ilr'|'||'||i|‘f. the exponent.
Evaluate the exponent.

Solve fora,.

Step 2 Write the equation.

o, n=1
ad,=ar

1 L |
=32 768 —
765

ANSWER:

a,= 32,768[

8

nth term of a peometric sequence

|
ay=32768and r=—
=

-



3 Find sums of geometric series 13-29 245-246
Given a formula for a geometric sequence in 22 i, OB 1 I
recursive or explicit form, translate it to the B.ay=-l.a,= 2 M-t and n = 2

other form.

.ay=3,a,=06a,_ j.andn=2

SOLUTION:

Because a,, 1s defined in terms of the previous term.
a, = 0.6a, _ 4 1s a recursive formula of the form
ay =71 * a,_1. Thus = 0.6. Now. write the

explicit formula.

a,,-:ﬂp"'"_l
=30.6)""! a4, =3andr=0.6

Explicit formuln tor a geometne sequene

The expheit formula for a; = 3. a,, = 0.6a,, _ ;.

and n>2is a,, = 3(0.6)" ~ L.

ANSWER:
a, = 3(0.6)" 1

SOLUTION:

Because a,, is defined in terms of n. a,, = 0.8(2)" ~

145 an explicit formula of the form a,, = ap” ~ 1,

Thus ay = 0.8 and r = 2. Now. write the recursive

formmula.

ay=rd, -

== !
The explicit formula for a, = 0.8(2)" ~1is a; =

=7 -
08.a,=2a, q.andn=2.

ANSWER:
a;=038.a,

I
{ ]

a,_q.andn =2

SOLUTION:

Because a,, 1s defined in terms of the previous term.

l

dy = 5 0y —1 1s a recursive formula of the form

=

dn =1 * ay _1. Thus r = —. Now, write the explicit

-

formula.

”Il=u|j'll.| Explbeti ol o0 ¢ geomelslo segor

n—1 11
il ! . s
=-1 3 or — 3 iy = =1 nml

I

The explicit formula for a; =-1. a, = 3 -1

| i1
andn=2isa,= -[?l :

ANSWER:

1 n-1
=3}

Solution



3 Find sums of geometric series

13-29

245-246

Solution

24.a,= —%(6}”_1

SOLUTION:
: ; 2
Because a,, is defined m terms of n1. @, = = ?

(6)" ~ 1 is an explicit formula of the form a, = ap” ~
2

1 Thus a;=- ? and = 6. Now. write the

recursive formmla.

=g, Recursive formiuls Tor o geomeric sequence

=6a,., r=h

2
The explicit formula for a,, = — ?{6)” “lisay =

2
3= 6a,_1.andn = 2.
ANSWER:
2
ay= —?- a,=6a,_ j.andn=>2

Find the geometric means of each sequence.

25437764
SOLUTION:

Step 1 Find the total number of terms.

Because there are three terms between the first and |
2 =75 total terms. son = 5.

Step 2 Find 7.

rr,,=':i|r"'1 it bermm ol o geaimelric sequence
BA=4rT =5, 05 =64, anid @, =4
]If|=‘rJ' Dhivide cach side by 4

r=%2 Take the dih rom of each side

Step 3 Use r=2 to find three geometric means.
4 8 16 2
%32 %2 %2

The geometric means are 8, 16. and 32.

Use #=-2 to find three geometric means.
4 -8 16 -
x_2 % —2 , S

The geometric means are —8. 16, and —32.

ANSWER:
+8. 16, £32

I ot O S 5

SOLUTION:

Step 1 Find the total mumber of terms.

Because there are three terms between the first and |
2 =35 total terms_ so n = 3.

Step 2 Find 7.
n:?l,|=|il|.l‘"_| mth term of @ geometric sequence
Blmb?™! =5 ac=81,mda =
q] = Simiplify
J'=-‘E.1 Taki the dth roodl ol ench sl

Step 3 Use r=13 to find three geometric means.
1 3 9 2
x3 *x3 ®x3
The geometric means are 3. 9, and 27

Use =-3 to find three geometric means.
1 =3 9 -
L ®-3 x—3
The geometric means are—3. 9, and 27

ANSWER:
£3, 0 £27

27 38:208: 7 8208; 49 248; .

SOLUTION:
Step 1 Find the total number of ferms.

Because there are three terms between the first and
2 =75 fotal terms. son=5.

Step 2 Find r.

rr,,'or,r"_l b term of o pemetne seguence
40248m 3BT n=50.=49. 248, und o =38

1296=p"

F=26 Take the 4th pood of cach side

ivide each side by 38

Step 3 The first, second. fourth, and fifth terms are |
to find the geomeinic mean.

228 1368 82

38
%6 =6 6
The geometric mean is 1368.

ANSWER:
1368



The geometric means are —45% and —37.179.

ANSWER:
=459: =37.179

3 Find sums of geometric series 13-29 245-246 so‘ution
28 51:7:4131:7:334611; .. 20. SCIENTIFIC RESEARCH Scientific balloons ca o s = o
. . " I=r -
SOLUTION: Squipment to observe of conduct experiments. The o SOOI
Balloon Program generally tries to fly balloons abowv ¥ (BT e
: 90,000 feet. Suppose a balloon rises 1000 feet in the Gy iy e pmersar o T
Step 1 Find the total number of terms. minute after it is launched. For the next hour, each mi $,= 2010  puss
1% more than i rose in the previous mimite s i
Because there are three terms between the first and | n=3
=35 total terms, son =13. a. Complete the table to show the height of the ballo b. 1 hour is equal to 60 minutes_ so 1 = 60-
various times after Iaunch. i “'l_“l" i ,
Step 2 Find r- o o = 000101 ) =0 Wi
] L - Aoa- joni 101 )
ay=apt =1 i weem of o geomenric segue 1 2 3 4 5 E-ﬁlm il " ot y
o i r i B ol geoaigine s e . plifs b= L ali
FBE =S =S = 1A, and o xnﬂmrl:-ll g
LT Hvide each sie by 51
=gl Tk the b st of each n=4: The height after 60 minutes is about 81.660.7 ft. So.
will reach is target height of 80,000 — 90.000 feet af
Step 3 Use r=9 to find three geometric means. b. After an hour will the balloon have reached its targ
80,000 — 90,000 feet? Explain. . L
459 4131 3171 S L o
SOLUTION: g e LU0 OOOLLOE) W, o 100
\J \*-J " 1L "I";':im i 3 . :
F,.- x At e Ty il L1} nd {5
a. A balloon rises 1000 feet in the first minute after it ) I ESPR PRSS W
launched. So. ay = 1000 and 7 = 1.01. ‘ S il o
: i b. Yes; the height after 60 nunutes is about 81.669.7
The geometric means are 459 and 37,172, i n=a
n=1:
Use r=-0 to find three geometric means. - "I—”r'" S fioemal
o e 5 o 01— 001,011 »
459 4131 37, | sellmclol . _ -sloms o e
K __-u% n =0
T —kol ¥ o= E10) 5]
\J \\J 8, = 10 [l i " ;
n==06:
=2



4 Simplify rational expressions by multiplying and dividing 24-35 316

Simplify each expression.
24 WV +8y+15 y?—9y+18
* y—6 7 y2-9

o5 cl-ﬁc-15+c2—8c 26 x2+9x+20 4x? +16x + 16
2 _ 2 c+d " 8x+ 16 x2 — 25




27.

Simplify rational expressions by multiplying and dividing

24-35

316

302 +6a+3 . 120 —12

a?—-3a—-10

a2 — 4 28

9 — x?

2x2 4+ Tx+ 3

"x2—4x—21

(

2x¢ = 15x + 7

)

29. (

22 + 2x —12

x24+4x -5

)“.

2x3 — 8x

x2 — 2x — 35



30. (

3xy°z

4 Simplify rational expressions by multiplying and dividing

24-35

316

16a b3

2abc?

)i

15x7yz3

31.

20x%yPz 2

16:x°y°

3a3c?

-(

Socz

)

32.

8x2—10x—3
10x2 + 35x — 20
22+ x—6

dx? 4+ 18x + B



4 Simplify rational expressions by multiplying and dividing 24-35 316

2x? + 7x — 30 X2+ 4% — 32 32 —75 . 6x2—18x — 60 35 8x2+10x—3 . 2x2—5x—12 4x? +3x —1

33 —6x? + 13x + 5 34. 23.24_9_,{_5'3;{2_11,{_4? X3 — Ax "3 —12x—36 " 3x2—17x—6 4x?— 40x + 24
oA +12x — 72
3 —1x—4




4 Simplify rational expressions by multiplying and dividing 24-35 316

solution method Lasson 7-1 Learn Multiplying and Dividing Rational Expressions

Multiplying and Dividing
Rational EKP ressions The method for multiplying and dividing fractions also works with
rational expressions.

Learn Simplifying Rational Expressions

A rational expression is a ratio of two polynomial expressions. Key Concept » Multiplying Rational Expressions
Words: To multiply rational expressions, multiply the numerators and

Because variables in algebra often represent real numbers, operations :
the denominators.

with rational numbers and rational expressions are similar. For

example, when you write a fraction in simplest form, you divide the Symbols: Eﬂfcﬂﬂ rgténnal EXpressions % and % with b+ Qand o # 0.
numerator and denominator by the greatest common factor {GCF). B d™ bd-

s_5-71_1 GCF =5

40 §-8 B Key Concept » Dividing Rational Expressions
You use the same process to simplify a rational expression. Words: To divide rational expressions, multiply the dividend by the

Z+Tx+ 10 _ +5E+I  [x+5)
-x—6 (x=3jp+L k-3

reciprocal of the divisor.

Symbols: For all rﬂticngl EKngEEiDI‘E % and % withb0 c£ 0 andd# 0,
Sometimes, you can also factor out —1in the numerator or % + % = E- = ?;-
denominator to help simplify a rational expression.

GCF =x+ 2

A complex fraction is a rational expression with a numerator and/or
denominator that is also a rational expressicn. To simplify a complex
fraction, first rewrite it as a division expression.

Example 2 Simplify by Using —1
Example 3 Multiply and Divide Rational Expressions

Example 3 Simplity Complex Fractions




4 Simplify rational expressions by multiplying and dividing 24-35 316

SOLUTIO. LUTION:
SOLUTION: S SOLUTION:

SOLUTION:
et [ ] # ?rv ‘b’u
+r-i “'tLr__-‘w l%ﬁ--% Fem vt il bt o A Wethbld el atelidy o a0 OO .,1 o~

T R T T ot ! R TR LA o e
L] Rabmais 1y thermpr 1 ' B T TR ¥ T Tl R S P T) 'h‘+1-+.': 1%:’"‘“,) Thnbeativy Mepaaty

i W
.iﬁ'ﬂ e L — T
. o= e i

_dnedi 42 e

whip by aid swmiily Lt Z + +h
T ; T i

Saiglily

!'£+4H.'¢+2! !E-xEE_x-]!,
2 -3) (+3N2+ 1)

SOLUTION: 27

Aeteais wlelly  Febomid  gad T SDLU.'HEEE

B L SOLUTION:

l:l—ir.—lﬂ' it
T sl iy '*.a['._}a:;:.. sy pis ! y
= Aalesisd  pfoud ileimsd a'-d . [i.:"TE'-'l TR e T T -
ﬁﬁﬁ il i) R e "4‘—"H ,__J""._,, o . i
) e i W [ SOLLT v

vlakly al=d

It iiie Frogeny

il b tee <1 i.r W1
-[r J] simplity 3 R e D By, T
ﬁ[‘—l_’l ﬁ-n [T . - ] |
) i = e S !ﬁ Ilp'.h” Lyt el s
14 1pa-3 it g T R LA s !

o e T

m‘ . % W wsniwanivi Pospeany

kfiﬂkﬂ'l

ele=d) (a+ 1){a=2) Mrt2)x=1) :
d(a—S5Ha—1) (x+3)(x=7) o




Simplify rational expressions by multiplying and dividing

24-35

316

SOLUTION:

A =103
WA Seoid | nteses
EE"" 0435 -0 ;¢|&-6l
At igeed
LA -3 A Aeas
107543508 W=k
POt LL ot e e et
S T e e

)
e vy

-1 Dd

ANSWER:
2(4x + 1 }2x + 1)
S(2x = L )x +2)

£umaa s 3 AVaLs Oreman

Madigdy byt anioro )

1Atead Prigwmy

Vocue wol vinaran Sehen

Gt

SOLUTION:

i m-m
o - o e | IO = - R ST T DS
A e Tl wheth FE ACe iy SRt LT
= =4
| 3 i:fr;;ﬁ'ﬂ::::;} ma 'rll (R A st ]
S | L | ) Ar—fa=d ' kT

e L L T T e PR )

i i i
-%% e i
dizn,

- Bl

=14

ANSWER:
x=4
=4{x-3)

SOLUTION:

wleimei  detsiweit ufsiwsi | wlsimed  eferien efeied

T T T T S T o R T R e e
R R e s R S e |

S T T

gl

L b il
Ty

(A= 1P+ Dix+ 1)

C 2 L

[T

12(x +2)(x = 4)(x = 10x +6)




Example 1

Graph each function.

1. fix) =

2
Bx + 12

Graph rational functions with vertical and horizontal asymptotes

1-10; Example 1 & 3

343; 337-338-339-340

3
2 =g -7




-

_ x4+ 64
4. =57 —24




5 Graph rational functions with vertical and horizontal asymptotes

1-10; Example 1 & 3

343; 337-338-339-340

Example 2

5. INTERMNET An Internet service provider charges customers a $60 installation fee
plus $30 per month for Internet service. A function that models the average

monthly cost is fix) = M{, where x is the number of months.

a. Graph the function.
b. Find the x- and y-intercepts and end behavior of the graph.

c. Find the average monthly cost to a customer that has Internet service for
8 months.




5 Graph rational functions with vertical and horizontal asymptotes

1-10; Example 1 & 3

343; 337-338-339-340

6. SALES The quantity of a certain product sold in week x is approximated by the
80x

X2 4 40°

a. Graph the function.

function fix) =

b. Find the x- and y-intercepts and the end behavior of the graph.
¢. During which week(s) did 5 of the products sell?




5 Graph rational functions with vertical and horizontal asymptotes

1-10; Example 1 & 3

343; 337-338-339-340

7. FACTORY The cost in cents to create a certain part of a small engine is modeled
by fix) = X-"2, where x is the number of parts made.
a. Graph the function.
b. Find the x- and y-intercepts and the end behavior of the graph.
c. About how much does the 6th part cost to make?




Example 3

For Exercises 8-10, consider the given function and the function shown in

the graph.

Graph rational functions with vertical and horizontal asymptotes

1-10; Example 1 & 3

343; 337-338-339-340

a. Copy the graph. Graph the given function.
b. Which function has the greater y-intercept?
c. Compare the asymptotes of the two functions.

xI—E
8. flx) =375

shown in the graph

-

and g(x)

¥

-Ll-ll.

i —t

OO O O




Exam

For Exercises 8-10, consider the given function and the function shown in

ple 3

the graph.

Graph rational functions with vertical and horizontal asymptotes

1-10; Example 1 & 3

343; 337-338-339-340

a. Copy the graph. Graph the given function.
b. Which function has the greater y-intercept?

c. Compare the asymptotes of the two functions.

9. h(x) =

x4+1
dy —

4

and f{x)
shown in the graph

¥

|

-

Pl b Oh B3

_.‘-
—F

.




Example 3

For Exercises 8-10, consider the given function and the function shown in

the graph.

Graph rational functions with vertical and horizontal asymptotes

1-10; Example 1 & 3

343; 337-338-339-340

a. Copy the graph. Graph the given function.
b. Which function has the greater y-intercept?

c. Compare the asymptotes of the two functions.

10. fx) = 2> and g(x)
shown in the graph

¥

=¥




5 Graph rational functions with vertical and horizontal asymptotes

1-10; Example 1 & 3

solution method Lesson 7-4

Graphing Rational Functions

Learn Graphing Rational Functions with Vertical and
Horizontal Asymptotes

A rational function has an eguation of the form fix) = % where aix)
and b{xj are polynomial functions and bix) £ 0.

Key Concept « Vertical and Horizontal Asymptoles
If fixy = % . o{x) and bix) are polynamial functions with no common

factors other than 1, and b{x) = 0, then:
+ fix) has a vertical asymptote whenever bixj = Q.
+ fix} has at most one horizontal asymptote.
+ [f the degree of olx) is greater than the degree of bix), there = no
horizontal asymptote.

+ [f the degree of alx) is less than the degree of bix), the horizontal
asymptote is the line y = 0.
+ If the degree of ofx) eguals the degree of bix}, the horizontal

leading coefficient of ofx)
leading coefficient of bix]"

asymptote is the line y =

Example 1 Graph with No Horizontal Asymptotes
@ Example 2 Use Graphs of Rational Functions

Example 3 Compare Rational Functions

Graph each function.

l_ﬁ_\-}s._u’:_'_

BeE2Zm

SOLUTION:

Step 1 Find the zeros.

Seta(x)=0

at=0

x=0
Thereisazeroatx =10,

Step 2 Find the asymptotes.
Find the vertical asymptote. Set 5(x) = 0.

b+ [2=10
Gx=-12
x==2

Because the degree of the numerator is greater than
the degree of the denominator, there is no honzontal
asympiote.

Step 3 Draw the graph.

Graph the asymptote. Then make a table of values,
and graph.

= ™

|

-7 —

—4 21 3

-3 135

-2 undefined

1
i | .
0 0

343; 337-338-339-340 solution
1 1
I8
2 2
3
7
3 EE
4 g
4 f(x)
12
2 /
- /
“T=3-p—0| 1 2 3 4x
Lg |
—12 . x*
/l el =arn
ANSWER:
4 fix)
12
? /
g
“T=3p-0[ 123 4x
-8
—12 o b
/l el = atn
/ ~20)
& 'M?Hﬂtﬂ. 3 .

SOLUTION:



5 Graph rational functions with vertical and horizontal asymptotes 1-10; Example 1 & 3 343; 337-338-339-340
Step 1 Find the zeros. 5 ]:1, Setalx)=0 o
20 A-16=0 ' b
3 L T
x"=0 x=4%2 \ |
=g There are zeros at x =—2 and 2. fl) = 142_—16
Thereisazeroatr =0 r[x}4 A \ ux —1
) @ Step 2 Find the asymptotes. 4
Sbep 2 Kand thie asymplitis; fx) = ax —412 Find the vertical asymptote. Set b(x) = 0. s,
Find the vertical asymptote. Set 5(r) = 0. : m [
ba -~ 2-1=0 -8
Rx—4=10 -2 |- (o} 2x 5 Y
xX==
iz 4] -2 x=1x|
I=T Because the degree of the numerator is greater than
4 - , :
Because the degree of the numerator is greater than v the degree of the denommator, there 1s no horizontal ANSWER:
the degree of fhe denominator, there is no horizonfal RRREIAE flx)
asymptote. ‘H‘
ANSWER: Step 3 Draw the graph. ‘F
Step 3 Draw the graph. mni A _ ;'4
= Graph the asymptote. Then make a table of values. flx) = _2__15
fla) = =2 and graph \ i
Graph the asymptote. Then make a table of values. Gy — 42 g
T T
e T “’ T AL
=2 |- 2 ——3-1-10 :
T H T + [ u [
L | h—ﬂ
3_
77 —4 B 0 464
3 - Y — - 4 fx)= 165 =24
- x'-16
= 3 3 =5 o J SOLUTION:
I = 1 undefined
-1 12 SOLUTION: 2 16 Step 1 Find the zeros.
|
0 0 3 ¥ =
I Step 1 Find the zeros. Seta(xy=0
1 a 4 16 K +64=0
E v =64
2 :{' v=-4
- There is a zero at x = —4.

Solution



5 Graph rational functions with vertical and horizontal asymptotes 1-10; Example 1 & 3 343; 337-338-339-340 SOlutiOl'l
%) | leading coefficient of afv) 501J=j-{lor1'= ¥
Step 2 Fiind the asvmpitoles. . B A leading coefficient of b(x) 2 1 > iso
Find the vertical asymptote. Set 5(x) = 0. " A\ LA 30. -Fl.:. _ 1
et 'l |¥ @ 40 -
l6x=24=0 ST z 60 = 5 ~— >
16x =24 “E-6 -1 I:T | = _ L S8 20
I | 1| Ry | L1 i !
) 6 : x) = 16x — 24 @ E ' ' i < o 0 20 |30 =x
Because the degree of the numerator is greater than g = Q20 2 |
the degree of the denominator, there is no horizontal I L 1] E 1 R f_-;“. :
asyniptote. = = 10 | 20 | 30 x onths of Service
ANSWER: | b. x-intercept: —2; y-intercept: none; end behavior:
Step 3 Draw the graph. 9 ] Months of Service Asx — e flx)—30 and as x —wo, flx)—30.
, . c. $37.50
Graph the asymptote. Then make a table of values, B : b. Find the x-intercept by setting y = 0.
and graph. ' : : 60+ 30 =0 SALES The quantity of a certain product sold in
| L ! | I = —60 weekxisgaggmthtaibythrﬁmﬂion
—8-6 % L 4 6 By = flxy=——_
F sa EERL - _ rym
—4‘\'1-‘= E DR o Graph the function
3 [l pn — X7+ 54 s T—— a
3 Jt— e = o —2a oufin fiey udese ot scting x == Ol udehincd, b. Find the x-and y-intercepts and end behavior of
24 ai-by | : i there is no y-intercept. the graph
| | The end behavior is: as ¥ — —oo_ f{x)—30 and : : z
= gt ; which cid 5 of the sell?
7 ;1 Ay i iy a0 c. During week(s) o products
3 o e INTERNET An Infernet service provider charges SOLUTION:
40 customers a $60 installation fee phus $30 per month ¢. To find the average monthly cost for 8 months,
" _22 forhtﬂmthﬁmm%T?gslsﬂm substitute 8 for x info the fiunction. a. Because the degree of a(x) < the degree of b(x),
3 a\ﬁagenmlhlymstis_ﬁ.tP%,WhﬂE 60+ 30x the honzontal asymptote is the line y = 0.
| ‘ {x)= l L AV
1 Ly X is the mumber of months. A x -1
a. Graph the finction. _ 60+30(8) —12
2 9q b. Find the x-and - infercepts and end behavior of 8 10
n y= the graph. 300 g
24 c. Find the average monthly cost to a customer that TR g o
2| has Infemet service for § months. e / ~>
4 ¥ ' Y, ]
The average monthly cost for 8 months is $37.50. —2 ]
SOLUTION: - =
1 ANSWER: =7 | -|1 ala 1|51n 1|z WX
a. | | |

a. Because the degree of a(x) = the degree of b(x),
the horizontal asymptote is the line y =

To find the vertical asvmptote. set b(x) = 0.



5 Graph ratienal functions with vertical and horizontal asymptotes 1-10; Example 1 & 3 343; 337-338-333-340 so‘ution

2 +H40=0 7

2 14 4| |

x==-40 e

et —10 | e
Thus 15 not a real mumber, so there 1s no vertical g / /
asymptofe. ~6 -

IR /] — o X o X
b. Find the x-infercept by setting y = 0. BiE: /
SiE= ~2g] 2 4 6 8 1012 Mx
x=0 ' I '

The x-infercept1s 0.
Find the y-mtercept by settng x = 0.

By
o+ 40

80(0)

07 +40

0

T 40

=1

The y-intercept is 0.

Y=

The end behavior is: as x — —oo, f{x)—0 and
asx —m_fix)—0.

c. To find the week(s) during which 5 products
sold. set fIx) =0 and solve for x.

Sx% 4 200 = 80y
S5x? = B0y +200 =0
S5(x = 16x +40) =0

Apply the quadratic formula to find x = 3 and 13.
So. 5 products were sold during weeks 3 and 13.

ANSWER:
a

b. x-intercept: 0 y-intercept: 0; end behavior:
Asx — —oo, flx)—0 and as x —ox, flx)}—0.
¢ weeks 3 and 13

7. FACTORY The cost in cents to create a certain

part of a small engine is modeled by

=
fix)y= lglﬁ—'" . where x is the mumber of parts
19

made.

a. Graph the fimction.

b. Find the x-and j- intercepts and end behavior of
the graph

¢. About how much does the 6th part cost to
make?

SOLUTION:

a. Because the degree of a(x) = the degree of 5(x),
the honzontal asymptote is the line y =
leading coefficient of a(x)
leading coefficient of b(x)

5 ory=3.

b. Find fhe x-infercept by sefting y = 0.

18x=12=0
18x=12
S22
b
"Ihex-inlm‘mplis%.

To find the y-intercept, sefting x = 0 is undefined. so
there is no J-intercept.

The end behavior is: as x — —o_ f{x)—3 and

asx —oo, flx)—=3.

. To find about how nch it costs to make the 6th
part. substitufe 6 for x mto the fimchion equation.
18x-12

M) o
_ 18(6)— 12
)
_ 108=12
T 36
=26
T 36
=2.7
It costs about 2.7 cents to make the 6th part.

ANSWER:
a.

o
b. x-intercept: —;;_winiercept none; end behavior

Agx — oo, flx)}—3 and as x —oo, flX)—3.
c.=2.7 cents

For Exercises 8-10, consider the given fanction
and the fanction shown in the graph.

a. Graph the given fonction
b. Which function has the greater y-intercept?
c. Compare the asymptotes of the two functions.

=3 _
)= 3‘“5 and () shown in the graph.
19
5
gl l/
o
*_..—" 2 ]

864202 46 Bx

SOLUTION:

a
Step 1 Find the zeros.



5 Graph rational functions with vertical and horizontal asymptotes

1-10; Example 1 & 3

Seta(x)=0
x=5=1)
x=35

Thereis azeroatx = 5.

Step 2 Find the asymptotes.
Find the vertical asymptote. Set 5(x)=0.

I +3=0
Jx==5
sty
LR

Because the degree of the mmmerator equals the
degree of the denomumator, the horizontal asymptote
is the line
_ leading coefTicient of a(x)
leading coeflicient of bix) °

1
soy="73-

Step 3 Draw the graph.
Graph the asymptote. Then make a table of values.
and graph.

I R

-5 1
9
4 v
3 2
2 7
1 0
0 -3
T
1 2
3
2 I
T
3 2

b. They both have the same y-infercept at —1.
5
c. Vertical asymptotes:  flx)x =~ 3
glxkx==2
1

Horizontal asymptotes: flx)y= 3 glxyy=

ANSWER:

b. The intercepts are the same.
c. Vertical asymptotes:  flxkx=~

glxyx==-2 :
Horizontal asymptotes: fix) y= 3 glxyy=

_.LI-Jl

9. hixy= and j(x) shown in the graph.

X+
4x—4

(]
/

8642

f
i

SOLUTION:

Moo oo

L)
dj\.
[aa)
=

_o o B

a.
Step 1 Find the zeros.

Seta(x)=0
x+1=0

x=-1

Thereisazeroatxr=—1.

Step 2 Find the asymptotes.
Find the verfical asymptote. Set b{x) =10.

dx—d=i
dv=4
x=1

Because the degree of the mumerator equals the

degree of the denonunator, the horizontal asymptote

is the line

._ leading coefficient of a(x)
© leading coefficient of b(x) ~

[
soy=".

Step 3 Draw the graph.

Graph the asymptote. Then make a table of values,
and graph.

BTN

343; 337-338-339-340
3
=4 20
T
=3 E
I
-2 )
-1 0
|
0 il
T
2 4
T
3 2
3
4 16
5
5 s

e
»

o

B

—B=6 =41 6 8x

{4

/A J

1
b. /i(x) has a y-intercept at = T.j{x} appears to

have a y-intercept at x =—1. so A(x) has a
greater y-infercept.
c. Vertical asymptotes: Alx):x=1 jx)kx=-3
: I - |
Horizontal avmptotes: fix):y = o Jjxry= 5

ANSWER:

Solution



5 Graph rational functions with vertical and horizontal asymptotes 1-10; Example 1 & 3 343; 337-338-339-340

Solution
nl Find the vertical asymptote. Set b(x) = 0.
m iy 24720
| [ -
| 2 \ | t__l
~8-6-4-2 B ) G
4 Because the degree of the mumerator equals the
6 degree of the denomunator, the honzonial asymptote
8 15 the line
i K Y S leading coefTicient of aix) - '=l
b. A(x) © leading coefficient of h(x) LT
© Vertcalasymptotes: A)x=1  Gyx=—3 Step 3 Draw the graph.
Dol amgis iy I3 Graph the asymptote. Then make a table of values,
and graph.
OIEad 5) sownin e g T
Tb: ¥ _5 2~
K 4 7
4 - -
E 2
_3 "l?
“86420| 76 tx
1 2
T ==
d o
| I o ]
2
SOLUTION: 1 9
e
S 2 I
Step 1 Find the zeros. 3 5
Seta(x)=0
x=3=0
x=3

There is a zero at x = 3.

Step 2 Find the asympiotes.



B Find the composition of functions 21-35 165
7 Find the inverse of a function or relation 5-14 171
a8 Write expressions with rational exponents in radical form and vice versa 1-12 179
9 Graph and analyze radical functions 27-39 191
10 Add, subtract, multiply, and divide radical expressions 29-38 200
11 Solve radical equations 13-20 207
12 Graph growth and decay functions 1-13 m
13 Solve exponential equations: 16 229
14 Evaluate expressions involving the natural base and natural logarithm 10-15 237
15 Simplify rational expressions 1-16 315
16 Simplify lgebraic fracti including rational exp 16-1% 323
17 prop of I 5156 336
18 Graph rational functions with oblique asymp and point 11-30 344
19 Recognize and solve direct and joint variation problems 19-22 351
0 Solve rational equations 112 361




Find the composition of functions

21-35

165

If fix) = 3x, g(x) = x + 4, and h{x) = x2 — 1, find each value.

21. flg(1)]

22. gih(0)]

23. gifi—1)

26. H[f(10)]



Find the composition of functions

21-35

165

If fix) = 3x, g(x) = x + 4, and h{x) = x2 — 1, find each value.

27. fh(8)]

28. [fe (h e g))1)

29. [fo (g e h))(-2)

30. hfi—6)]



Find the composition of functions

21-35

165

If fix) = 3x, g(x) = x + 4, and h{x) = x2 — 1, find each value.

31. f[h(0)]

33. fih(=2)]

34. [g o (fe )1

35. [he(fe g)l3)



& Find the composition of functions 21-35 165
solution method P— Bfx) = 3, g() =x + 4, and h(x) = x" ~ 1, find each value.
21 flg(1)]
- - SOLUTION: 23 glf-11
Operations on Functions ———
fAgN=/T1+4] Substitution. .
=f13) Simplify. % i
S i glf(=Dl=gl3(= 1] Substition.
Learn Compositions of Functions =15 Simplify. =g{—3) simplify.
Key Concept - Composition of Functions 5 o= d] :‘:“llll"'” i.“_”h'”"-
Suppose fand g are funcions such =1 Simplify.
that the range of g is a subset of the Domain Range of Range 15
domaln of f. Then the composition of g domain of f of f ANSTWER]
function f = g can be described
by [f & gHx) = fgix] 1
22 glh(0)] 24 hff5)]
B - SOLUTION: :
I =gl SOLUTION:
s 2[h(0)]=g[0°=1]  Substitution, RIFGN=RI3(9]  Substitution,
Example 5 Compose Functions =g(—1) Simplify. =h(15) Siaplify.
==l%4 Substitution. =154—1 Substitution
=3 Simplify. =274 Sty
;ﬂm'ﬂt ANSWER:

224

Solution



Solution

Composition
Substitution.
Simplify.
Substitution,
Simplify,
Substitution.

Simplity.

Composition of func

& Find the composition of functions 21-35 165
25 g3 = (R =
glA(-3)] 28.[f= (=21 31 F A0
SOLUTION: SOLUTION: SOLUTION: 3. [g= (= WD)
e o [fo (ko) (1)=/Th(g(1)]  Composii SOLUTION.
gl 3J'|_.E’Ei 3r=1 SHnt: =/Ih(1+4)]  Substitutic MON=/102=1]  Substitution g g
—3{8} !'-"'-”I"".’lf‘-. = {Th(5)] Simplify. =f{-1) Simiplify. ER“U”‘I&}]{' 1]=g[ﬁiﬁ{- Nl
=§+4 Substitution. =f5"-1) Substitutic ='3{ LY _c,-,“hh.,i,,',,;t,,.,_ =glfi(=1y - 1)
=1 Simplify. =f{24) Sumplily. =_3 St = g[f(0)]
=3(24) Substitutic ' e =g(3(0))
ANSWER: =72 Simphity 2 =g(0)
12 ANSWER: 3 "
26 A[T10)] w2 o
' 32. 77 ;
; 29 [F={g=-mi2) ANSTWER:
SOLUTTION: SOLUTION:
SOLUTION: ' 4
p — -l oleoMU-D=/le(-D)  Co MeM=AT+41  Subsintion 35. 00 10)
= h(30) ..Im_ﬂ 1Ty, =flg((=2y-1)] Sul =f{11) Simplify. SOLUTION:
=3{}2— 1 Substition. =/le(3)] Sin =311 Cubstitution,
=899 Simplify. =fi3+4) Sul =133 Simplify. [ho(fog)l(3)=h[flg(3)
=fi7) ;-:m ’ Substitution.
ANSTWER: = e ANSWER: Simplify.
800 =t e 33 Substitution,
ANSWER- Simplify.
27. 73] 71 33 A2 Substilution,
SOLUTTON: 30, h[A-6)] SOLUTION: Simplily.
N i 7 SOLUTION:
JThi(BY] =/T8"=1] f'tu-uljl-.hliilmn. TThi=2)] nﬂ{_z}:u 11 Substitution.
=fi63) simplify. I = 6)=h[3(— 6] Substitution, =1{3) Simplify.
=3(63)  Substitution. =H-18) Simplify =303) Substitution.
= |89 'Sil'npi:'l-_'-.-'. =({=18PF=1 Substitution. =9 Siminlify
=323 Simplify. amo s &
ANSWER: SNSTTER- ANSWER:
189

323

Y



Find the inverse of a function or relation

5.14

171

Examples 2 and 3

Find the inverse of each function. Then graph the function and its inverse. If
necessary, restrict the domain of the inverse so that it is a function.

5. fx)=x+2

6. g(x) = bx




7. fp)=—2x+1 8. hix) =*3*




. f)=—3x—8 10. gi) = x + 4




M. f(x) = 4x 12. f(x) = —8x+ 9




13. f(x) = 5x° 14. hix) =x2+ 4




5-14 1 Solution

7 Find the inverse of a function or relation
solution method 5.fx)=x+2
ANSWER:
i SOLUTION:
Lesson 4-2 Flay=x-2
Rewnte the fimction as an equation relating x and y | 124 / "f
Inverse Relations and Functions N | v
! ¥ il
fy=x+2—y=x+2 . @ B
Learn Inverse Relations and Functions | E
Exchange x and y. #
Two relations are inverse relations if one relation contains elements of ¥ - 4 -
the form (o, b) when the other relation contains the elements of the ,’ o X
x=y+ 2 ! 7 :
form (b, a). £ B {J(”'
F
Two functions f and g are inverse functions if and only if both of their Salve for y. _ "-" /
compositions are the identty function. ’f /
x=yp+2 #»
Key Concaepts » Inverse Functions S s / Y
Words: If fand " are inverses, then fio) = b if and only if F{B) = o. .
Example: Let fix) = x — & and represent its inverse as f~Yx =x + 5. Replace y u.*iﬂ:l_:'"l{x} in the equation.
Evaluate 7). Evaluate {2}
— ] 2
fij=x—5 f1=x+5 y=x-2—f"x)=x-2
M=7—5or2 FF2=2+50r7 2 3
7 £ 2 = The inverse of flx) =x + 2 is FL(x) =x — 2.
Mot all functions have an inverse function. If a function fails the 1
horizontal line test, you can restrict the domain of the function to make Graph fix) and /~(x).
the inverse a function. Choose a portion of the domain on which the
function is one-to-one. There may be more than one possible domain.
¥ / ",1'
Example 2 Inverse Functions : / ...-' -
i) // y /'
;" |
Example 3 Inverses with Restricted Domains 7|0 X
! 'l /
/ 7 / ]
! ¢




7 Find the inverse of a function or relation 5-14 171 SOIUtion

6. g(x)=5x S o ,1'
SEE SOLUTION: BN 7
| —
| ‘\ | .’
19704 Revrite the finction as an equation relating x and y. e, /
Rewnte the finction as an equation relating x and y. | ™ 1 f 7
- f)=—2x+1—=y=-Ix+1 e 7 o | =
gix)=5xr —y=>5x | =1* \\I
YiI=5r —yv= I
‘ | d Exchange x and y. . S |
#
Exchange x and y. i "
’ ’_"r x=-2p+1 ”4"‘
x =35y s Y
ANSWER: N
Solve for y. g (x)= %.T x==2y+] Ll |
=5y . x=l==dy f '(x)= "I‘.E,“"“é“
- =1 _ -
Tl{.t =y ¥ ’ff —q | iy o
‘.’ - 2 =+ l =) .ﬂ’
+ 2 2 1 4
Replace ywith g1(x) in the equation ;" ""\ Pl
g~'(x) i > L ™~ !
Hx) | - ) # il - Replace y with /-1(x) in the equation. f Pi’:lf\ #
y=—yx=g ' (x)=—x - -
o 5 i v <
' ‘ — F' D = '=_i+l*rl[l']_‘_i+i | p’# h\ 'x
! gk ——— g e ~a
The inverse of g(x) = Sxis g '(v)= = A | 1L fix)
- ’ : ’
v i R SR WL O (WG P S
’ L i r L i
Graph g(x) and £°1(x). .
Graph f{x) and /' (x).




7 Find the inverse of a function or relation 5.14

171 Solution

R — 5
9. flx)m —<x-8 | fﬁf
Graph h(x) and A1 (x). : & x
." . »
— I ;
’
' ’ Rewrite the function fion relaing x 20d .
Rewrite the fimction as an equation relating x and y| .|h-1mL\ ;"’ | » 2820 cxtion ot X S0
- - e 5 5
s x=4 - . 'J' . j[r]=-?.\'-8-'-y=—?x—8
hix)= +y= ”
3 3 . »
710 X Exchange x and y.
f o "'-'qth:ﬂ
Exchange x and y. . — ™ | s
_‘_1_ .E‘J‘r! ] .‘|;'=—-—3-‘-_1_|—E
c o I
3 #
» Y Solve for y.
x=—-§—}r—8
4 rlx)=3x+4 :
i
X= 3 - ¥ "f x+ﬂ=—-§"}-‘
”
Rk (AN 1| ~ )=y
Ix+d=y ! s . 3
| 42 ,
# St Bl -
Replace v with #~1(x) in the equation - 7o #__;.-? Replace y with /(x) in the equation.
I ’f -_‘p-'l::._dhm B ;
y=3x+4—ilx)=3x+4 - = A yu =l 48) = (x)m = (x+8)
- : :
_ y=4 1 f' ] . 5 el 3
The mverse of fi(x) = 3 sh(E)=3x+4 »’ ! The inverse of /[x) = =3x =8B (x)= =Tl +8)
Graph fx) and 7-1(x).




7 Find the inverse of a function or relation 3-14 171 SOIUtion

R S e 2 = 4 ]
10.gx)=x+4 Replace y with g (x) in the equation. 11700 =4 4
. Solve for y.
SOLUTION: yv=x-4—glx)=x-4 SOLUTION: i
y=4dy
Rewniie The PCORL s S O RROn TELAnE 3 . mmnfg{x}:x_'i“ﬁgrl{ﬂ:r_{ Rewmnte the function as an equation relating x and y !
g E.t =
gx)=x+4—y=x+4 Graph g(x) and g™ (x). o) =4x — y=4x
Fxchange x ; Replace ywith /~1(x) in the equation.
Ry y .»fﬂF Exchange x and y.
Lo Ll - :
x=y+4 E% "i" - = 4L.r -/ x)= Tl.r
| v
Solve for y. | / !#" | 1
F / 4 4 The inverse of fix) =4x is /'~ (v)=—x.
x=y+4 l 7|0 / X #
" T, P4l
i F T 1
2 LA Graph f{x) and /- (x).
"r" NG~ E ﬂ
» B
ANSWER:
i =x—4
¥ "y
.E_'u .I’
| j? B
| L4 |
4 A 1A
Z el 7=
[ T L* P4l
’ . -
o1 /Kf Ng )
s B




Solution

7 Find the inverse of a function or relation 514 17
| .28 =—8xr+0 S e
70 0 v | B=%
SOLUTION: ' ’
1) ra SOLUTION:
s
Rewrite the fimction as an equation relating x and y. — N rii
o S ' P B Find the mverse of f{x).
= +0 —y=—S8x+ - -
Jx) y=-sx RaEl X :
o ' pg = [ Ax) = Sx° COrgnal funeton
Bk - b=k @ ' ¥y = sx’ Replace flx) with y
| ¢
x=-8y+0 ""‘ x = 5}'2 Exchange x and y.
. Y LT = 1-'1 Divide each side by 5
Solve for y. 5° ‘. gk
{INSWER:
x==By+D - ¥ 0 + "l“.t' =y Take the square root of each side.
r=9=—8y f [.l’]ﬂ-*g'+-i- 5
1_; =y yi '«f .rl[_'r] = * _‘]j.-I Replace y with /'
ae ’
» (e
-%+% =y ' [f:!!:x}] ‘_a‘" ' f'[x]—i% sSimplily.
L g ’ e
- : | AL ™
Replace y with /7~ (x) in the equation. * 10 . Because f{x) fails the horizontal line test. £~ (x) is not a finction. Find the restricted domain of /{x) so that /1 (x)
1 r 1 will be a function. Look for a portion of the graph that 1s one-to-one. If the domam of fTx) 1s restricted to (—o. 0],
1.=_i+i_.lr'|[r]=_i+i 1 J’ ‘J_‘].F{Xj|' . . ] EESH . . . . =
. g gyl - | L _ then the inverseis / [x)= — - If the domain of f{x) is restricted to [0, oo). then the mverse is
- :
’
’ 5
x 9 STE—
The inverse of f{x) =—8x + 0is [ '(v) = __;_+,£_ L LEA | )= e
Graph f{x) and f-'(x).




7 Find the inverse of a function or relation 3-14 171 SOIution

14 hix)=x>+4
)~
SOLUTION:
= Find the inverse of A(x).
r’i' hlx)=x"+4 Onginal function
;’f‘ ' v=x"+4 Replace Alx) with v,
’,’_ Y x 2_1:3 +4 Exchange x and y.
x—4=)" Subtract 4 from each side.
ANSWER: = > iy
E *jx—4 =y Take the square rool of each side.
If the domain of f{x) is restricted to (—oo, 0], then the inverseis /' (x)= — T h M x)=2fx=4 Replace v with h™'(x).
If the domain of f{x) is restricted to [0, o), then the inverseis /' (x) = . Because A(x) fails the horizontal line test. 5~1(x) is not a finction Find the restricted domain of A(x) so that #~1(x)

will be a fimetion Look for a portion of the graph that s one-fo-one. If the domam of A(x) 15 restricted to (—e, 0],
then the inverse is ' (x) = — /x — 4 If the domain of /1(x) is restricted to [0, o), then the inverse is

.Ird_][.l]=-.l|'l.1.'—4. iV «
§ f _
LAl 71N ’
VA"
2 —31‘
=5 ik L I e
“8-6-4-2-]02 NG_B x
e i
F T
P g ()
A1 e
» 1
ANSWER:

If the domain of i(x) is restricted to (oo, 0 h ™ '(v) = = Jx =4
If the domain of A(x) is restricted to [0, 0). i~ '(x) =4/x —4_



Write expressions with rational exponents in radical form and vice versa

179

Examples 1and 2

Simplify.
1. £4/121x%6

5. —/81a"6H20c12

2. +9225q6p36

6. —1/400x32A0

3. +v494

7.9/16(x — 3)12

4. —16c*d?

8 4 X168



Write expressions with rational exponents in radical form and vice versa

179

Examples 1and 2

Simplify.

9. 4/81(x — 4)*

10. Vx1®

1. Vo2

12. Va2



8 Write expressions with rational exponents in radical form and vice versa 1-12 179

Solution

solution method 16¢4*

, SOLUTION:
nth Roots and Rational Exponents SOLUTION: SOLUTION:

Learn nth Roots —f16c 2 = -"Ichd
Finding the square root of a number and squaring a number are inverse +4f 12.11'4_1-'16 =+4/(1 lxz_v“]l =g 1|ﬂr| .,,4||' 16(x —3) 12 =4 ...,“llI (x—3) 12

operations. To find the square root of @, you must find a number with a =4] |IIIPH . 5

square of a. The inverse of raising a number to the nth power is finding = = ) ) il Il{x = 3] I

the nth rect of a number. The symboly/ indicates an nth root. since  could be negative, you mmst use the

For any real numbers @ and b and any positive integer n, if a” = b, £ absolute “ﬂ!—f of dto i that the principal Since (x — 3]3 could be negative, you must use the
then a is an nth root of b. Far example, because (—2)% = 64, —2isa 5:1112}3 scuare roof 1s nonnegative. 3 ;

sixth root of 64 and 2 is a principal root. absolute value of (x — 3)° to ensure that the
An example of an nth root is 736, index 3+ 125010530 principal square 1oot is nonnegative.

which is read as the nth root of 36. ol B 6 .

In this example, n is the index and L

36 is the radicand, or the expression A " SOLUTION: : ANSWER:

under the radical symbol. o 3|{1’ B 3]3|

Some numbers have more than one real nth root. For example, 16 has +4/ 12528570 = 24/ (1525815 SOLUTION: o ST
. WD :

two square roots, 4 and —4, because 42 and (—4)2 both equal 16.
q (—4) q = 41545818

When there is more than one real root and n is even, the nonnegative
* 16520 12 £ 10 652
root is called the principal root. —f Bla"%" " = =4/ [9a"h e )

a8 10,6 SOLUTION:
Key Concept - Real nth Roots
Suppose n is an integer greater than 1, o is a real number, and o is an ANSTFER- ANSWER: af 6 K _ Rllll: 2 _]3
nth root of b. 2 3 A .r.:' e
10 S
a nis even. n is odd. =13a’b —0a®p10c8 = lFI
g >0  1unigue positive and 1unigue 1unigue positive and O o f ] ﬁfi
negative real root: £@ negative real root Vg 3 a4 6= m‘”f” ’ B-ECEHSE}? cmﬂdbemgaﬁve you st use the
g<0 Oreal roots 0 positive and 1 negative real ahsohute value ﬂf_].' to EﬂEmE-ﬂ]ﬂt the pnnu;nalrmt
root:¥a SOLUTION: SOLUTION: i e
g=0 1realroot{0 =0 1realroot40 =0
A radical expression is simplified when the radicand contains no 44/ 490" = 44/ (722 =/ 400734 = =4/ (20 '5}:3“]: ANSWER:
fractions and no radicals appear in the denominator. i)
il i.h_z - —?.Dxmym I_h"l

Example 1 Find Roots

ANSWER: ANSWER:
Example 2 Simplify Using Absolute Value +Tx2 —20x 16y



2 Write expressions with rational exponents in radical form and vice versa 112

179

o 481(x—-4)

SOLUTION:

V816 -4)" = YRT 4/ (r - a)'

=3l 4|

Since (x —4) could be negative, you nmst use the
absolute value of (x —4) to ensure that the principal
sguare roof 1S nonnegative.

ANSWER:
3 — 4

lcﬁalls

SOLUTION:

=1

Because x° could be negative. you must use the
absolute value of x° to ensure that the principal root
15 nonnegative.

ANSWER:

¥

11 4fa’®

SOLUTION:

=la’

Because a° could be negative, you niust use the
absolute vale of a° to ensure that the principal root
15 nonnegative.

@

1213 a"2

SOLUTION:
3|"u‘3 =3"I[a"]3
- 4
=g

{1'4
Write each expression in radical form, or write

each radical in exponential form.
I

Solution



Example /

Graph and analyze radical functions

27-39

191

Write a radical function for each graph.

27.

¥

28.




Graph and analyze radical functions

27-39

191

Write a radical function for each graph.

37.

¥

Y

38.

IS

Y




Mixed Exercises

Graph each function and state the domain and range. Then describe how it is related

Graph and analyze radical functions

27-39

191

to the graph of the parent function.

29. fix)=24x—5—6

30. fix) = 3 VX + 12 + 3



Mixed Exercises

Graph each function and state the domain and range. Then describe how it is related

Graph and analyze radical functions

27-39

191

to the graph of the parent function.

M. fix)=—2Vx—1-4

32. fix) = —3Vx+7+9



Graph and analyze radical functions

27-39

191

Mixed Exercises

Graph each function and state the domain and range. Then describe how it is related

to the graph of the parent function.

33 A= —3Vx+2 -3

34, fx) = —5V2x— 1+ 3



9

Graph and analyze radical functions

27-39

191

Graph each inequality.
3BS.y=b—3vx—4

36. y<+4x—12+8



9 Graph and analyze radical functions

27-39

191

39. STRUCTURE Consider the function flx) = —+4/x 4+ 3 + 123 and the
function g(x) shown in the graph.

Determine which function has the greater maximum value.
Explain your reasoning.

Compare the domains of the two functions.

. Compare the average rates of change of the two functions over

the interval [6, 13].

‘-""!E.

o

2 46 8101214 % 1B




9 Graph and analyze radical functions

2739 191

solution method

Lesson 4-4

Graphing Radical Functions

Example 2 Graph a Transformed Square Root Function

Example 6 Compare Radical Functions

Example 7 Write a Radical Function

Learn Graphing Square Root Functions

A radical function is a function that contains radicals with variables

in the radicand. One type of radical function is a square root function,
which is a function that contains the square root of a variable
expression,

Key Concept « Parent Function of Square Root Functions
The parent function of the square root functions is fix) = /.

Domain: (x| x=0) i |

Range: (fx) | fx) = 0) LA

Intercepts: x=0,fix)=0

End behavior: As x — 0, fix) — 0, and 2 .
as x — o, fix) — o,

Increasing/ increasing whenx > 0

decreasing:

Positive/ positive forx > 0
negative:

Symmetry: no symmetry

A square root function can be written in the form g(x) = avx — h + k.
Each constant in the equation affects the parent graph.

+ The value of lgl stretches or compresses (dilates) the parent graph.

+ When the value of g is negative, the graph is reflected in the x-axis.

The value of h shifts (translates) the parent graph left or right.

+ The value of k shifts {translates) the parent graph up or down.




27

9 Graph and analyze radical functions

Write a radical function for each graph.

'%

SOLUTION:

Tdentify the index.

Because the domain and range 1s all real mmbers,
the index is odd. This function can be represented
b}'_ﬂ.\']=u-\1'|.".\'—h k.
Tdentify any ransformations.

The function has been translated 2 units right and 1
Tunit 1.

Therefore, =2 and & = 1. To find the value of a.
e A point as well as the values of /i and k.

Ari=adfx—h+& Cuberoal
{madZ=2 %t =2 k), (e e =(2,1)
l=a=l

funciion

Simiplify

l=a Sunplify
Write the fimction
Substitute the values of a, . and k to write the
function. The 15 represented by
Ax)=3x=2+1

ANSWER:

Mx)=sfx=2+1

28.

/ 3

SOLUTION:

Identifyy the mdex.

Becanse the domain and range 15 all real mmbers,
the index is odd. This function can be represented
by fx)=adlx=h +k.
Identify any transformations.

The function has not been translated.

Therefore, i=0 and k=0. To find the value of a.
use a point as well as the values of /r and I

Ari=adx—F +k Cube ool function
Amal =040  h=0k=0.(x, /lx)l=11,4)

4=a+l Kimplify
d=q Nimplify

Write the fimction.

Substitute the values of a. h. and & to write the
function. The graph is represented by f(x) =44/x .

ANSWER:

Ax)=43x

27-39

Graph each function and state the domain and
range. Then describe how it is related to the
graph of the parent functon.

29 flx)=2/F=5-6
SOLUTION:

Step 1: Determine the mininmm donain value,

i=520

xXE5 Bimplilyv.

Wil |'-||'|||..||||- (TEANRFIRLL TS wilieanad

Step 2: Make a table. Use the x-values determined
from Step 1 to make a table.

xS
5| =6

6 | -4
71317 B”m
g ||l
254 | 4
g 2 L5
10, ;|6 Z+% i_luﬂuag
n|=>-|—4
110 6
~— |8
2lon|T%
13{ 534
14| 0
{43

Solution
The domain is {x | x = 5} and the range is {f{x)
| Ax) =6}
Step 3: Compare to the parent finction
The ninttmum is (5, —6).
Because the parent function is v =+/x . the
transformed function is _f{x) = a+/x = h + k where
a=2 h=5 and kF=-46.
a0 and |a| = 1. so the graph of v = /¥ is
stretched vertically by a factor of ia]. or 2.

B =10, so the graph is then translated right / units. or
5 umits.

& <0, so the graph is then translated down & vnits.
of 6 units.

ANSWER:
D= {x|x =5} B= {flx) | fix) =-0}; stretched
vertically, translated 5 umits right and 6 units down:
B 1(x)

8

o 2 46 8 1071y
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Solution

30. ;'![r}=':‘-:~n.!.x-.+ 1243
SOLUTION:
Step 1: Determine the minimum domain value.

1220
=12 saplily.

W & nmnoar .._'|,|'|-||'-. WSInT tlae ™ W[N] ||_|

Step 2: Make a table. Use the x-values determined
from Step 1 to make a table.

n i ftx]

—12

—10[=4.06
8| 45 4
—6 | = 4.84 2
4|=512
2
0
2
4

=537 |
=5.60 —4

=581 —b
2 i

The domain is {x | x =—12} and the range is {f{x)
| fx) =3}

Step 3: Compare to the parent function.

The mininmm is (-12. 3).

Because the parent funchion is v = JT the
transformed functionis (x) = a+/x = + & where

a=—.h=-12and £ =3.

i
4:-
a>0and0 < |a]< 1, sothe graph of v =/ i

3
compressed vertically by a factor of la|. or e

fi < 0, so the graph 1s then translated left / vmts, or
12 umits.

k=0, so the graph is then translated up ¥ units, or
3 units.

ANSWER:

D={x|x=-12}; R={fix) |Ax) =3}

compressed verfically, translated 12 unifs left and 3
s up;

3‘ fix)

o

I .
31 flx)= -ﬁ«-—qw‘x-ﬂ- 1-4
SOLUTTON:

Step 1: Determine the mininmim domain value,

x=1lz0
21 Smoplily,

Write an inequality vsing ihe mdicand

Step 2: Make a table. Use the x-values determined
from Step 1 to make a table.

1| 4

PR ey [P Al =
== o X
31408
41 435
5 |24 =
61 445
|

The domain is {x | x = 1} and the range i3
{x) | ) =45

Step 3: Compare to fhe parent fimction
The maxinmum 1s {1, —4).

Because the parent function is v = -..:"Tﬂ'lt
transformed fimction is f{v) = a4/ x = I + &k where

as= --i-—,ﬁ=l.andk=—4_

a<0and0<|a = 1.sothe praphof y =/ is
reflected across the x-asxis and compressed

1
verﬁn:a]]}rb}raﬂ:’tmaflal,or';.

i =0, so the graph 15 then translated night |/1] vmits,
of 1 1mit.

k <0, so the graph is then translated down & vmits,
of 4 umnits.
ANSWER:

D= {x|x21}:R= {fix) Lfx) =-
4}: compressed vertically, translated 1 umit nght and

4 ymuts down reflected in the x-axis;

nf[x]
O X
e




9 Graph and analyze radical functions 27-39 191 SOlUt'on
|
1 .
32 flx) = -3-..#;}7--}-9- | e 33. flx)= ey x+2-3 Compare to the parent function.
;m]ls" V. Bﬂcmmeﬂ}epmﬂnﬁmcﬁmis_tiym_fthe
: - . transfonmed functionis /(v) = g/ x = + & where -
Step 1: Detemune the mininmm domamn valne. Make a table and graph the function. ]Imdﬁmig_ﬂx]=us x=h+k
a=-3h=-—T and k=9
el il I
2+7=0 Write nn sncejuality using the radicumd o R O o e
r2=T Swnplify a =0 and |a| = 1= Eﬂthﬂgfaphﬂf_"=£i5 E iy W a 3 :
Step 2: Make a table. Use the x-values determined ffﬁmmﬂﬁrh;gmmmmm'my =1y ictadi el s te ity = s
from Step 1 to make a table. : ' : ' ’
2| -3 reflected across the x-axis and compressed
i == 0, so the graph is then franslated left [/ units. or ~ : | T
4 f(x) 7 units. -1 333 | 5 ;;’ vertically by a factor of |al. or 3
oLl A g T
. M i k =0, so the graph is then translated up & unifs, or < i < 0. so the graph is then fransiated left 4] units. o
—5|=476 O uats. 2 units.
—
o bt N ANSWER: 1
- . , I : k <0, sothe is then translated down  vmits,
ey [ XX | D={x[x2-7}:R= () [flx) = 9}; sretched - o
D] it |_4 vertically. translated 7 units left and © units up. _
~1|=265 reflected in the x-axis: o ANSTWER:

—6 The domam is all real mumbers, or (—ao, oo), and the : ] :
0|=1.06 |_3 $ i) et e D = (—w., o) B = (~ao. oo); compressed vertically,
1|=051 Y 8 : ' T translated 2 units left and 3 units down. reflected
a 0 G in the x-axis;
iE-040 4 by
4 =005 N,

5 F-139 18—5—4—?{3 6 8y
6 =-182
|_4 B ) .
l_ﬁ (o] x
The domamn is {x | x =—7} and the range is |_3" :

{x) | ) = 93.
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1 ' . - o
=—-—Yw-14+ Graph each inequality. 36. < -12+8
34. 1) 2 (=143 a-;'l]and[l--:|a|‘=:11suthegmphnflr=E,."T£5 35.026=3x-4
SOLUTION: reflected across the x-axis and fcmgmsed SOLUTION: SOLUTION.
vertically by a factor of |g|. or —. .
Mike a table and graph the fimction 2 Gl the relaed Biction Geagh e chied fciion,
2 2 Graph the boundary v =+/4x = 12 + 8 using a
n b?bl]aﬂd|b|3=1_mthﬂgmphﬂfj'={ﬁi5 Graph the boundary v = 6~ 3,/ x — 4 using a solid _ A R
- , | | linet the i lityis < dashed line because the mecuality is <
3.5 by compressed horizontall aﬁcmruf‘—_m—_ - N—
- ——— W bl 2 The domain is {x | x =4}. Because the inequality is The domain s {x | x > 3}. Because the inequality is
~ 2 |=3.91 ™ less than or equal to, shade the region below the less than, shade the region below the boundary and
=2 S— - boundary and within the domain within the domain
) B =0, 5o the graph is then translated right /] unite.
517 |
15 ) . or - unit &4 1,5“1"
{}_5 3.63 o X } : i “__...-_-?
{)-5 3 k =0, so the graph is then translated up & units. or d 1\ 12 i
. - -
15| 237 3 vuits 2 i 01—
25]=221 | ANSWER: *70[ 2 16 12 Wy 8 &
D = (—w, m); R = (—o0, w); compressed vertically L ""\-‘ :i
and honizontally, translated —- vnit right and 3 units ——6 2
- —8 N .
up. reflected in the x-axis; ) :! 4 5. 8 WI ’IEI 'ﬁl B x

The domain is all real mumbers, or (—o, oo), and the
range 15 all real numbers, or (-, o).

Compare fo the parent function.

Becauseﬂ)epmmtﬁm:tionis_r=m1th:

transformed finction is ) = a5z — k) +k

wbema=-%__b=2._h=17,anﬂk=3.

AV
\._‘"—!— -
- o *

Select a test point in the shaded region to verify the
solution.

Select a test point in the shaded region to verify the
solution.
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Write a radical fanction for each gl‘ﬂp]l ."h.]"u'm%l it i ) 38- ﬂﬂﬂ-mm#t C e root fimetion
—4=ay 0= +[-2) h=—4h=-2 [ luli= 1 -4 LY : g
3? 4= Ju=3 gy —I-?'--.;l.,‘l'l}-l—| -l:—l? i i oy P e
5 == virsiliy
“r ” '%=n'—2 samapiliiy
Write the finction. f:“rr Simpils
_ _ mmmmemuhﬁ_nfa_ h. and k to write the = 0 % Wit the finchion.
= = ! function. The graph 1s represented by
% Arj==yntd =4 e Substitute the values of . . and & to write the
- . function. The graph is represented by
ANSTER: l )= 377 T-2
[ - flx)=~Jx+3-2 i 5 ¥ '
e SOLUTION:
ANSWER:
SOLUTION: o
iy e e, fle)= 35 FT =2
Tdentifyy the index ) ) “
Because the domain and range is all real mumbers.
Because the domain is all real numbers greater than mfmﬂexm?ddmmnmmhemsenmd
or equal to —4 and range is all real numbers less by flx)=ay/x—h +i,
than or equal to—2. the index is even This fimction
can be represented by _flx)=ayx—h + k. identifyy any transformations.
Tdentify any transformations. The function has been translated 1 umt left and 2
units dowm
The function las been translated 4 units left and 2
units dovm. Therefore, h =—1 and k =—2. To find the value of
a, use a pomt as well as the values of 1 and &
Therefore. i =—4 and ¥=-2. To find the value of
a, use a point as well as the values of  and ¥




a. Determune which fimction has the greater

b. Compare the domains of the two functions.

¢. Compare the average rates of change of the two
functions over the interval [6. 13].

SOLUTION:

a. The maxinmm value of /{x) occurs when v =-3.
So. the maxinmmm valoe of f{x) 1s

The domain of f{x) is {x | x =—3}, since any values
less than —3 produce a negative valee under the
radical

Analyze the graph to find the domain of g(x).
Thf::immhmfg{x)is[: | x 3-—5-].

=2

c. Calculate f{6) and f{13).

a Graph and analyze radical functions 27-39 191
- ; 2 : 5o 13 ya=y
30 STRUCTURE Consider the finction 3 3 Sl e o =6 PO ot .
— 13 . .f[_3]=-\f-3+3+ ]1 =tT- f[ﬁl] ik 2 ; 37X
A= =243 +TMﬂEﬁmg{x) = =3.5 Simplify. > 13;_‘2 )=, 4] and | A=011, 1)
shown in the graph. Analyze the graph to find the maxinmm value " gz Simpii
i ofg{x].IhEmm'mmm]mufg{r)Dcmns 'ﬁ[}]="‘”3+3+7 r=13
sl” when x = =~ So. the maximmm value of g(x) is 6. e W g ]
16 “ _— SUIMES. Iheavemgerateufchangenv&‘ﬂmﬂmralls—?
"1|: fix) has the preater maximmm value because its jfhldflﬂavmgemeofthmgrofﬂx} avee i for fx). It appears that the rate of change for g(x)
mtery ; :
: L T y ) _1.I[ﬁ‘ 13] is the same.
10 _[5 ) I, —— . is greater than 6, the maxinmm o= Slipe formmid
4 E . T3TE|
gl 9 2.5-35
kA | value of g(x). =g Feri=iaSlm| =
: \\ I7Quj . i
: 1 : —— i ANSWER:
—— b. The domain of f{x) is restricted to values for ! :
2 which the radicand is nonnegative. — - - - a_ﬂx]hasﬂﬁgreatﬂmaxmnmmbecmmem
b average rate of change X)) Over - Az - :
D 2 46 2101214 16 18X T B : g £(x) MaATERn, —5 . 1s greater than &, the maxinmum
A 2 rile am anedudity using e racdicnn lﬂtﬂﬂfal [ﬁ_ 131-
rz=3 Subirect 1 feom eaeh side, N

value of 2(x).
b. The domain of f{x) is x =—3. since any values
less than —3 produce a negative vahie under the

radical. The domain of g(x) isx = .

o

c. The average rate of change over the interval is
|
=T for flx). It appears that the rate of change for

gix) is the same.



Examples 6 and 7
Simplify.

29.

150>

"Il'lb13

10

Add, subtract, multiply, and divide radical expressions

29-38

30.

103

31.

412
32. AJ =

33.

B-7



34.

V5

2

/3

10

Add, subtract, multiply, and divide radical expressions

29-38

9 — 243

B FEie

36.

242 + 245
V5 + 42

38.

Tx _
3-42




10 Add, subtract, multiply, and divide radical expressions

29-38

solution method

Lesson 4-5

Operations with Radical Expressions

Learn Rationalizing the Denominator

If a radical expression contains a radical in the denominator, you can
rationalize the denominator to simplify the expression. Recall that to
rationalize a denominator, you should multiply the numerator and
denominator by a quantity so that the radicand has an exact root.

If the Multiply the numerator -
3 ; X Examples
denominator is: and denominator by:

- 4 _ 4 V1 _ 47
Vb Vb v oy dor
n ¥ e V27 36
Vb Vb 53 A

V2 V3 3t 2

Binomials of the form a+/b + ¢+/d and a+/b — c+/d, where @, b, ¢, and
d are rational numbers, are called conjugates of each other.
Multiplying the numerator and denominator by the conjugate of the
denominator will eliminate the radical from the denominator of the
expression.

Example 6 Rationalize the Denominator

Example 7 Use Conjugates to Rationalize the
Denominator




Examples 3 and 4

11

Solve radical equations

13-20

207

Solve each equation. Identify any extraneous solutions.

13. Vx—15=3—-/x

17. (4z — 1) —1

2

14. 5 +10i+7=5

18. Vx—-10=1— /X

15. 3x+7)"—3=1

19. Iy +2+9=14

16. 3y—2)+5=6

20. 2x—1N)i—2=1
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13-20

207

solution method

Lesson 4-6

Solving Radical Equations

Learn Solving Radical Equations Algebraically

A radical equation has a variable in a radicand. When solving a radical
eguation, the result may be an extraneous solution.

Key Concept « Solving Radical Equations
Step 1 |solate the radical on one side of the equation.

Step 2 To eliminate the radical, raise each side of the equationto a
power equal to the index of the radical.

Step 3 Solve the resulting polynomial equation. Check your results.

Example 3 Identify Extraneous Solutions

Example 4 Solve a Radical Equation




Example 1

Graph each function. Find the domain, range, y-intercept, asymptote, and end

behavior.

1. f) =3

12

Graph growth and decay functions

221

2. flx) = 5*




Example 1

Graph each function. Find the domain, range, y-intercept, asymptote, and end

behavior.
3. fix) =1.5%

12

Graph growth and decay functions

221




I R IR
Example 2

Graph each function.
5. flg = 2(3)* 6. fix) = —2(4y" 7. fix)=4*1-5




e R
Example 2

Graph each function.
8. fx) = 3% +1 9. fix) = —04(3F 2 +4 10. fix) = 1.5(2) + 6




Example 3

12

Graph growth and decay functions

221

Identify the value of k and write a function g(x) for each graph as it relates to f{x).

M. flx) = 2% gl = fix) + k

L¥

12. fix) = 3% gix) = fix) + k

5

g | |

90 |

-

13. 00 = ()’ 900 = k - i

¥




12 Graph growth and decay functions 1-13 1 so‘ution
. Lesson 5-1 Graph each function. Find the domain, range, ¥- 2 flxy=5
SO'Utlon methOd intercept, asymptote, and end behavior.
—ax SOLUTION:
. L] L l'aft‘l—} 3‘
Graphing Exponential Functions
SOLUTION: Make a table of values. Then plot the points and
Learn Graphing Exponential Growth Functions Make a table of values. Then plot the points and
In an exponential function, the independent variable is an exponent. SR )= AY.
An exponential function has the form fix) = b*, where the base bis a 5x '
constant and the independent variable x is the exponent. For an fe)= _ 1Y u /
exponential growth function, b > 1. Exponential growth occurs when ¥ 50008
an initial amount increases by the same percent over a given period = 0.037 ]
of time 3 / 004) | -
: 2 o X
Graphs of exponential functions have asymptotes. An asymptote is a ;z 0111 - e o *; 1 02
line that a graph approaches. 1
= 0333 9] 1
Example 1 Graph Exponential Growth Functions o1 i - B v
N 25
1] 3 L]
Example 2 Graph Transformations of Exponential A4 9 Al
' 3 real - all positive real mumbers
Growth Functions soemgin: range: all positive
real range: all positive real mumbers
; : ; mumbers %
Example 3 Analyze Graphs of Exponential Functions : intercept  asymptote: =0
é?,_ﬂij PY asymptote: y =0 (0.1)
) end behavior: As x 2 0 and
end behavior: Asx — —oo, flx) = Oandasx — o, flx) — o x =)= i
o0, flx) — . * '
ANSWER: e -
Domain all real mumbers; Range: all positive real
Domain- all real mumbers; Range: all positive real numbers; y-intercept: (0, 1); Asymptote: y = 0; End
numbers; y-intercept: (0, 1); Asymptote: y = 0; End Behavior: as x — —o,_ f{x) — 0 and as x — o, f{x)

Behavior: as x — —oo, flx) — O and as x — «o_f{x)

— o0

— 00



3.0)=15

12 Graph growth and decay functions

221

SOLUTION:

Make a table of values. Then plot the points and
sketch the graph.

(3]

SOLUTION:

foo) = iy Make a table of values. Then plot the pomts and ske
H | 7| e
1.5

= 0444 g - ¥
2 o X | |
B 5| 0064 /
ltﬂ.ﬁﬁ?’ . »
o 1 5 0.16 0
1] 15 =

¥ 04
i W 5 1

0 1
domain: all 1 25 ¥
teal range: all posittve real oumbers 2 6.25
mumbers
J-infercept: ; domain: all real -
asymptote: y =10 :

(0. 1) L e range: all positive real numbers
end behavior: As v — -, flx) — Oandasx —
oo, flx) — o0 i‘b;—ﬂ]lﬂ[tqﬁ.' (0, e y=0

ANSWER:

Domain all real mumbers; Range: all positive real
mumbers; y-intercept: (0, 1); Asymptote: y=0; End
Behavior: as x — —oo, fix) — O and as x — wo_f{x)

— 00

end behavior: Asx — —w, flx) — Oandasx —
@ fla) — =

ANSWER:

Domain: all real mumbers; Range: all positive real
mumibers; y-intercept: (0, 1); Asymptote: y=0; End
Behavior as x — —oo, flx) — 0 and as x — «o_ fix)
oo

Graph each function.

3. flx) =20)*
SOLUTION:

Transfiomm
the graph of
fixy=3*

a=2.s0
stretch the
graph

vertically.

h=0.so0do
not translate
the graph
left or right.

k=0.sodo
not translate

the graph up
or down

i
24
20

16
12

., o

~8—6—-4—20

3 1

HEE

1 b

— =

—— 02

6.f1) =—24)"
SOLUTION:

Transform
the graph of
fix)y=4°

a=-2.50
reflect the
graph inm
the x-axis
and stretch
vertically.

A=0.z0do
not translate
the graph
left or right

k=0, so do
not ranslate
the graph up

or down

Solution




12

Graph growth and decay functions

21 Solution

T =4"1_5 8. fx)=3"+1
SOLUTION: SOLUTION:
Transform ) h A Transform
the graph of |24 the graph of
fix) =4 =3F%

i fx)
£I=175Crdﬂ '|ﬁ E=1,50dﬂ
not stretch i 12 ot stretch
O EIpAESS 8 Of COmpress
the gt 4 the graph
iy | - vertically

—-8-6-4-200 2 4 6 8x :
-—tso ® T T T v [ []]
A=0.s0do
M“mhl‘“mmi not translate
left. the graph
left or nght.
=—5. 50
translate the $=15
graph 5 units e
down. graph 1 unit
up.

24

ool &
|

20

16
12

=+
—8—6—4—20

%% |

R

—

1 =

—— 00

0. fx)=—04(3y "1 +4
SOLUTION:

Transform

the graph of "%

) =37

g X

a=-04, so
reflect the

maphinm
the x-axis
and

COMIpPIEss

vertically.

h==2_50
translate the
graph 2 units
left.

k=450
translate the
graph 4 units

10. i) =15(2 +6
SOLUTION:

Transfomm b fx)
the graph of - 28

ﬂx} = QI_ 24

20
a=15,s0 16 ,‘,
stetch the - 12 /
graph

vertically. < 4
:-B —-6—-4-20

fi=10.s0do

—

not translate
the graph
left or right.

kF=0.s50
translate the
graph 6 units

HEE




12 Graph growth and decay functions 113 271 solution
Identify the value of k and write a function g(x) 12 i) =3 gx)=Ix)+ & 13 flx)= 1 k;gﬁ]:_l_--ﬂx}
for each graph as it relates to f{x). 2
11 flx) = 2% g() = fix) < & | "? |
I Ly
| 919 |
\y | -
i D i
= X
;" \"1 tgl:x} M
k| \
1
SOLUTION: r ‘
Y SOLUTION:
The graph has been translated 2 units up, so §=2
SOLUTION: and the function is glx) = 3% + 2. The graph has been reflected in the x-axis. soa=—
1 and the fimction is g(x) = -I%] .
The graph has been translated 3 units down, so &£ = ANSWER: -
—3 and the function 15 g(x)=2* - 3. k=2 gx)=3"+2
ANSWER:
i ¥
ANSWER: k=—l;gtxl=—|§—~]
kF=-3glx)=2*-13
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Solve exponential equations

1-6

229

Example 1

Solve each equation.

1. 252x+3=255x—9

4. 43— 3 =-gix—4

2. 98x—4 _—g13x+6

5. O x+5_—276x—10

3. 455 =12 — 3

6. 1253 —4 = 254 +2




13 Solve exponential equations 1-6 229 solution
solution method R 2 55 0 yER
Lesson 5-2 0y 559 5 & 9—x+5=2Tﬁx—lﬂ
Solving Exponential NS = o S
- s ’ SOLUTION:
Equations and Inequalities SOLUTION:
. . ; =155 W Orpinal,
Learn Solving Exponential Equations T ——_— Sl _qu_ ||- | G 3t (il cqua
RES RSN Original eqm S :"'""'" v _ ;33]'"‘5={3-‘}f'f'“' e
In an exponential equation, the independent variable is an exponent. Zx+r3mbix=9 Property of | TSR Powerol 4210 4 TR -30 }.“,u_,l 1 P
2+ 12=5 Add % 1o eacl ¥=F=dx-61 Froperty =2+ lii= | By — 30 rl.-.-. . .x ...-}
Key Concept - Property of Equality for Exponential Equations 12=3x Subtract 2v | x+3T=4y Add 67w Aeral= EE:' A |'I|1L-\,r,',_' o
If b> 0 and b # 1, then b* = b¥ if and only if x = y. = Thivise ol i i e e
L lmy e epch =
Exponential equations can be solved algebraically or by graphing a
system of equations based on the equation. ANSWER:
Equations of exponential functions can be used to calculate 4 " ANSWER:
compound interest. Compound interest is paid on the principal of 19 S
an investment and any previously earned interest.
Sx—4 _gq2x+06 = .
Key Concept - Compound Interest 2.9 = ik 4,473 =gh=4 g 125 == ashehe
t
You can calculate compound interest using the formula 4 = P{T + ﬁ)n i SOLUTION: SOLUTION: SO ON-
where 4 is the amount in the account after t years, P is the principal UTI "
amount invested, ris the annual interest rate, and n is the number of
compounding periods each year. ofrdegid*  Original cqu 4t ayhi Cori grimu] (i el P2 o] et
9“”"1-[9:]"”"' Rewrits £1 1 M;].‘x'r—.'.h:z.\ A -4 B et [SJ]'iT_!-[j:]"“*—' S -I-." )
Example 1 Solve Exponential Equations Algebraicall e il il e Roghetd  poierafa P
P D q g y Br—4=6r+12 Property of | fx—6=12r—12: Properly Y= |2miy+4 Propaerty ol 1
Br=6c+ 16  Adddoeacl Gr+bm]2r Auld 12 Gyumfy+ 6 hodd 12 1y encl
Ir=1ld Subtract fo f =6 Subtract o= |h Yubirnct Ky fic
r=H Divide cach : =y [evirle
ANSWER: ANSWER: ANSWER:
8 1 16




14 Evaluate expressions involving the natural base and natural logarithm 10-15 237

Example 2

10. Consider the function f{x) = 3e* 1+ 3. 11. Consider the function fix) = 4e2¥ — 1.

a. Graph the function. a. Graph the function.

b. Determine domain and range. b. Determine domain and range.

c. Find the average rate of change over the interval [-5, —2]. c. Find the average rate of change over the interval [-3, —1].
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12. Consider the function fix) = —2e** 3 + 2.

a. Graph the function.

b. Determine domain and range.

c. Find the average rate of change over the interval [—7, —4].
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Example 3
13. COMPOUND INTEREST Ryan invested $5000 in an account that grows
continuously at an annual rate of 2.5%.
a. Write the function that represents the situation, where A is the value of
Ryan's investment after t years.
b. What will Ryan’s investment will be worth after 7 years?

14. SAVINGS Jariah invested $6500 in a savings account that grows continuously at an
annual rate of 3.25%.

a. Write the function that represents the situation, where A4 is the value of
Jariah’s investment after t years.
b. What will Jariah’s investment will be worth after 18 years?

15. INVESTMENTS Marcella invested $12,750 in a company. Her investment has been
growing continuously at an annual rate of 5.5%.

a. Write the function that represents the situation, where A4 is the value of
Marcella’s investment after t years.

b. What will Marcella's investment will be worth after 9 years?
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solution method

Lesson 5-3

Special Exponential Functions

Learn Exponential Functions with Base e

The constant e has certain mathematical properties that make it a
conveniez_‘lmt rt]:sase for exponential functions. e is the irrational number
that (1+ )" approaches as n approaches . This value is

approximately equal to 2.7182818...

Graphs of exponential functions with base e
display the same general characteristics as
other exponential functions.

» flx) approaches an asymptote of y = 0
as x approaches —o¢,

» flx) approaches o as x approaches o,

= The y-interceptis 1.

A
Hflx) =g

[=

You can calculate continuously compounding interest by using the
formula A = Pe’’, where A is the amount in the account after ¢ years,
P is the principal amount invested, and r is the annual interest rate.

Example 2 Graph Functions with Base e

@ Example 3 Apply Functions with Base e

10. Consider the fimction flx) =3¢ ~! + 3.
a. Graph the function
b. Determine domain and range.

c. Find the average rate of change over the interval [
3.2

SOLUTION:

The fimction nr*
flix)=3&"" ' /

l+3

of the graph
of flx)=¢".

a =13, so the

graph is
stretched Y

fi=1, so0the

graph s
translated 1

unitright

k=13, 50 the

graphis

translated 3

s up.

b. The domain is all real mumbers. The range is all re:
numbers greater than 3.

¢. Based on the graph, the graph from -5 to -2

appears approximately honzontal So, the average
rate of change should be close to 0.

fi=2)-fl-5] _ 3.149-3.007
-2-[-%] i

. 142
=

or DT Simplils

11. Consider the fimction f{x) = 4™ — 1.
a. Graph the fimction
b. Determine domain and range.

c. Find the average rate of change over the interval [
3.-1].

SOLUTION:

ji

Solution
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- a. transla
iy Emiavice - - 13. COMPOUND INTEREST Ryan invested $5000
[
. ' in an accoumnt that grows confimiously at an annual
translated fx)=—2& man <
Iigh.tDIlEﬂ_ ;S | k=2, sothe rate of 2.5%.
— his
F=—1_ sothe Ewa ""‘"\ ?afslatnd" a. Write the fimction that represents the situation.
: e e 2 : e
graphis of the i \ . s up. where 4 15 the value of Ryan's investment after 7
translated 1 & j‘{x}i Exl \| o] [x years.
it dowm. ' \l b. The domain is all real nuntbers. The range is all re: .
peosm | _ \ mmibers less than 2. b. What will Ryan’s imvestment will be worth afier 7
b. The domain is all real munbers. The range is all re; graph is years?
numbers greater than —1. reflected L IR | c. Based on the graph. the graph from —7 to —4 SOLUTION:
the v-axis and appears approximately horizontal So. the average .
c. Based on the graph. the graph from —3 to—1 ——— rate of change should be close to 0. ) ) o
appears approximately horizontal So. the average vertically. a Tumaﬂmmth.atmpmsemsﬂle.ﬁmam
rate of change should be close to (1. A h Lo e " use the formmla for continuous exponential growth.
— SR qr =42
M= 1=o1=3) _ ~th4s9 - (~0.200] o .ﬁ——i‘_,sotllf: — o A =P Consinuous Componnding Foemula
= P L2 u:n.zm. graph is A = 5000:"3 s S000), and ¢= 0025

-

12. Consider the function f{x)

a. Graph the fimction.

= 25732

b. Determme domain and range,

c. Find the average rate of change over the mterval [

7.-4]
SOLUTION:

b. To find what Ryan's investment will be worth
after 7 vears, let f=7.

A = 500007 Oripinal function
= 5000 0.025(7) o 17
=35956.23 Simplify.

Affter 7 vears. Evan's investment will be worth
$5056.23.
ANSWER:

a..4 = 500050023
b. $5956.23
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14. SAVINGS Janiah invested $6500 in a savings
account that grows continuously at an annual rate of
3.25%.

a. Wnite the fimction that represents the sifuation.
where A 1s the value of Janah's mvestment after ¢
Vears.

b. What will Jariah's investment will be worth after
18 years?

SOLUTION:

a. To write a funchion that represents the situation,
use the formmila for continuous exponential growth

| - Liimttinu ok Compoundig Fomili

=l’|-5':h:|'|:'“ (i P=63000, pnd rP=0.03125

b. To find what Jariah's investment will be worth
after 18 vears, let = 18.

A = 6500032 Original function
= 65007032318 _ g
=11,667.44 Sumplifv.

After 18 vears, Janah's investment will be worth
$11.667 44
ANSWER:

a 4 = 6500003258
b $11.66744

15. INVESTMENTS Marcella invested $12 750 in a

company. Her mvestment has been growing
confmuously af an annual mate of 5.5%.

a. Wnite the fimction that represents the sifuation.
where 4 is the value of Marcella’s inmvestment after ¢
years.

b. What will Marcella’s investment will be worth
after 9 years?
SOLUTION:

a. To write a function that represents the situation
use the formmla for continuous exponential growth

|"||Ir|'II Lodmiianainas L gLl ol

= 127506008 p o 12950, ind r =055

b. To find what Marcella's imvestment will be worth
after O vears, let =9,

A = 12,7500 Original function
=12,750e™039) ;=g
=20916.35 Simplify.

After 9 years, Marcella's investment will be worth
$20.916.35.
ANSWER:

a. 4 = 1275082055
b. $20.916.35

Solution
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Example 1

Simplify each expression, and state when the original expression is undefined.

| X(x — 3){x + 6) VAR + 3y + 2)
TR tx-1 2 -y +2)
ix + 2)ix — 4) 3yly — 8)(y + 2y — 24)

" B + x — 20) O SR -1+ 32

3.

o — 9)* — 29

Ax + z){x = 3)

4,

2 — 16x + B4)(x + 2)
(x? — 64) (x* — 6x — 16)




15

Simplify rational expressions

1-16

315

Example 2

Simplify each expression.

¥2 =By =14

* 28 + 3x — x2

Ox? — x3

" x2 - 3x - 54

{x — 4){x2 + 2x — 48)
* (36 — Xt + Ax — 32)

10.

16 — 2
4+ c—-20
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Example 3
Simplify each expression.

3ac3f 12ab’c

. 8a2bcf ~ 18ab3cef

64025 . 12a*b3c
3502c3F © 70abcf?

13.

15a2p2 14a°c?

15. Siac &ab?

Mxyiz® Twxyz

12. 242z 12wz

Oxyz  12x%~
1. ==+ 5
5 50xy"z

142 , 35cr

16. 52 ¥ igab
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Lesson 7-1

solution method Multiplying and Dividing
Rational Expressions

Learn Simplifying Rational Expressions

A rational expression is a ratio of two polynomial expressions.

Because variables in algebra often represent real numbers, operations
with rational numbers and rational expressions are similar. For
example, when you write a fraction in simplest form, you divide the
numerator and denominator by the greatest common factor {GCF).

5 _8-7_7 GCF=5

You use the same process to simplify a rational expression.
24T+ 10 _ W+ Ek4+F  x+5)
M-x—6 =3+ k-3

sometimes, you can also factor out —1 in the numerator or
denominator to help simplify a rational expression.

GCEF=x+ 2

Example 2 Simplify by Using —1

Learn Multiplying and Dividing Rational Expressions

The method for multiplying and dividing fractions also works with
rational expressions.

Key Concept » Multiplying Rational Expressions
Words: To multiply rational expressions, multiply the numerators and
the denominators.

Symbols: For all rational expressions { and Swithb # 0 and d # 0,
o £__8c
B d™ bd-
Key Concept = Dividing Rational Expressions
Words: To divide rational expressions, multiply the dividend by the
reciprocal of the divisor.

Symbols: For all rational E:pmssims%and%udlh b#0,c£0 andd=£0,
a.c_g d_od

bTd Bt B
A complex fraction is a rational expression with a numerator and/or

denominator that is also a rational expression. To simplify a complex
fraction, first rewrite it as a division expression.

Example 3 Multiply and Divide Rational Expressions




15 Simplify rational expressions 1-16 315 solution
Simplify each expression, and state when the 3 e T T . o ’
original expression is undefined. 3 E=oRi=) B2 ﬁ»’s.:il&_ﬂ -’;limphf'r ﬂ:‘h expression.
x(x = 3)x +6) A2 =3) Gxlx®+x=-20) X -S5x- I
Coxtax=12 ) 28+3x-x"
SOLUTION: SOLUTION:
SEIRLEEION: SOLUTION:
R — Pl -41 e rie—d4)
als=Je 4 B) _ aly=Tix - ) Ila.n-q-u.-*:.-::l..I = cl_"‘:‘r:-:l'":ll-;lihrll irle® 42 - 20 " rln # ¥ =)
o Re ; _ | =514 o drm THrt ) e
ol i '%'ﬁ'ﬁ Bix +5) ?.Jﬁ . ke MW+le—ys  AT=xkd+E) I
o i izt comman faoi e ! ! ity : I:
r. : ; = e i+ it = aaflf, R =
= = Dl -9
_ By the Zero Product Property. the expression is By the Zero Product Property. the expression is B 1L AN Y N
By the Zero Product Property. the expression is undefined when (x — 3) =0 or x = 3, and when (x undefined when 6x = 0 or when x =0, and when “leed) T red '
undefined when (x +4) =0 orx =—4, and when (x +Z)=0orx=—=z (x+35)=0o0rx=-5 andwhen (x—4)=0orx =
—-3j=0orx=3. 4 ANSWER:
NSIVER ANSWER: 42
tix+6) m - - 5 x+4
-.'—.-.-;1-=_4=3 4 :I__\'-.':j Ii-:‘+—l_1_=_5 ﬂ 4
x+4 blr+5) — gxl =5}
3 . =
= 16x + 64)(x+2 e Trr—
> atathe e ¢, O=8i22y =24 ©-3x-54
=4 +2) - | - 5P =12y+32)
SOLUTION:
: SOLUTION:
SOLUTION: SOLUTION: g o :
A I ; 1 Ty - = A A ) :h - 1'.' 19 -] Drstributive Prope
Fil eyt 3 o v+ d) —_ W T € i e F=3r—5- -3r-5
S —— s ¢i9-x)
-%é%-ﬁ LiLsmingts comminm facar - :-;i.-rjlifl?ﬁllu:?'ﬁ i il Ll = [J,-—GI|{I,r+-h] Faciar.
sttt plel r-':l'-“:' = I:{_h -:-I- |q |
- By the Zero Product Property. the expression is (5 6)
By the Zero Product Property. the expression is By the Zero Pmducﬁt?mpe:ty?the EXPIESSION 15 undefined when 1532 =0 or when y = 0, and when _ = o
undefined when y= 0. (y—4) =0 ory =4. and undefined when (x” —64)=0orx =—8 and 8. and gv—3}=ﬂUIJ*=3=aﬂﬂ“hﬂ1{}'—4}=ﬁnr}'= T+ i
when(y+2)=0o0ry=-2. when(x +2)=0orx=-1. X
0+2) 3 ANSWER:
ANSTWER: ANSWER: ANSWER: X
v+ 1) (y+6) _ —
P ) K e =——=:ax=0438 x+6
w4 r=204 g Xx==.-18 5y —
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1-16

SOLUTION:

e e R Lt | L et

(36-1%a" #4r=32)  AD=THO+ W +3)y = &)

L \
' T e
1 )

Tl o a4

SOLUTION:

16=¢? _ =cHd+ )
He=20 (e—4Ne+S5)
!

P £ l&ﬂ_’_ﬂﬁ4+c)
(97’4)&4' 3)

=tate)  etd

fced) & c4s

c+4
c+5

zalf!gade T

([ L o o e e e e T T

Youh,

Simptity, 7:1

'i,m L e (TR
| L
"
"'1.—1|-Iif-‘
|LIEIJ‘| 3 HiliTawicinm ]
e ;351 o T
Factor e A
BT T T
(el L Ll

SOLUTION-

mahl At | st
IO o L e e
e e e e e |
2l

1%

l' 5

|.\!I|l=_l [ o ek Vi g o g fw R

Thar h” Te1=1=Tagigohaf ifhow i
TR R
= Jelati i penadog Bafays n
e e ] =
¥ ] P
&
T !
4
S5a’c
b
T
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16 Simplify complex algebraic fractions including rational expressions

Examples 4 and 5
Simplify each expression.

2 3x
x-3t2_39 32 - T
X+5 Xx—B + 6 2x—1 X—29 3x+ 2
16. 3 4x 17. 18. = a! 19.
— —_—— 5 _ 8 __{__4‘__&_ 3 i3 A
X =8 Xx+5 X - x+ 6 Ix+2 x—9

X+ 3 _xi—g
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L] L ?'2
solution method Add;i 4.8ub e
Ing and subtracting Learn Simplifying Complex Fractions
Rational E}.'.pI'E‘SS 1011S Complex fractions can be simplified by simplifying the numerator and
: , . ; denominator separately and then simplifying the resulting expression.
Learn Adding and Subtracting Rational Expressions You can also simplify a complex fraction by finding the LCD of all of the
Just as with rational numbers in fractional form, to add or subtract two denominators. Then, the denominators can all be eliminated by
rational expressions that have unlike denominators, you must first find multiplying by the LCD.
the least common denominator (LCD). The LCD is the least common
multiple (LCM) of the two denominators.
To find the LCM of two or more numbers or polynomials, factor them.
The LCM contains each factor the greatest number of times it appears EIEII.'I'IP!E 4 Simpiify Complex Fractions b'yf UEng
as a factor. :
Different LCDs

Key Concept - Adding Rational Expressions

Words: To add rational expressions, find the least common denominator.
Rewrite each expression with the LCD. Then add.

Symbols: For all rational expressions %and gwiﬂ'i b#£0andd+#0,
g,c_od, bc_odibe
b o~ bd bd ~ bd

Key Concept - Subtracting Rational Expressions

Words: To subtract rational expressions, find the least common
denominator. Rewrite each expression with the LCD. Then subtract.

Symbols: For all rational expressions 2 and S with b # Oand d + 0,
=0 o c_od be = be B d * *

B d~bd Bd= Bbd -

@ Example 3 Use Addition and Subtraction of
Rational Expressions
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Simplify complex algebraic fractions including rational expressions
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323

y each expression.

_I.‘: '%]'hﬂb’—ﬂ
I

| e
o

TR Dewtriburiive Froporty

Muhipty,

Somplify.

The LCTI k2™ =Rar [y #.

SOLUTION:

4 9

+
x5 ¥

[ zrar, Lt 3He—6)

sl

¥—6h x+3

a~h i+5
_ Ma=bh+ 9+ 5)
Sfx # 5)=EKlx=h)
= Ar— 24+ Has
T+ 25 -Gy + 24
13 +21
T ieent

ANSWER:
13x+21
=3+ ]3

[ 5 _Lj (x45Kx=0)

The LCIY i {1

Diswrilsutiee Py
Bluluply

Simplify

e
b Iz=1 __Iﬁ";.-q] [2r= 1Kz *&) g
Xt (i) e
-1 T+6 Bl T
S b=t s 6) =
== T+ 1) DEstributive
Hip=§—2y*= |2y
7 TR Mukzipl
- ::1&_.-+E.;-4 ulsiphy
=1 =2 =4 ’
TR Sl
AT+ v —4

-2x"=2x—5
2+ 14x-4

SOLUTION:

B T

— il w
3= Jes3 _lﬁ_ :erl] L = Ui + 2}
R e S T PR D
frez  gog e

T LLC[

o M3+ -xx-9)
Sy =81 +dehu +3)

P 153 [ e
Ar =27+ 1 B

B k)
127+ =27

Dhsinibuiiy
Aubiiphy

Sy

ANSWER:
~x2+33x+16
122+ 11x =27
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51. CREATE Write a reciprocal function for which the graph has a vertical asymptote

at x = —4 and a horizontal asymptote at f{x) = 6.
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336

52. ANALYZE Consider the functions fix) = + and g(x) = x—'z

a.
b.
c.

Make a table of values comparing the two functions. Then graph both functions.

Compare and contrast the two graphs.

Make a conjecture about the difference between the graphs of reciprocal

functions with an even exponent in the denominator and those with an odd
exponent in the denominator.




17 Determine properties of reciprocal functions 51-56

53. WHICH ONE DOESN'T BELONG? Find the function that does not belong. Justify
your conclusion.

3 X+2 5 20
00 = 551 g0 =7 4 X = e o Jn =525

54. PERSEVERE Write two different reciprocal functions with graphs having the same
vertical and horizontal asymptotes. Then graph the functions.
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Determine properties of reciprocal functions

51-56

336

55. PERSEVERE Graph flx) =

56. WRITE Explain why only part of the graph of a rational function may be meaningful

4
-’
ot 2P What are the asymptotes of the graph?

in a real-world situation in the context of the problem.
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Lesson 7-3

solution method

Graphing Reciprocal Functions

Learn Graphing Reciprocal Functions

A reciprocal function has an equation of the form fix} = ﬁ where n
is a real number and bix) is a linear expression that cannot equal 0.

The parent function of a reciprocal function is fix) = % A vertical
asymptote is a vertical line that a graph approaches. A horizontal
asymptote is a horizontal line that a graph approaches. Because the
function flx) = % is not defined when x = 0, there is a vertical
asymptote at x = 0. The type of graph formed by a reciprocal function
is called a hyperbola.

The domain of a function is limited to values for which the function is
defined. Values for which the function is not defined are called
excluded values.

Key Concept » Reclprocal Functions

Parent function fx) = o ’ﬂ__ .
Type of graph hyperbola __'x #iu
Domain and range all nonzero real numbers -
Asymptotes ¥x=0andfix})=0 L -#
Intercepts none ||

Not defined x=10 u

A reciprocal function has two asymptotes, which are lines that a graph
approaches. The vertical asymptote is determined by the excluded
value of x, and the horizontal asymptote is determined by the value
that is undefined for fix).

For a reciprocal function in the form fix) = -'J_E*_F the horizontal

asymptote is fix) = O because there is no value of x that will result in
fix) = 0. For a reciprocal function of the form fix)} = % + k, where k is
a constant, the horizontal asymptote is fix) = k.

€ Example 3 Analyze a Reciprocal Function

31

32

CREATE Write a rectprocal fiunction for which the
graph has a vertical asymiptote atxy=—4 and a
honizontal asymyptote at fix) = 6.

SOLUTION:

Using the fimction

for /1 and 6 for & to get flv)= o + 6,
ANSWER:

Sample answer: f{x)= I +6

x+4

For Exercises 44 and 45, refer to the equation

4 1
y= 'TI+T where -2 <x <5.

ANALYZE Consider the fimctions f{v)= ! and

X

glx)=

e
W

a. Make a table of values companng the two functio
Then graph both finctions.

b. Compare and contrast the two graphs.

c. Make a conjecture about the difference between t
graphs of reciprocal fimctions with an even exponent
the denomuinator and those with an odd exponent in t
dencmunator.

SOLUTION:

SOLUTION:
a.
X Jx) x g(x)
I |
3 | 3 | 3 0
| |
2 B E -2 I
-1 -1 -1 1
0 mndefined 0 undefine
1 1 1
| L
2 E 2 4
| 1
3 3 3 9

g==o
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Solution

b. The positive portion of f{x) = — is similar to the
a

graph of fix) = X . Positive values of x produce pos
X

values of f{x). The negative portion of fix) = l,,

x©

appears to be a reflection of f{x) = L over the x-a
X

Negative values of x produce posttive values of f{x).
c. Sample answer: When the exponent iseven the g
will show a reflection over the x-axis. When the
exponent 15 odd. the graph will show a reflection
over y=x.

ANSTWER:
.
X fix) x g(x)
I |
-3 -3 -3 3
ok 4
~2 2 -2 4
-1 -1 q 1

0 undefined 0 undefir
1 1 1 1
| [
2 3 2 4
| 1
3 5 3 g
Il
1
g\
= 5
1?'
' Y
fx) |-
L]
]
i
w

b.mmmmpmﬁmofﬂx}=ilism1mwnm

graph of flx) = —}.Pnsiﬁwvahmsufxpm&mpna

values of f{x). The negative portion of f{x) = -l;

LY

appﬂmmbeareﬂﬂcﬁmuff[x}=l over the x-x
X

Megafive values of x produce positive values of fx).
¢. Sample answer: When the exponent iseven the g
will show a reflection over the x-axis. When the

exponent 15 odd, the graph wall show a reflection ove

=,

53. WHICH ONE DOESN'T BELONG Find the fiu

not belong with the other three. Justify your conclusi

.'Iri:-"-'}: x4

(x)=

r+2

2
X+ |

5
h(x) = ———

ik dy |

SOLUTION:

£(x) 1s the finction that doesn't belong because it has
in both its numerator and denominator; whereas all o
unknowns only in the denonunator.

ANSWER:

Sample answer: g{x); All other choices have unknow

denominator.
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54 PERSEVERE Write two different reciprocal
finctions with graphs having the same vertical and
SOLUTION:

=3 =3

have a value of i = 3 and a value

ofk=4.

+4: both

+4 and g(x)=

flxy=

R TAr  SRES
9 | - |
=523+ TH
5 ! |
: — i
—i—6—4-20 16 B
el |
- —4 . 2
I S - - 'fI;.l.’]Z:..—_g-l'd
I |_3 : T

ANSWER:
Sample answer: f{x)=

+ 4 and
=3 %

-

g(x)= +4;

x=3

Solution



Example 4

Find the zeros and asymptotes of each function. Then graph each function.

N fix) =

[x — 4)°

X4 2

18

Graph rational functions with oblique asymptotes and point discontinuity

11-30

12. fix) =

b+ 37
¥ =5




Example 4

13. fix) =

18 Graph rational functions with oblique asymptotes and point discontinuity 11-30 34
Find the zeros and asymptotes of each function. Then graph each function.
Bx? + dx +2 _ 2x%+ Ix
x4 2 B ="



Example 4

Find the zeros and asymptotes of each function. Then graph each function.

3x* + 8

15. fix) =~

2x =1

18

Graph rational functions with oblique asymptotes and point discontinuity

11-30

16. fix) =

22 + 5
3x 4+ 4



Example 5

17. fix) =

18 Graph rational functions with oblique asymptotes and point discontinuity 11-30 34
Graph each function. Find the point discontinuity.
D i -
X XEX4 8 18 ﬂx}_x‘+4x—_@
: P X—2




Example 5

18

Graph rational functions with oblique asymptotes and point discontinuity

11-30

Graph each function. Find the point discontinuity.

19. fix) =

x2 — 25

x+5



18 Graph rational functions with oblique asymptotes and point discontinuity 11-30 34

Example 5
Graph each function. Find the point discontinuity.

2. fg = E A =9  (x+5)02 + 2x— 3)

x2 —6x+8 22, flx) = x2 4+ 8x+15
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Graph rational functions with oblique asymptotes and point discontinuity

11-30

Mixed Exercises
Graph each function.

23. flx) =

X
x+ 2

2
24. fi) =52

=

b
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Graph rational functions with oblique asymptotes and point discontinuity

11-30

Graph each function.

25. f{x)

X2 4+x—12

x=-3

26. fix) =

==y
x2 —4x+3



18

Graph rational functions with oblique asymptotes and point discontinuity

11-30

Graph each function.

27. fix) =

3

x2—=2x—8

28. flx) =

2x 4+ 2



18 Graph rational functions with oblique asymptotes and point discontinuity 11-30 34

Graph each function.

23+ 4x2 —10x — 12 e+
29- M =" 2 5+ 6 o 0= 2=




18 Graph rational functions with oblique asymptotes and point discontinuity

11-30

solution method

Graphing Rational Functions

Learn Graphing Rational Functions with Obligque
Asymptotes

An oblique asymptote, or slant asymptote, is neither horizontal
nor vertical.

Key Concept « Oblique Asymptotes

If fix) = %, where a(x) and b(x) are polynomial functions with no

common factors other than 1 and b(x) # 0, then fix} has an oblique

asymptote if the degree of a{x) minus the degree of bix) equals 1.
The equation of the asymptote is fix) = E—LL:; with no remainder.

In some cases, graphs of rational functions may have point
discontinuity, which looks like a hole in the graph. This is because the
function is undefined at that point. If the original function is undefined
for x = @ but the related rational expression of the function in simplest
form is defined for x = g, then there is a point discontinuity or hole in
the graph at x = a.

Key Concept - Point Discontinuity

alx)

If fix) = B’ b{x) # 0, and x — ¢ is a factor of both a(x) and b{x), then

there is a point discontinuity at x = c.

Example 4 Graph with Oblique Asymptotes
Example 5 Graph with Point Discontinuity

Lesson 7-4

flxy=

Find the zeros and asymptotes of each function.
Then graph each function.
(x =4y

r+2

SOLUTION:

Step 1 Find the zeros.

Seta(x)=10
(x—4) =0
x=4=i
x=4

Thereisazematx =4

Step 2 Find the asympioies.
Fmnd the vertical asymptote. Set (x) =0

x+2={)

x==2
Because the degree of the mumerator is greater than
the degree of the denominator, there is no horizongal
Asympiote.
The difference between the degree of the numerator
and the degree of the denominator is 1. so there is
an oblique asymptote. To find the oblique
asymptote, divide the numerator by the
denommator.

=10
x+2)? -8+ 16
1—1x1+1r
—lix+ 16
{(=)10x =20

36

excluding the remamder. So, there 1s an oblique
asymptote at fix)=x — 10.

Step 3 Draw the graph.
Graph the asymptotes. Then make a table of values,
and graph.

-5 =27
—4 —32
-3 —40
-1 25
0 8
1 3
2 1
3 0.2
4 0

344 Solution
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zero: x =4; vertical asymptote: v =-2; oblique
asymptote: flx)=x-10

12. fix}= -"ﬁf—

x=5
SOLUTION:

Step 1 Find the zeros.

Setal(x)=0

(x+3)P=0

x+3=0
xr==3

Thereisazeroatx = -3,

Step 2 Find the asymptotes.
Find the vertical asymptote. Set b(x}=10.

x=5=0

=35
Because the degree of the numerator is greater than
the degree of the denominator, there i= no horizontal
asymptote.
The difference between the degree of the mumerator
and the degree of the denominator 15 1, so there 15
an oblique asymptote. To find the oblique
asymptote, divide the numerator by the
denominator.

x+ 11

.r-Si.r2+6x+9
[—!xz—ﬁx

Hx+9
(=)11x =55

fi4

The equation of the asymptote 1s the quotient

exchiding the remamnder. So. there 15 an oblique

asymptote at flx)=x +11.

Step 3 Draw the graph.

Graph the asymptotes. Then make a table of values,

and graph.
I Y N
—40 -30.42
-27 -18
-15 1.2
11 —4
1 —4
9 36
21 36
25 39.2
37 50

ANSWER:
Zero: ¥ =-3; vertical asymptote: x = 3; oblique
asymptote. flx)=x +11

Solution
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344 Solution

6y” +dx +2
x+2

SOLUTION:

Step 1 Find the zeros.

Seta(x)=10

b +dx+2=10
23+ 26+ 1)=0
23x=1)x+1)=0

a+l= 0 o Ix=-1=0 Lero Product Proprerty

| 1 Sol
x=—] or p=— alve ea
]

chs equation

Step 2 Find the asymptotes.
Find the vertical asymptote. Set b(x)=0.

x+2=(

x==2
Because the degree of the numerator is greater than
the degree of the denominator, there is no horizontal
asympiote.
The difference between the degree of the numerator
and the degree of the denomunator is 1, so there is

an oblique asymptote. To find the oblique

asymptote, divide the numerator by the
denominator.

Gx—8
x+2)6xt 44y 42
(—) 6x” + 12x
—Bx+2
(=)=Bx-16&
=14

The equation of the asymptote is the quotient
excluding the remamder. So. there is an oblique
asymptote at flx) = 6x — 8.

Step 3 Draw the graph.

Graph the asymptotes. Then make a table of values.
and graph

x|

-6 485
3 —44
4 41
-3 —44
-1 4
0 1
1 4
2 8.5
4 19

[
Zerosix=—lorx = T;va‘lica]asj-mpmte:x=—2;
oblique asymptote: f{x) = 6x — 8

2247
14 fiz)= T;

SOLUTION:

Step 1 Find the zeros.

Setaixy=0
23+ =0
X2x+T)=0
=0 or 2x47=0
x =1} or

Thereisazeroatx =0 Thereisazeroatxy =—
35

Fero Product P ety

y==15 Solve each egquation

Step 2 Tind the asymptotes.
Find the vertical asymptote. Set 5(x)=0.

x=21=(

r=2
Because the degree of the numerator is greater than
the degree of the denominator, there is no horizontal
asymptote.
The difference between the degree of the numerator
and the degree of the denonunator is 1, so there is
an oblique asvmptote. To find the oblique
asymptote, divide the numerator by the
denominator.

x+11

x-llxzq-?_:-i-ﬂ
{—Exl—th'

1x+0
(=Mlx=—22
22

The equation of the asymptote 1s the quotient
excluding the remainder. So. there is an oblique
asympfote at flx) =2x +11.

Step 3 Draw the graph.
Graph the asymptotes. Then make a table of values,
and graph.
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Solution

NN

—4 = .67
-3 0.6
-2 1.5
-1 = 1.67
0 ]
-0
3 39

ANSWER:
zeros: x = 0 and x =-3.5: vertical asymptote: x =
2: oblique asymptote: f{x)=2x + 11

1t 48

15. fix)o——

2i=1
SOLUTION:
Step 1 Find the zeros.

Setaix)=0

W +8=0
TP =g
_2_ E

= —-—

3

There is no zero since there 15 no real munber that is
the square root of a negative number.

Step 2 Find the asymptotes.
Fmnd the vertical asymptote. Set B(x)=10.

2x—-1=0
Ir=1
1

K=

2

Because the degree of the numerator is greater than
the degree of the denomumator, there is no horzontal
asymptote.

The difference between the degree of the mumerator
and the degree of the denonunator 15 1. so there is
an oblique asynptote. To find the oblique
asymptote, divide the munerator by the
denominator.

3 3

2 4

lx—liﬂx1+f]1'+ﬂ

(=} 3xt = -g_-x

—-23—-x+?.

{—}%x -

4

3
'y

The equation of the asymptote is the quotient
exchuding the remainder. So, there is an oblique

- »

T+

asymptote at f{x) =

ra |
.|...|u..u

Step 3 Draw the graph.
Graph the asymptotes. Then make a table of values,
and graph.

RN

-6 =80
—4 =62
-3 -5
-2 —4
0 -3

1 11

3

4

ANSWER:
zero:. none; vertical asymptote: x =

i3
asymptote: flx) = S+ -

2

; oblique
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Solution

20 +5
344

SOLUTION:

Step 1 Find the zeros.

Seta(x)=10
252 +5=0
2vi=-5

2

xT=-

m|1_.n

There 15 no zeto since there 15 no real mumber that 15
the square roof of a negative mumber.

Step 2 Tind the asvmptotes.
Find the vertical asymptote. Set 5(x) = 0.

I +d=0
x=-4

_ 4
.'I.'——?

Because the degree of the numerator is greater than
the degree of the denominator, there is no honzontal
asympiote.

The difference between the degree of the numerator
and the degree of the denominator is 1. so there 1s

an oblique asymptote. To find the oblicue

asymptote, divide the numerator by the
denonunator.

2 B
T
3709
e +4)267 +0x +5
i-}1t2+-§-x
—%x+5
8 32
i T
32
49

The equation of the asymiptote 15 the quotient
excluding the remainder. So, there is an oblique

asymptote at flx) = —ux - %

"..-il['d

Step 3 Draw the graph.
Graph the asymptotes. Then make a table of values,
and graph.

6 5.5
-5 -5
-3 4.6
-2 6.5
-1 7
0 1.25
1 1
3
3 =1
6 35

ANSWER:

4
zero: nome; vertical asymptote: x = — —-;

-

2 8
asymptote A= 35" 9

- T

Graph each function. Find the point

discontinwity.

X =2x—8

17. fix)= —

SOLUTION:

=25 —8 _ fx=4)x+2)

Wotice that v =4

rx+2
r—dq ?

However, because the denominator of the onginal
function canmot be 0, there is a discontimuty at x —4

=0orx=4

=

y'-2r-8

Therefore, the graph of /(¥) =~ isthe

graph of fTx) = x+ 2 with a hole or point of

discontimmaty at x = 4.

Cgffen

2 4 6 Bx

_ X —2%—8

x—4
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FHdx-12

16 [T e

SOLUTION:

Stdr=12 (x+6)(x=2)
= Or x
=2 =2

Notice that

+6

However, because the denonunator of the onginal
function cannot be 0, there is a discontinuity at x +

G=0o0rx=-10.
+dx—12 .
'I]Hcfure.thﬂgmphofﬂ.rF—r_.}—

graph of f{x) = x + 6 with a hole or point of
discomtimity at x =—6.

point discontimuty at r =2

is the

=25
r}=
19. fix) 5
SOLUTION:
5
_ =il e x5 )x = 5) 5
NOHCE I.h.ﬂt .'I.- + 5 = v + 5_ 'D‘T.T 5.

However, because the denominator of the onginal
function cammot be 0, there is a discontimuty at x
+5=0o0rx=-5

o X*=28
Therefore, the graph of fix)=

]

15 the

graph of flx) = x + 5 with a hole or point of
discontimuty at x = —5.

point discontimity at x =—5

Lo xt=64
=
20 fix ST,
SOLUTION:
F I ; .
Notice that "1__‘;4 . +fﬁ &) oz 48

However, because the denominator of the original
function canmot be 0, there is a discontinuity at x —
8=0orx=38.

Therefore, the graph of fi{y)= e

— 15 the
H

X =

graph of fix) = x — 8 with a hole or point of
discontimuty at x = 8.

Frin
- Rk
e r..::’

12

21_fix}

_ x=4)x*-4)
x=fx+8

SOLUTION:

Notia:e_ﬂ:}at
{:-1*4}[.1"—4} S = D=2)
i =hrth (¥ =d)x=2)

However, because the denominator of the onginal
function cannot be (), there is a discontinuity at x — 4
=Qorx=4andx—-2=00rx =2.
x=4)x*-4)
Therefore. the graph of fix)= # is
X" =fy+8
the graph of fx) = x + 2 with a hole or point of
discontumuty at x =4 and x = 2.

§ fix) l/

i

P

Vi

1A g c— A E—4
f = —Bx+8
o | X

ANSWER:
pomt discontimufyatx =2 and x =4
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(x5t +2e-3)
R+ 15

22 fix)=

SOLUTION:

Motice that
(S +2r-3) = A1) arx—1-
8415

(x+Hx+1)
However, because the denominator of the original
function canmot be 0, there is a discontinuity at x +
S=0orx=-—Sandx+3=00rx=-3
Therefore, the graph of

(x+5)x% +2x=3)

ﬂlh: 1 .
| Pegrels o oegRpholfn)
=x — 1 with a hole or point of discontinuity at x =—
Sandx=-3
[
— X

X'+ 8 +15

ANSWER:
point discontimitvat x =—5 and x =3

23 )= =

SOLUTION:

Step 1 Find the zeros.
There is a zeto at x =0.

Step 2 Find the asymptotes.
Find the vertical asymptote. Set b(x) = 0.

r+2=10

x==2
Because the degree of the mumerator equals the
degree of the denominator, the horizontal asymptote
15 the line

]umling coefMcient of aix)

y= : . .50
© leading coefficient of bix)

Step 3 Draw the graph.
Graph the asymptote. Then make a table of values,
and graph.

24 fix)=

_5 I?
—4 2
=3 3
-1 -1
0 ]
|
1 E}
[
) 5
k|
3 s
)
4 3
41x)
o i o o e
. ﬁ'[ ;

=4
x¥=2

SOLUTION
4 (x+x-2)
= 0

-
Notice that ———
xX=2

2 =g

rx+2.

However, because the denonunator of the onginal
fimction canmot be 0, there 1s a discontimuty atx — 2
=0orx=2
Therefore, the graph of f{x)= -

2
IL'

-4 _
3 15 the graph

X =

of fix) =x —2 with a hole or point of discontimity

atx=2.
lqy

/

¥
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FHx-12

25 f(x)3 =3

SOLUTION:

r4x—12 _ {x+4)x=3)

=3 - x—3 3
However, because the denominator of the oniginal
fimction canmot be 0, there 1s a discontinmity at x — 3
=0orx=3.

Notice that rx+4d.

24 =17
Therefore. the graph of f{x)= % is the
x=

graph of flx) = x — 3 with a hole or point of
disconfimuty at x = 3.

vy

/

e

=)

26. fl i r—
g xi=dy+3

SOLUTION:

Step 1 Find the zeros.

Set alx)=0
x=1=0

x=1

Thereisazeroat x = 1.

Step 2 Find the asymptotes.
Find the vertical asymptote. Set &(x) = (.

-4y +3=0
(x=1x=3)1=0
;—lﬂﬂ o 1"'_1='ﬂ .-".|--"|.|'.|'|'|-|'-|-.

= | om r® 3 Rolve each equation
Because the degree of the numerator 15 less than the
degree of the denominator, the horizontal asymptote
15 the line y =10

Step 3 Draw the graph.
Graph the asyvmptote. Then make a table of values,
and graph

-3 - E

-2 -2

-1 —0.25

|

0 5

2 -1

4 1

Ly
]
I
|
|
I
RN
|
|
|
|
|
Y

27 fix)= m

SOLUTION:

Step 1 Find the zeros.
There is no zeto.

Step 2 Find the asymptotes.
Find the vertical asymptote. Set b(x) = 0.

=2 -8=0
(x—4x+2)=0
.r—-1-='|'.|- i .r+2=ﬂ

= =73

Fero Product Property

v =4 or :
Because the degree of the numerator 15 less than the
degree of the denominator, the horizontal asymptote

is the line y = 0.

Step 3 Draw the graph.
Graph the asymptote. Then make a table of vahies,

and graph.

344 Solution
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3
Step 3 Draw the graph. 28 flry=—te 0 2 4 4y~ 10x - 12
Graph the asymptote. Then make a table of values, o= I 20 Jexrys 2034 By +6
and graph. ry
2P SOLUTION: 4
T SOLUTION:
'| —
-5 r} Thereisazeroatx = 0. )
e -iim—1  elentoboil Herldstha-il  Beefies - .
et mon st sl s iided, giopemen oy
—4 ={.2 Step 2 Find the asymptotes. However, because the denominator of the original
-3 =04 Find the vertical asymptote. Set 5(x) = 0. function cannot be 0. there 15 a discontinuity at x +
; 06 I=0orx=-"3andatx+1=0,0rx=-1.
eI =0 Therefore, 1tIJJn:: g[iaph of
0 = (.38 i dxt=0x=12 .
l 2e==2 fix)= 4 is the graph of fx)
1 e pr— ’ 2y 4+ 8x+6
- e the degree of the TR T ;;iTmlaMkMWMDfdmmw:tx=—
; —{Iﬁ the degree of fhe denominator, there 15 no horizontal T : Ay
- - asymiptote. X '
5 =04

Ly

=y

Step 3 Draw the graph.
Graph the asymptote. Then make a table of values,

and graph

x| M

-5 =156
4 =107
3 6.75
e 4
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(x+1y
=1

30. X)=

SOLUTION:

Step 1 Find the zeros.
Thereis a zeto at x =—1.

Step 2 Find the asymptotes.
Find the vertical asymptote. Set 5(x) = 0.

Because the degree of the numerator 1s greater than
the degree of the denominator, there 1s no honzontal
asympiote.

Step 3 Draw the graph.
Graph the asymptote. Then make a table of values,
and graph.

—4 -1
-3 =06
—2 0.2
-1

0

1

2

3

\

-------_:

3

Solution
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Example 4

19. Suppose g varies directly as b, and a varies inversely as c. Find b whena =5 and

c=-4, ifb=12whenc=3anda=8.

20. Suppose x varies directly as y, and x varies inversely as z. Find z when x = 10 and

y=—7ifz=20whenx =6 andy = 14.
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351

21. Suppose a varies directly as b, and a varies inversely as c. Find b whena = 2.5

andc=18,ifb=6whenc =4 and g = 96.

22. Suppose x varies directly as y, and x varies inversely as z. Find z when x = 32 and

y=9,ifz=16whenx=12andy = 4.
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solution method Lesson 7-5

Variation

Learn Inverse Variation and Combined Variation

Two quantities, x and y, are related by an inverse variation if their
product is equal to a constant k.

Key Concept - Inverse Variation

Words: y varies inversely as x if there is some nonzero constant k such
that xy = kmy=’—;, where x #+ 0and y # 0.

Example: lf xy = 8 and x = 12, then y = % or %

When y varies inversely as x and the constant proportionality k is
positive, one guantity increases while the other decreases. You can
use a proportion such as :—; = ;—fto solve inverse variation problems in
which some quantities are known.

Combined variation occurs when one quantity varies directly and/or
inversely as two or more other quantities.

If you know that y varies directly as x, that y varies inversely as z, and
one set of values, you can use a proportion to find another set of
corresponding values.

Jex kx
If y, =2—:andy2 = ?ffmenyT‘?z kand? =k
Z,
Therefore, % = rx—z?

Example 4 Combined Variation
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Solve rational equations

361

Example 1

Solve each equation. Check your solutions.

1.

4

2x+3 _
x+1 =

3
2

13 12

18

"Y+3 T Y4 Py 2

14 18 22

* ¥=3 x+] Pep—3

3.

9 7 13

x—7 x—6 x2—13x+42

6.

2 . 10 _ 36
a+2 ' a+3 g’+7a+10
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Example 2

7 X s 3

21

2x —1

12p +19 3

x+4 7 22+ 7x—4

5

10.

pP2+7p+12 p+3 p+a

1.

2 Y= _ 2
y=5 2y+1 22 —-09y-5
2f , .
f2—4 =2 f+2

9.

x-8+ X _ 2x—3
2x + 2 2x+ 2 x+1
8 4
2.5 =
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solution method

Lesson 7-6

Solving Rational

Equations and Inequalities

Learn Solving Rational Equations

A rational equation contains at least one rational expression. To solve
these equations, it is often easier to first eliminate the fractions. You
can eliminate the fractions by multiplying each side of the equation by
the least common denominator (LCD). Solving rational equations in this
way can yield results that are not solutions of the original equation.
You can identify these extraneous solutions by substituting each result
into the original equation to see if it makes the equation true.

There are three types of problems that are commonly solved by using
rational equations: mixture problems, uniform motion problems, and
work problems.

Example 1 Solve a Rational Equation

Example 2 Solve a Rational Equation with
an Extraneous Solution

Solve each equation. Check your solutions.

s .
Cx+l 2
SOLUTION:

The LCD for the terms is 2(x + 1).

2x+3 =_3_
x+1 2
2x+3 3
2(x+1)[ TS ]—2(x+l) ?]
2x+3 3
2 ——|=2(x+ 1) =+
et )1 7)
dx+6=3x+3
x+6=3
x=-3
ANSWER:
-3

=13

S

SOLUTION:

The LCD for the terms is y-.

yi——[=r0)—»(7)

— |=y0)-»(7)
]

—12=y*-7y
0=p"-Ty+12
0=y —4)y—3)

y=4=0 or y=3=0 Zero Produci
y=4 or y=3 Solveecache

ANSWER:

3.4
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14 18 22 = ;
— ‘@2 x¥1 P T P —
x=7 x=6 x2-13x+42 ; x'=x=2 =i ¥ y 22 -9y-5
SOLUTION: SOLUTION: SOLUTION:

SOLUTION:

The LCD for the terms is (x —7)(x — 6).

9 7 13

X=T X=0 PP+ 42
9 7 13
T —6) —=—(x =7 A e ——
T :(yl,f] v ]W{V.%J m[ = +42)
. 1
Qy=54-Tx+49=1]

=18
r=9

ANSWER:

, BT 18
Tyt3 yt4 YTy 12

SOLUTION:

The LCD for the terms is (» + 3)(y + 4).

1312 18
R A T

[ Tii +4) 12 —Lu+3wi =ur_wi$

frss [y:‘?’ 1| e i [3!3*-?;‘-‘13]

I3y + 52— 12y - 36= 18
y=2

ANSWER:

The LCD for the terms is (x —2)(x + 1).

4 18 __ 2

=2 xFl Pex=3

o)

ldx+14-18x+36=22
—dr=—128
=7

ANSWER:

2 10 36

-+ =
Tat2  at5 474410

SOLUTION:

The LCD for the terms is (a + 2)(a + 5).

2 o 35

i S

a*?  ard S2uaTasn
2 1 36
T+ 5 —— 2)(a+5Y - B
Sapes ’[g,rf]“‘“ i 1?] MW{gmﬁﬁ)
2a+ 10+ 10w +20=36
120 +30 =36
12a=6

raf=

a=

ANSWER:

The LCD for the tetms is (2x — 1)(x +4).

ER
Iv=1 " x44  2747:-4
} SN R o B
le‘ﬁ!rHH[ ;"TT] (x= 15 {_5“?"") L,.:;ﬁtlnrr‘u[w__,*]

v 444 iy =3 =31
el le=-3=21
ok =24 =0
(x+ I20x=2)=0

xtl2=

x=-—12 or x=2 Solve each equation

0 or r=2=0 ZeroProduct Property

Check each solution by substituting into the original
equation.

Since neither solution results in a zero in the
denominator, the solutionis x =—12 and x = 2.

ANSWER:
=12. 2

The LCD for the terms is (v — 5)(2y + 1).

2 y=1
S S A
¥=5 i+l

T

SR

Q42+ b +5=2
Potdi=0

There are no real number solutions. so the answer is
the null set.

ANSWER:
@

=8, & =3

T 2x+2 | 2x+2 x+1

SOLUTION:

The LCD for the tenms is 2(x + 1).

Lo S——: T
ix+2 Ix+2 x+1

iR
G
-2 =1
=l=x

Check each solution by substituting inio the original
equation.

Since the solurion results in a zero in the
denominator, the solation 1s the mull set.

ANSWER:
%]

Solution
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1p+19 3 5 11 ., D _
pi+Tp+12 p*3 p+4 P e Td=g 143
SOLUTION: SOLUTION: SOLUTION:

The LCD for the terms is (p + 3)(p + 4).

1p419 3 _ 5
P+ip+12  pE3 p+d

oo () e s e et

b
1 1

[Zp+19=3p~12m 5p+15
dp+7=15
dp=8
p=1

Check the solution by substituting mto the original
equation.

The solution is 2.

ANSWER:
2

The LCD for the terms is (f+ 2)(f — 2).

2 L2
! = i

2f ; . 1 . 2

s e 2 = =(f-2 Z
MW[%‘TM}{H “—,[3] u w’rﬁ(ﬁf_f]
1

2 +r+2=21-4
f4+2==4
f==6

Check the solution by substituting into the original
equation.
The solution 1s —6.

ANSWER:
-5

The LCD for the terms is (#+ 3)(t — 3).

il 4
+
-0 1+3

I
ZE

1

1!,*—3%1’:?7)[g;{/g]+U/F§)tt—3)[u’:ﬂ]=tr+3}tr—3}[~:—]

§+4t—12=1"-9

—4=r-4r-9
0= =45
t—5=0 or t+1=0 Zero Product Property
t=5 or t=—1 Solve each equation.

Check the solution by substituting into the original

equation.
The solutions are 5 and —1.

ANSWER:
5i=1

Solution



