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MATH 2020

JoVI oyl Juaill

I71{s]. Y4 B Basic Trigonometric ldentities

I NewVocabulary I|identity | | trigonometric identity || cofunction |

KeyConcept Reciprocal and Quotient Identities

Reciprocal Identities

Quotient Identities
PN | _ 1 1 _sin@
sin 0= csc 0 cos 0= sec 0 tan 6 = cot 0 tan @ = cos 0
__1 _ _ __cos O
csco_smo secO—wso Cma—tano te= sin @

éxaugpea 7 : Use Reciprocal and Quotient Identities

7 ¢ g
a. Ifesc 0= g find sin 6. b. If cot x = —2— and sin x = ﬁ, find cos x.

5V5

Practice 1 :

If secx = %, find cos x. ‘ If csc B = 2—; and sec 3 = g—i find tan 3.
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JoVI oyl Juaill

KeyConcept Pythagorean Identities

sin? @+ cos’ 0 =1

tan? @+ 1=sec’ 0

cot’ 0+ 1=csc’ 0

Example 2: \)se Pythagorean Identities

If tan @ = —8 and sin @ > 0, find sin @ and cos #.

Practice 2 : Find the value of each expression using the given information.

’ cschand tan 6; cot # = =3, cos # < 0 ‘ cot x and sec x; sin x = % cos x >0
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KeyConcept Cofunction Identities
sin @ = cos (%— 0) tan @ = cot (%_ 0) sec @ = csc (%— 0)
C°50=5‘"(%_9) cot @ = tan 12‘--0) csc9=sec(-g--0)
KeyConcept Odd-Even Identities
sin(—@) = —sin @ cos (—0) = cos 0 tan (—0) = —tan 0
¢sc(—0) = —csc @ sec (—0) = sec 0 cot (—@) = —cot @

Example 3: \jse Cofunction and Odd-Even Identities

If tan 6 = 1.28, find cot (9 — %)

Practice 3 : ifsinx = —0.37, find cos (x - %)

Example 4; Simplify by Rewriting Using Only Sine and Cosine
Simplify csc @ sec @ — cot 6. Solve Algebraically
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Practice 4:
Simplify sec x = tan x sin x.

Example 5; Simplify by Factoring

Simplify sin? x cos x — sin(% - x).

Practice 5 : Simplify —csc(% - x) — tan? x sec x.
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MATH 2020
Example 6; Simplify by Combining Fractions

" .. SinXcosx 1+ sinx
Simplify T inx cosx

JoVI oyl Juaill

Practice 6: Simplify each expression..

COS X +]+sinx
1+ sinx cos X ‘ csex | _esex

1+ secx 1 —secx
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Example 7; Rewrite to Eliminate Fractions

Rewrite ———— as an expression that does not involve a fraction.
1+cosx

JoVI oyl Juaill

P’acﬂcc 6,‘ Rewrite as an expression that does not involve a fraction.

cos? x 4
1 =sinx sec x + tan x
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[ [A 1 {s,'F i Verifying Trigonometric Identities

NewVocabulary |verity an identity |

Example 1: verify a Trigonometric Identity
2x-1
Vv th tL - 2 :
erify tha Py cos* x

Practice 1 : Verify each identity.

’ sec2Ocot?0—1=cot’ e ‘ tana =secacscatana — 1
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MATH 2020 JOVI Lyl Juasll
€xample 2: Verify a Trigonometric Identity by Combining Fractions

1 + 1
cscx + cotx cscx — cot x’

Verify that 2 csc x =

Practice 2 :

COS Oy COS O
1+ sina 1 = sina

Verify that

= 2 sec Q.

E€xample 3: Verify a Trigonometric Identity by Multiplying

. sina
Verify that T——=— = csc a + cot a.
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Practice 3 :

. tan x
Verify that ———"

= CSC X — cot x.

€xample 4: Verify a Trigonometric Identity by Factoring
Verify that cot 0 sec 0 csc? 0 — cot® @ sec 0 = csc 0.

Practice 4

. . . 2 2 2 2
Verify that sin® x tan? x csc? x + cos? x tan? x csc? x = sec? x.
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Example §: verity an Identity by Working Each Side Separately

. tan’x _ 1-—cosx
Venfythat1+“cx— cosxy

Practice b:

. 2
Verify that sec* x — sec? x = tan? x + tan? x.
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ConceptSummary Strategies for Verifying Trigonometric Identities

® Start with the more complicated side of the identity and work to transform it into the simpler side, keeping the other side
of the identity in mind as your goal.

® Use reciprocal, quotient, Pythagorean, and other basic trigonometric identities.

* Use algebraic operations such as combining fractions, rewriting fractions as sums or differences, multiplying expressions,
or factoring expressions.

® Convert a denominator of the form 1 £ v or v % 11to a single term using its conjugate and a Pythagorean Identity.
* Work each side separately to reach a common intermediate expression.

* |f no other strategy presents itself, try converting the entire expression to one involving only sines and cosines.

E€xample 6: Determine Whether an Equation is an Identity

Use a graphing calculator to test whether each equation is an identity. If it appears to be an identity,
verify it. If not, find a value for which both sides are defined but not equal.

cosB+1_ _cosf
tanzﬁ secG+1
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LESSON 3: Solvmg Trlgonometrlc Equations

Practice 1:

Solve4 sinx = 2sinx + \/i

Example 2: Solve by Taki
Solve 4 sin’x + 1 = 4.
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Practice 2:
Solve3cot’x +4 =7

Example 3: Solve by Factoring
Find all solutions of each equation on the interval [0, 27).
a. cosxsinx =3 cosx b. cos?x + cos’x—2=0
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MATH 2020

Practice 3:
‘ 2sinxcosxy = \/5 COS X

JoVI oyl Juaill

.
‘ 4 cos“x+2cosx—2V2cosx=V2
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JoVI puwlyall Sl
Exampbe §: ;1.5\ [)L:) Trigonometric Functions of Multiple Angles.

BASEBALL A baseball leaves a bat with an initial speed of 30 meters per second and clears a fence

90.5 meters away. The height of the fence is the same height as the initial height of the batted ball.
v,” sin 20

If the distance the ball traveled is given by d = %, where 9.8 is in meters per second squared,

find the interval of possible launch angles of the ball.
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E€xample 5: Solve by Rewriting Using a Single Trig ic Function

Find all solutions of 2 cos? x — sin x — 1 = 0 on the interval [0, 27)

practice 5: Find all solutions of each equation on the interval [0, 27).
‘1 —cos x = 2 sin® x ’ cot? xcsc? x + 2 csc? x — cot? x = 2
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MATH 2020
Example b: Soive by Squaring

Find all solutions of ¢sc x — cot x = 1 on the interval [0, 27].

JoVI oyl Juaill

Practice 6:

’ secx+1=tanx ‘cosx=sinx—l
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AL LWVEHSuUmMm and Difference Identities

NewVocabulary |reduction identity |

|[ KeyConcept Sum and Difference Identities

Sum Identities Difference Identities

cos (a + B) = cos a cos 3 — sin a sin B cos (@ — B) = cos a cos B + sin a sin B

sin (a + 3) = sin a cos B + cos asin 3 sin (& — B) = sin @ cos 8 — cos a sin B
tana + tan 9

ta"(0+ﬁ)=1—tanatan[j tan (@ — B) =

tana — tan 3
1+tanatan 3

Example 1: Evaluate a Trigonometric Expression

Find the exact value of each trigonometric expression

a. sin 15° i
b. tan "

practice 1:

e -
cos 15 ‘ sin ~—
’ 12
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MATH 2020 Y] syl el
€xample 2: ;1|1 [ [Use a Sum or Difference Identity

ELECTRICITY An alternating current i/ in amperes in a certain circuit can be found after
t seconds using i = 3 (sin 165)t, where 165 is a degree measure.

a. Rewrite the formula in terms of the sum of two angle measures.

b. Use a sine sum identity to find the exact current after 1 second.

Example 3:

tan 32° + tan 13° SR T, ‘
a. Find the exact value of —————"—r—cr-. b. Simplify sin x sin 3x = cos x cos 3x.
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practice 3:
7™ 5T

: IR 06 2T 4 gin I in O
’ Find the exact value of cos g Cos >4 + sin g sin TR

. ¢ tan 6x — tan 7x
’ Simplify 1 + tan 6x tan 7x’

E€xample 4: Write as an Algebraic Expression

Wrrite sin (arctan v/3 + arcsin x) as an algebraic expression of x that does not involve trigonometric
functions.
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practice 4:
Write each trigonometric expression as an algebraic expression.

‘ cos (arcsin 2x + arccos x)

. 1
’ sin (arctan X = arccos 3

Example 5: Verify Cofunction Identities
Verify sin (% - x) = cOS X.,
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MATH 2020 JoVI oyl Juaill

practice 5: Verify each cofunction identity using a difference identity.

L .
‘ cos (E . .\') = SsSinx

’csc(§—0)=sccﬁ

Example 6: Verify Reduction Identities

: In
a. sin (0 +=5)=—cos 0 b. tan (x — 180°) = tan x
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MATH 2020
practice 6: Verify each cofunction identity.

‘ cos(360° — 0) = cos # ’ sin (12[ + x) = COS X

JoVI oyl Juaill

E€xample 7: Solve a Trigonometric Equation

Find the solutions of cos (% + x) + cos (% - x) = % on the interval [0, 2%].
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practice #:

Find the solutions of cos (x + 7)) — sin (x = «) = 0
on the interval [0, 27].

Sl el ue duw oo 45} 2019-2018 pasio june S wuall



MATH 2020
LESSON b:
Multiple-Angle and Product-to-Sum Identities

NewVocabulary

JoVI oyl Juaill

KeyConcept Double-Angle Identities

sin 20 = 2 sin 0 cos 0 cos 20 = cos? 0 — sin? 0
245 €0s 20 = 2 cos’ 6 — 1

tan 20 = ————— 3
1—tan‘ @ cos20=1-—2sin“0

Proof Double-Angle Identity for Sine

sin 20 = sin(6 + 0) 20=0+6
= sin 0 cos 0 + cos Osin O Sine Sum Identity wherea =3 = 0
= 2sin 0 cos 0 Simplify
h 4
€xampéle I: Evaluate Expressions Involving Double Angles

If sin 0 = —zls on the interval (‘n’, 3—"), find sin 20, cos 20, and tan 20.
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pmcﬂcc I 1fcos 0 = %on the interval (O, %), find sin 26, cos 26, and tan 26.

Exampte 2: SONCRNEGUATORIUS

Solve sin 20 — sin @ = 0 on the interval [0, 27].

Sl el ue duw oo % 2019-2018 pasio june S wuall



MATH 2020 JOVI Luwhyall Juaall
practice 2: Solve each equation on the interval [0, 27]..
’ cos 2o = —sin’ a ‘ tan 23 = 2 tan 3
- KeyConcept Power-Reducing Identities
sin? § = 120526 cos? § = 140526 tan? § = 1222

F

Prool Power-Reducing Identity for Sine

ke
1—cos20 _ 1- 1= 2sin’6)
; : = :
__ 2__‘_._II_'|'I (1]
2

=sin’ @

€xample 3: Use an Identity to Reduce a Power

4

Rewrite sin” x in terms with no power greater than 1.
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MATH 2020

practice 3:

Rewrite each expression in terms with no power greater than 1.

’ C()S4 x

JoVI oyl Juaill

‘ sin’ 0

E€xample 4: Solve an Equation Using a Power-Reducing Identity

2x—coslx=%.

Solve cos
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practice 4: Solve each equation.

: 1
. cos?a — sinfa = 2

‘ sin? 303 = sin? 3

[ KeyConcept Half-Angle Identities ]
9 o 1—cos & o 1—cos &
> sing=x\—F— tan 3 = *\ i3 cos 6
o 11— o
cos%: t\f——1+;°59 lan;:——sl:c::
o _ sin &
Ny =31+ cos o
[ Proof Half-Angle Identity for Cosine ]
f o
1+ cos|2 .
+ \f LE G;DSH == 2( 2) Rewrite ¢/ as 2 - ’—J
\ {1 + cos 2x o
= =+ I T Substitute x £
==%xV cos? x Cosine Power-Reducing ldentity
= COsS X Simplify
= COS% Substitute
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e ¢o 5: [Evalints ah Boresnoninioira R il

Find the exact value of cos 112.5°

practice 5: Find the exact value of each expression,

' sin 75°
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Example 6: solve an Equation Using a Half-Angle Identity

2 .3
2

Solve sin? x = 2 cos? = on the interval [0, 27x].

practice 6:
Solve each equation on the interval [0, 27].
. 2 sin2% +cosx=1+sinx

X L X _
’8(an2+8cus.\tan2 1
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KeyConcept Product-to-Sum Identities

sinasin@= %{cos (ax — ) — cos (a + 3)) sinacos B = %{sin (@ + B) + sin (a — 3))

cos acos 3= %[cos (a = B) + cos (a + 3)) cosasinf@= %{sin (a + B) = sin (a — 3))

Proof Product-to-Sum Identity for sin a cos 3

)
sin (a + + sin (ax — More complicated side of identit
2 | y
1,. : ;
= 7lsin a cos 3 + cos a sin 3 + sin a cos 3 — cos a sin B) Sum and Difference Identities
1 : :
=5(2 SIDGCOSﬂ) Combine like terms
=sinacos 3 Multiply

€xample #: Use an Identity to Write a Product as a Sum or Difference

Rewrite cos 5x sin 3x as a sum or difference.

practice #:

sin 40 cos @ , ,
’ ’ sin 7x sin 6x
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[ KeyConcept Sum-to-Product Identities

a+ﬂ)cos(0_ﬁ

- ; . + -8
sma+sunﬁ=2$m( 2 2 cosa+cosB=2cos(a2ﬁ)cos(azl)

sina—sinﬁ=2cos(a;ﬁ)sin(a;ﬁ) cosax—cos B = —2$in(a;ﬁ) sin(a;ﬁ)

[ Proof Sum-to-Product Identity for sin a + sin 3

2$in(°;ﬁ) cos(a;ﬁ)

a+p O 1]

= 2sinxcosy Substitute x andy = —
= 2{%{5"’\ x4+ y)+ sin(x — y)]} Product-to-Sum ldentity
. (x+B a—ﬂ) ) (a+ﬁ a—ﬂ)
—sm( 2 + 2 + sin 2 . 2 Substitute and simplify

() en(2) ~
= sin \=5—) + sin | —5- Combine fractions

2 2

= sin o + sin 3 Simplify

E€xample 8: Use a Product-to-Sum or Sum-to-Product Identity

Find the exact value of sin -2—12‘- <+ sin 1—“2-

Practice8: Find the exact value of each expression.

‘ 3 cos 37.5" cos 187.5° ’ cos % - COS %
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Example 9:

Solve cos 4x + cos 2x = 0.,

Practice 9: solve each equation.

‘ sinx + sin bx = ( ‘ cos 3x —cosHx =10
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