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12. y=sinx (0 <x<2rx),y=cosx
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the Definite
Integral

5.1 Area Between Curves
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2, Al)=10¢""™ 0<x <10

5.2 Volume: Slicing,
Disks and Washers

! d
1. V = [ Alx)dr = [ (x4 2)dr
J—1 1 S
z* \ | C
— 1 Oep =
( g ‘_I.! ) I

12

LA
o [ 1022 dz = (1000%917)
L1

1000{e"! — 1)

Ly
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3, Alx) =m(d —x)-, 0 < x < 2
4, Alx)=2{x+1), 1 <x <4
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B g
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5. y=2x+1,0<x<2
b. ¥ =In(sec x) between(s x5 -:-
6. This 15 a straight line sepment from (0, 1) to

(2.5). As such, its length =

2-0)2

f i § i
Y V2= 1)° f

 p— a e
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13. y=2*,-1<x<1 14 y=x,=-2<x<2
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x o9l Jo Lol @ 0<x<1 iy = ¥ (29)

x el Jo= Lplyes @ D <x < x Yy =sinx (30)
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x g9mall o= Ly 5 0 S22 iy =2x=2" (31)
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1. pi L] "'“__'J'II[II i)

2. ) L), 7" () il

3. y(0) = 60, (0} = 10
Vg5 e de e g 20t gls )l o poas 3l 4
4ft/s

4. w0 = X, o (0) —]
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b giial) 48 Je Ll Jiless Ja

dc i pa @BF) oo 3lal; @ =23 Bsli L peasr @l W17
ae ools a8 caldly golel) e ais FBm/s aslas)
5.4 Jl

17. The startimg point 1=
y' =98 ¢/(0) = %8an(r/3) = 49/3.
We get y(t) _4.9¢% 4 ty' (0]
~4.0H{t — i) /4.97)
4 Bt — 104/3)

The fight time is 10,/3. As to the horizontal

range, we have 1'({) constant and forever equal
to Wens(w/3) = 49, Therctore z(f) = 49 and

in this case, the honzontal range 15 48( 10/ 3)
| moters ).
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g 30" gl 3llal pand l_.-;'—":” giolly elsil! aj o .18
60" iuglj g dckaal) S A0MYS Gl de

18. Hero 2" (O) i) = ||r—"' 200
v i
Thereforo (&) —4 3?20
¢ [ —a. 8 3 2}
20
4

Now, for the hormeontal range = (¢}

—% thae tims of Highit '

] Il ._ -l - -F
Ll [ 'H | ¥
x (L] 2} oes |; _I.i- __|| '3

Thoereforo
— |
ol 204/ 3 and
x 4. =2 20(1. 7321 {4082 141.2910

Hepeating the same [or the angle G

g () A0 =an l:- == ] 44 6411

3/
Therefore
i () — 4 2 (3464100 ¢
=% 1y (] P —4.9¢ - 34 6410)
a4 64 11)
3.
vow, for the horesontal range © {¢)

= the time of Hight t

rral 5 | ) cvoes i _l ::I il

Thercfore x (L) HH aad
x { 7065 ) 2 TGRS 141 3F05
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19. This problem modifies Example 5.5 by using

a service angle of 67 (where the Example 5.5
id 77 ) and no other chanpes. Here the serw
hits the net.

MNext we want to find the range for which the
=erve will be 1.

If # = the angle, then the mitisl conditions are
' (0] T cos®, () =0

y' (0) = 17T6sin @, y(0) = 10

Integrating () = {} and "t} = =32, then
using the imtial conditions gives

(1) = | Thcosf

rit] = 176{cos 8}t

y [t = =32+ 1Thsm f

ylt) = —16¢7 + 1 76{sm @)t 4 10
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To make surc the serve 138 1, we soo what hap-
pens Atk the net and then when the ball hyis
the pround. First, the ball passes the net whon
ax 39 or when I 17T6{cos . Salving saves
. :;I:-; i - n - - - o =

i — Plugrmne this in for the function

|l 76 cos &
() Eives

|: a4
= . 176 oo
g el LF 1l
— 16
. 1 T6 oo & ::I

LY
F 176 san ') { :l 10
I 76 cox= #

A tan & + 1O

We want to enpsare that this valoe 153 preater
thimn 3 so we determmano tho values of & that prve
iy = 4 ({oEng s graphmmg calcolstor or CAS]).
Thi= restriction means that we must have

— D 185750 .~ f ««— 1 S5507

Moxt, we want to determane when the ball hats
the pround. Th= s when

0 wit}h — 1627 4 176{=in )¢ + 10

We solve this erpuation nsing the guadratee for-
mula to gred

I76E=in# £ 4 1762 =50~ @ 4 640

o
We are immterestod im the positive solution, so

- ¥ o L [ |
176 =n @ 4+ 1762 =sin™ & -+ 640
32

Substitutmeg this im to
=i t) 176 cos &1 pives

€T ddoosd? [ 220 @ -+ 484 g0 &
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We want to determimne the valves of # that en-
sure that z < 6. Usmg s graphing calealator
or & CAS mves § < 113420

Puttmg topether our two conditions on # now
mves the possihle range of angles for winch the
serve will be m:

~0.15752 < § < -0.13429
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ic e ga 6t gl o L2ad) 3,50 Jorus 3,5 ojln lias .21
daclall J) Jas Leace 3,80 glas ) oo 130 ft/s astaz,)
oo el cpe; sas :a3ls ) 60ft aas e aas
.(&L'AI-))" dsasad Y- adslaJ) aasa ) &5 Lx- adala )

i I — 130 ft/s
- 6 ft
| & - J_

r=0

21, Let {x{t), y{t)] be the trajectory. In this case
LY b, i th Ll
o' () = 0, (0] = 130
() = 0, () = 130
r{t) = 13

Thas = 60 at timo f H/13. Meanwhile,

y () = =32 4" (t) = =3
M
gt} = =168 + 6
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a1 b ool ) B0ftfs gl de o g 2 gl 5 22
i 2Ll

22, 1f the imtial speed 1= now 80 ft /s, the equations
hecome
r(t) = Bl
u(t) 166 46
The hall crosses home plate when r = 60, or
when § = 3/4 At the home plate, we then
have,

i m 3 ~ ]
y(d/4) = -16(34)" + 6 = -1

In other words, the ball s "under” the ground
and the ball lts the ground before reachmg
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31. / r dy
"||Il.'ll-| —I'J

et 1w =1°. du = 2xdr

- : L it
/ 1 — .4"H T /

]
P -
— g w4+ 0
‘)

i

39 / -'.E.:t'j
AT
, Let u :_i — 1% du = —-4xdx

7 ]. i |
dr = . = “du
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Jalsu

15, (o) / ysiny’ dy b} / P [ (Aot st

. . . [ X, : 0S5 oyl
(Ao #1328 | (c) [ xlnxdy (d) [ —dy

u = Inx

)

(Asaadl) s13a30 54 {&) ,I'il’hd.\‘ {b) IJL’I lj.\' ¢ ,_\

0585 sl

o {1 wlf |

() [ ™6™ dx () [ xe™ dr [ rcrsm st
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33 et Sage gl A Jall sasa o) S6—61 [ ,lad)
Sl deid sloway

56, /.1"' Sin x dx

si1 T I

— iCOs T

— sinl T

1< COS T

240 sin o

24 — CcOS T

/ x? sin xdx

1 —h - & =
— 2 cosxr+A4dxrsinx + 12x“ cos x
— M rsinxr — 24 cosx 4+ ¢

s E

7 i ST T

_1"!.::- e
120= | —sinax

2d COs @I

24 SIT T

[ = cos rdr

L v i r = =
— i ainr 4+ Adrcosx — 12" s T
— MMryrcosxr 4+ 2sinaT 4 ¢
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20z~

Gl cos 2z /

1 20z sin 2 /32

120 | — cos2x /64

[.4"' cos 2xdr

]. " e ", i
— —gz”"smZ2x 4+ —x* cos2x

20 o Gl
e em2r —
=

2 cos2r

I . 120
—a T 2r +

oh )

cos2xr + ¢
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1. /-;|1:-.':'1-.1n"1.'..'.1: 2. /cna"_r.*nn"mf.‘r
1. Let uw = sinax, du = coszdxr

[H.nr: T sin® xdr = / wdedu
1

r— —sin T +¢C
o ]

2. Let u = sinx, du = cos rdr

a R | .8
ft'cns rEin rdr — [:l — u?yudu

A4
! ;
3. / cos 2x sin” 2x dx

. Let uw = smn2z.du = 2cos2zxdz.

w/4
/ cos 2rsin”2xdzx
J0O

l
= l / wdu = l
2 Jo 2
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. 1
L !
4. / cOs” 3xsin” 3x dx

et « =—m cos3x.du = —3 sin xdax.

3
/ (o :833.1‘) (sin”ii.r ) dx
Jaw/j4

1
/ w” (1 — u*®) du
1/V2
1 5

1
3

1

1
3

COSS X SN Y dx

. Let u =cosz.du = —sinzdzr
x/2 0

' ) ; .
cos® rsinzdr = u”(—du)
J1
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|
6. / cos® xsinx dx
o ==

Let u =cosz.du = —simnzdz
) |
P T— T 3
/ cos” zsmadr = - / wdu = -1
%/2 JO

Q. /:aul.:.' sec x dy
Let u =secz. du = secz tan zdz

9
tan xsec” rdzr

9
/ tan r sec r sec” rdx
1 q ] ';

2
wdu = -u’ +c=-sec’r+ ¢

¢ L

.
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11. /.11."”1"-:1—' +1) sec (¥ +1) dx

et w — % + 1. so that du = 2xd=x.

/J't«"lll:; (=< 3 1) (sec (== + 1)) dx

/ tan-u (sec u) du

/ [(N_‘,:“ - 1) tan u :svuuv}rlu

w uw = t.dt = tan u sec udu

2 1 [¢3
/ (1 - ;!’ — 3 T — —+ C
l: 3 — SecC 11} -+ C

-sec” (= + 1) — l) sec (z° + 1) + c.

12, /:;u: (2 +1) sec® (2x+ 1) dx
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Let u =2x 4+ 1. so that du = 2dzx.

/t:m (2z + 1) sec® (2 + 1) dzx

/1;111 u. sec u.sec - udu

sec”utan u sec udu
sec 1. so that dt = tan u sec udu.

*

(T N

t°dt = —

J r_.--:_
- lﬁ '
15. / tan rsec” ¥ dy

1 ‘}
i ¢ _+_(.

D] b=t DD
L
[ —
S
-
ol A
e %
w
-~
—~
| D——

— sec” rdx

— tan x.du

/4
tan? x sec? xdx

i 2 2
tan I sec Irsec .I'([.I'

™
oy I 2
f tan” x(1 4 tan” x) sec” xda
L]

l
[ (1 + u?) du
w £
|
f (u?* + u¥)\du
Ll
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Let u = tan . du = sec? zdzx.

rw /4
. |
/ tan? r sec? rdx
Jrw/4

! 5

u
= udu = —
J—1 0

1
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— 3 tanf.dr = 3 sec- 8dP

- (I-I'

l:\ll;’ ) seoc~ ¢

’
df)

vO 4+ Otan~- @

1 .'l!l: 6 soc Hdb)

1) sec 8de

Tan f’l -

34. o B+ 2% dy
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Let x = 2v/ Dtanf.dr = 29 D sec? Odl

/.r" V.8 + z2dr

= f (16+/2 tan® §)( 22 sec 6)dA

— 64 /1&11” & sec f df
— G4 /[*—'.Ff'! # — 1)(secf tan & dd)
G

= 6 [IH — 1)du =Tu” — bdu+4 c

.—=f*{ "8 — 64 sec ?4+e

: _
V8 + 22 o e e
ST ity (e
2/2 22
v 2

(8 +27)7% — 1*:3‘-.-'"{_"*—'— =V Le
35 j vV 16 4+ x= da
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].('I X — 1 tan U. t[.?‘ p— l.\'(\“: H([H

/ vV 16 + x2dx

— / V16 + 16 tan® @ - 4sec” 0dP

— 1(5 /‘\o'(‘~S Hliﬁ
S N— 1
16 3 secftant) + 3 sec Hdé

SNsecHtant 48 /S(‘i‘(/(]f’

Ssecftanf +8ln|secf + tanf| + ¢

| ;
3.1‘\" 16 + x-
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Lot 7 = 2tanf. dr = 2 sec? Hdf

) ppggnie i
[ g [ e dp
f g = L j = ”

s Adf = In |l secf 4 tan |‘.F| +r

J-Ll-r.n"

In = +

JII'{ A 22+ G dx

> — 3 tan #.dxr — 3 sec? 8 d4dE

,"f rZ a2 4 Odx

an- @ sec> @ *-.J'EEJ tan< @ 4+ Odax
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. Let £ = tan#.dzr = sec*8dp.

rl_ . 1 n

I tan™f .
[ —— T = ( sec-fdf
J V14 a? sec

= / (tan’f) (tan @ sec ) df

L{*i’ t =secH, dt = tanf sec fdB.
— [ (sec?f — 1) tan @ sec Hdf

£
=/ (2" —11dt = E—r] tc

S 'H.F'f .n'-}_
— 8eCl| +C
3

[ I
sec” (tan™ "
} —sec (tan™ 1)

9 .
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Let £ = 2tan#, df = (2sec’#) db.
' |

F 1 i'1 .

E tan & 4+ 1
A4+ dtan0
) (2sec™@) df

) DspcGdd

2tanf 4+ 1
D soc

(2tanf 4 1) {sec f) df

; /-—'.F“I"I'g[-e-i.]l Bl + ["”“‘-' fdf

2secf +In |sech + tanfl| 4+ ¢

T T
2 5ec [hm ' ( j] + In |sec [r:—m"J (TJ]
+ tan [tan™ ( ) ‘ +

— 2 sec [mu (T

g
+ In |zec [reu] (— )‘ + c.
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——eT posdr —f (_T COS L:') e dx

= 1

= —- e cosdr + I fr * cos dxdzr

Use integration by parts again, this time let
u—e, dv=cosdzrdr

1

du — e dr, v = — sindr

|
|

I — ——eTcosdx

S e ik i) e
4 I (—lf ain 4 — / _—ll_nm iz )e fii'.r.)
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[ = ——ecosdr + —eTsindr — —1
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—I = ——¢eTcosdr + —e” sindr + o
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10. Jj'r e s T dx

2x Ju — cos  dr so that,

" dx and ¥— sin x.

|

p
Tecosxodxr

Fo—'E [F::J- SN r da

=<F  dpy = sina dr s0 that,

" dx and v = — Ccos T.

T
/4:-*’ =S1TL O d

T op Do
— — T rosT 4+ 2 /-r_-" COos T dx

[ e T ocosx dr

: : e 2 y
2T oing + 2T cosa — 4 ,,fr"' cos T dx

MNow we notice that the mtegral on both of
these i=s the same. so we bring them to one side
of the equation.
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sinx + 2e“F cosx 4+ o
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/ e?T cosx dx
|
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11. f CO% X O0s 2 ax

Let T = [ 008 T cos 2rdx
and 4 = cos =, dv = cos 2xdzx

Y L -
fdi — sinrdx. © = = SiN O

1 : L . et
I'=ccosxsinlr — | - sin2x(—sinr)ds

ald

2

l — l i
— OO0 G0 S &0 + — =in . sin 2zdz
2 2 ‘

bl -

Let.ut = sinzx.dy = sin 2xdx

dit = cos xdT

1 L
J=T:+Jarnlt]?r+ — 5 COB2T 8 T

[(——IT}H-’J)LL}HTI’f!]

1 1
—posrsnZ2r —-—oosPrsinz 4+ —Idzx

5 1 1

| . | :

5 Cos rsin 2xr — 1 cos 2r8in T + )
2 . 1 , .
— COS8 X sin2r — = €08 2rsmT 4 ¢
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14. J/r (In x)* dx

I-:l
et uw = (Inxz)*. dv =dr

l]H:i!’r

= _-J|_=[11|..r'_ij — 2 [h] rdr

Integration bv parts again,
o) £ i

w=Inz dyr=drdu = —dr, v==x

x
J [ 1

I =z(lnz)" -2 |zlnz — [A' - Tfh']
; |

—z(lnz): — 2z + 2 [-..Lc-

—rilnY —2zxlnz4+ 2+ ¢
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Let @ = 3sinf, —
dxr — 3 cos f df

1 3 cos &
[ = -.—..'“r-i'-' — }‘r F—— .t I"iill'.T-I
i TS0 = 3 Osin~ # - 3 cos

3 cos
1 = _ i .
= 9 cec” Gdf — — 9 cot & 4+ C
By drawing a diagram, we see that if
v B — 2
= .
) — 2

W
O

r — sin . then cot f =

Thus the integral = —

22 J/r :

xS 1h — x7

Let T =4dsmf, — .- i
dr = 4 cos Adf

1 cosf
[ (i
r2y 16 — 1- 16 sin” @ cos @

l
E.
1.,."'“_'5 — 2
16

oY
E .

csc fdf = E cot @ + ¢

+ ¢
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23. J.-'r ——
+ 16 — x=

T = 4dsinf.so that der = 4 cos 8df.

T /’ ':rthnL ) dcosd

dx d

v 16 — &2

\ lF_- = [-1H1'-]-f:-'1

. (sin® ) cos f
i [ e e,
v 16 — 16sin38

“-1][ l":|:| Cos ;7
Lr!f i

(1 — sin“#)

_ = H oS M _ -

f i Peosd . Luf.mt—ﬁrrn
Cos
1 — cos2f

]F_:f ( )f.i'l".-'

- },‘rﬁifl":i _J’" [ OO EJ.":;':I-!J.'-"'J':|

[ uiuﬂfﬂ]

ey A

=sin ( J — 4 sin | 2sin~ . {

= — g2
Rz J£_) L -!'-..-"'..['r_l- £ o

1 2

= —
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— Asin#., so that dxr = 3 cos GdO.
s,

/0 _ 12
27 (sin™#7)

(3 cos ) df

i o
; S 3
"n,,-'" O — (3sn @)

sin— g
0 — Osin“#A

~/
¥ - SRS
(3:];1" H) cos Gdf = 271[:-']11"?'4"?!'1'

= o s
1Tl sin 3 )nf-"i

5/’-ﬂnf;'riﬁ' e /-Hm ﬁﬁlf.!'ﬁ']

—ﬂ(r}al—kﬁ} -+

1

3 {—3*“'}‘“' ["'m"] {é)]
cOs [:-111’1 = {;:J]
3

(cos ) df
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