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CHAPTER 4 42 )il 32a 4l
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I Applications of Differentiation
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MAXIMUM AND MINIMUM VALUES __ _ially salial) al) oi&ullil) ()
(padla) ddlhall g huall g alinl) addl)

Absolute maximum and minimum values (summary)

Sgodll puall: oy yui Definition: Maximum values
108G f(€) o€ € DD LJles WNs FoalS 13 *

D Jlrs ) 35 X S F(X) < f(€) w8 13) dadd 513 D e Zallal) elaall Aoyl (i)
D Jlmed) @i X IS F(X) Z f(€) 2a813] bad 5 13) D e 2alall gpiiall 2oall (<)

3 laall @dll gialall gyiall g wlaall guill) B Sguadll pedll :alasMle

y=x’ D Gy 2alall goumill qall | D Llna Wl sacls

dilhs olis degd iy ¥ | (—00,00) |y = x2 ()
X =0.c0glus
There is no absolute

maximum value An absolute
minimum valueof 0 at x =0

dallhe ddlkhe olac dasd [O, 2] y = xz(g)
X = 2.\.‘;&445@315.\14»
S et Ay olie B (@) 0 golud dallas gydso dos

Ty x =00
y=x’ )
D=[0,2] An absolute maximum value
l Absolute equalto4 at x =2

< An absolute minimum value
X ofDatx=0
-2 2 - -u - -n I~ M (0’ 2] y — xZ (E)

X = 2..\.3.94&53‘.«5

-:H

SAH 1V I1IH

h 4

An absolute maximum value
of 4 at x=2 There is no
absolute minimum value

Nl:IC

00971503393009 -3~ (Cxadl) Cmes A




D sl ) Jacadl
2022/2021 s P

Sl Sl

Laldl) dad galll o) g5 A j2a
At 12 Al

There are no absolute

maximum values

(0,2)

y = x%(s)

B2Y-L RN P P @)

Lo Wy obie ded g Y (3

Ty
y=x?*
D=(0,2]
|

Ty
y=x’

D=(0,2)

1'
-

y

-

x
b
Ld

w M

Z\JI/ZE

—
v

Maximum value theory

gﬁb}q‘:aij1 2L4éJiJ1 EELYLSJ
Loid g lac 2B LI 095 f 18 [@, B] dalin 58 e ate WIs f i€ 13
Lbpall sda e gpiio

I f f is a continuous function over a closed period [a, b] then f

has a maximum and minimum value over that interval.

NIdSSNH TV I1IH

00971503393009 -4~ () Caws A
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::: Local maximum

[f'(d) is undefined]

Local maximum

Lr7(b) = 0]
\ ¢

Local minimum

[ (a) = 0]

Y

Local minimum
[ f"(c) is undefined]

The critical number:@z.n Sl

|5!fJT?J>TJJ.Cf2LLgA2\J‘JJL;ACJJJJ‘M

e a2 f(€) S f'(x) =0 o8
number c in the domain of a function f is called a critical
number of f if f'(c) = 0 or f’(c) is undefined.

ddxll Sguadll pudll: iy pal
10985 f(€) ol f Il Jlma § Ads s Aads € oS 13)

AH 1V I1IH

oS 13) Jadd o 13) € wic dlma lac Aayd (1)
€ gyim hmgiia 1 32 SO F(X) < £(C)
mﬁlsgmleQCm@msyw(ii)

€ gpiniingiaa 5 GX S F(X) = £(0)

NIdSS
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Definition: local maximum values

If cis an internal point in the domain of the function f, then f (c) is:

H

(1) A local maximum of c if and only if it is f (x) <f (c) for every x in an open interval
containing c. (ll) A local minimum value of c if and only if it is f (x) 2f (c) for every x in

an open interval containing c.

(5 b o Laaic aa g ) Jal& ax i -z aul M Jlged)

Fourth question: - Find the points for which there are maximum values

T I

3\\ 1/\

S

w M

w M

(AN

¥

1

o

N13SSNH 1V 1
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Fifth question  =:gwaldd) J) /sl

H

Ll sLie B3 S 3 Bazme A1 Aallal| Gguadll eudll uogl

=ssmmFind the absolute maximum values of the specified
function in each indicated interval.

(b) [-1,3], (@) [-3,1] cwaall  (In the two periods)f(x) = x* — 8x% + 2 (1)

(b) [-1,3], (a) [-4, —2] ¢t 3(In the two periods) f(x) = xé (2)

(b) [g n] ,(a) [0,2m] ol 3(In the two periods) f(x) = sinx + cos x (3)

(b) [0,4], (@) [-2, 0] cwusan 3 (In the two periods)f(x) = x2e™** (4)

NTASSNH 1V

00971503393009 -7~ (Cxadl) Cmes DA
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Note: we define the domain of the function ) Ll> Jud a1l Jlme somes :alasdle flx) =

N3

>> N R Ly 1R

(b) [-3,4], (a) [0,1] o ¢ (In the two periods)f(x) = tan™'(x?) (5)

(b) [-3,3], (a) [0,2] cwaatt ¢ (In the two periods)f(x) = (6)

x2+1

(b) [0,6], (a) [0,2] cwiaht ¢ (In the two periods) f(x) = (7)

x4+ 16

(8)

[1,3] 570 Je(On the period) f(x) = V—x2 + 4x — 3

1

iz (9

before solving it

00971503393009 -8- (Cxadl) G A |
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ay=|

5—2x? x<1

X+ 2 ,x>1}(10)

[—1,3] s A (On the period) y = {

[0,2] sl A (On the period)y = sinx X cosx (11)

Question Six: - =1 gudbed) J) el

> g Qi W| ‘53445." ﬁ,g.'éJ‘j 70)23‘ sty JS.»gi

Find all critical numbers and local maximumes, if any.

3—x ,Xx<0 }
3+ 2x — x? x>0

00971503393009 -9- () G A
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- sm(xeD) | azrel

NTASSNR 1V IIH

my=é@+b

4y=2xVyx+1

5)y = Va3 — 3x2

00971503393009 -10- () Cs A
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6)y =

Ny =

@y =

)y =

xe—Zx

-1

1
2 (e*+e™)

x2—x+4

x—1

00971503393009 -11- (Cuall) G A
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The seventh question =i gzt J)sdd)

VIIH

el slie 88 S 9 Blaae A1 Goe Aallall Sgumall muall jus

Estimate the maximum absolute values numerically for a given
function in each indicated interval.

D fx)=x*—3x*+2x+1 x €[-1,1]

1

2)f(x) =x®—3x*-2x+1 x €[-2,2]

33

(3) f(x) = x* +e* x €[0,1],x € [-2,2]

00971503393009 -12- () Cmes A
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NIdSSNAH 1V 1IH

(1) Draw a graphical representation
of the function f such that the
absolute maximum value of f (x)
in the period [-2, 2] is equal to 3
and the absolute minimum value
does not exist.

Question Eight: - =1 &l ) s

Wlall wlaal) Aegall 0985 e f Al Tole Stes oyl (1)

daidll S99 3 gsbn [—2, 2] Jaldl) S f(x)-

LBsa ga e Adllaall (5 yauall

(2) Draw a graphical
representation of the function
f such that the absolute
maximum value of f (x) in the

Wlall wlaall Lagall 055 oo f W1t Tole Sites eyl (2)

el )5S0y Basm 5 2 (—2,2) Jaldl G F(x)]

period (—2,2) does not exist .3 Akl 5 pall
and the absolute minimum
valueis equal to 3
(=7
5
4
3
2
1
-4 -3 -2 =1 o 1 P 3 4
-1

00971503393009 13- (Cuall) Cmes A
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NIdSSNAH 1V 1IH

Willal) glaall Zordll 0985 Eumy [ a1 Gl Slites oyl (3)
(3) Draw a graphical i

representation of the function
f such that the absolute
maximum value of f (x) in the A .
period (—2,2) is equal to 4 2 \ S ‘
and the absolute minimum

value is equal to 2

Aagll (554 g b (—2,2) dualdll 8 f(x)

(3) Draw a graphical representation a5t alaall Zedll amgs ¥ f W1 Ll Shsies ooyl (4)
of the function f such that the i

absolute maximum value of f (x) in i aa 5 Y IS [—2,2] Jealdl i £ ()
the period [—2, 2] does not exist ' .
and the absolute minimum value At S a

does not exist

0097150339300 -14- (i) Cms A
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Question Nine =1 gl J) gad)

I F )W Haie sy 8 230 A all e dagas f(x) o (1)

F=Sf () =4,x=1

(1) Let f (x) be a second degree parametric in x, so that the curve of the
function f (x) passes through the point (5, 0) and the function f (x) has
alocal maximumvalueatx = 1, f"(x) = 4 Findf(x)?

CilS s x = 1 e dylaa g yia dad f(x)AN S 13 (2)

(x> +1)(x — a)

faiadnds f'(x)=
A xt+1

J>
—.-
L

(2) If the function f(x) has a local minimum value of x = 1 and

is f'(x) = (x2+1)(x—a)

xt+1

find the value of a?

chaxyz + by + 6x = 8 483l aiall Jae (IS 1)) (3)
@,b sl Aag a5 sl dag (0, 1)3dadil

(3) If the curve of the relationship axy? + by + 6x = 8 at the
point(0, 1) is a maximum value find the value of the constants a , b?

M
=

00971503393009 -15- () s A
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duch Lial) g 3 Jial) JIgall =2l pl) papal

INCREASING AND DECREASING FUNCTIONS

dadliad | adludl g 5ol 7 I :dsyas

Definition: an incremental function and a decreasing function
I 55600 § cnidads 61 X1, X 2 Sl g T 5401 e 3dya0 Wls f S

x1 <x = fx1) < f(x2): 08050 de sl 5als f (1)

VI1IH

X1 < X9 = f(xl) > f(xz) uls‘:!ld&mm u‘:f(Z)

I Let f be a function defined on the interval I and let it be: x4, x,
i.e. two points in the interval I.

I(l) f is an increasing function of I if: x; < x5, = f(x1) < f(x3)

(2) f is a decreasing functionon I if: x; < x5 = f(x1) > f(x2)

B3l | ANl g Buul ALY It -2 Jas

I 3sulie 05 f ol X €1 od JSwie f(x) > 015/ (1)

m I 540 e Glanast alls ais f oS
N

I g aastoe o5 f ol X €T o3 JSuie /() < 0cal13)(2)
I I IIHEOREM

=S uppose that f is differentiable on an interval I .
@) If f'(x) > 0 for allx € I, then fisincreasingon /.

Z(ii) If f'(x) < 0forallx € I,thenfisdecreasingon /.

00971503393009 -16- (Cuall) Cms A
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y ) 3 y
A Bl e 1D A agbles s
I flrd) foeeoemmmemeee : far | <X,
' f(x) > f(x,)
— X<x, | :
LCN : f(x;) < f(x,) : fx2) “"‘““I? “““““““ ;
“ : > X
X1 X2 . X
[ y e y
A el dl:,, + ‘\\ dadlza d13

f®)

f@)

F 9
=
S

r

b

3
=
S

¢ A o Jala (x)oJ\.u\ ‘\.a..n\)

mwﬁl—/mlmﬂ <) yid ] da al) alasl

Z

00971503393009 -17- (Cuadl) (s DA )
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Question 10-: &t Jlsud)

gl Al AN ) gall aBlint) 9 &l 33N <l b aas ()
Ll et an ) g ciaa g O Adaall (g gaaiil) ol

| H

(i) Determine the increasing and decreasing periods of the following
functions, then Find Local maximum values, if any, and plot a graph

(D F(x)=x3—-3x+2

3

2

H 1V I

00971503393009 18- (Cuall) Cms A
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I(3) f(x) = In(x* — 1)

m(g us‘ ﬁsﬂ &\9-‘. .“. ..! &J‘Y‘ "’na & n Jm&‘ e o » ‘ (ii)
AN 5l Aglaa palis ol (5 jiia 4o 5 Cua (e Aylanall

mii) The primary derivative test was used to classify the type of
local maximal values in terms of micro, local bone or other types.

m(l) fx) =x*+4x3 -2

Zﬁfffff e

00971503393009 -19- (i) Cmes A ]
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(2) f(x) = tan~1(x?)

3) f(2) = sin" (1- )

1V.1IH

—2x

N
;b
LN
;S
R

ks
—/

I

=

o

X
1+2x3

(5) fx) =

X
1+x%

(6) f(x) =

N1Ld551

00971503393009 -20- () Cms A ]
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(7) f(x) = Vx3 + 3x2

| H

2

i X
e
A

N
)
;A
an)
a
—
I
=

Question eleventh pée gaadl J) gl

Draw a graph of a function with the following properties.
A asbasdly o) Tole Slies e

,x>2,x<0Kf'(x) <0,f(2)=5,f(0) =1(1)
0<x<2Xf'(x)>0

NIJSSNH 1V

00971503393009 -21- (Cuall) (s DA )
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NIdJSSNH IV I1IH

L x>2,x<—-1Xf'(x)<0,f(2) =5,f(-1) =1(2)
Basmge e f1(2),f'(-1)=0,-1<x<2Xf'(x)>0

, >3, x<0Xf'(x)<0,f3)=0 (3)
Basage e f1(2),f(0) > f'3)=0,0<x<3Kf'(x)>0

5

5]

5

00971503393000 =22~ () s S |
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NIISSNH 1V I1IH

,chi_)‘rorgf(x) =2,x<1 X f'(x)<0 (4)

FD=0,f1)=0, x>1 f(x)>0

¥

5]

5

-5 -4 -3 -2 -1 8] 1 2 ] 4 bl

-1

JEED)=f2)=0,x>2,0<x<2,x<-1X& f'(x)<0 (5
J'(2)=0,020mm e fi[(-1), —1<x<0 X f(x)>0

¥

5]

5

00971503393009 -23- () (s DA
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' (x)>0 f(0)=0,f3) =—-1,x> 33X f'(x) <0(6)

J'B3)=0,f(0)=0,5202s ¢ f(1),1<x<3,,0<x<1,x<0J

¥

5]

5

AH 1V I1IH

(

Dy-=

N13SS

x2—-1

Question 12: - =1 e JG J) )

Find all asymptotes and maximal values and plot a representation.

il S s )5 | (5 samaill sl 5 o) T sl 38S s f

00971503393009 -24- () (s DA
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xZ
o 2
(B)y_x2—4x+3

00971503393009 -25- (Cxll) (s DA )
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4 y=

Question 13: - =: e EAY J) )

 Aualite ol 5yl yie () 5S5 l 22 5 sin 1 DAl Jae S31(1)

1

(1) Mention the domain of the function sin™ " x and determine

here it is increasing or decreasing.

R . . 2 . .
Aailiia ol 3l i 55l 2385 sin T (; tan™! x> dlall Jlaw S3I(2)

SSNH 1V1IH

I I I(l) Mention the domain of the function sin™! (% tan~! x)and determine

where it is increasing or decreasing.

o

00971503393009 26~ (1)) Cms A
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L

t el e s Siaf (x) o) <l (3)
(3)Prove that the function is increasing over its domain

f(x) =2x —sinx (i)

[0,T] 3 x & L f(x) = Ex3 —cosx (ii)

FOO) = — o e il ()l il (4)

x—2

(4)Prove that the function is Decreasing over its domain

0097150339300 -27- () Cmes A
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Lesson five and six: Concavity and the second derivative test

L0 Y= f(x) Gust Al A L) e )
T i Gowize Y oo BT G ghe b B 3 MY ke (1
T s giaie Y oS BT A phe 5 E § JhaY ade (2

10486 Y = f(X) oy G A i L) g
LY >0 i Bl MY a1
LY < 0 el g il ake (2

Bl Jiag Ay i

Concave up and mounting

NIdSSNH IVI1IH

] ] : X
.1!
r 3
Concavity up
and decreasing
} I » X
a b

.1"
A

B ey JAuY ads

Concave down and mounting

i > x

Ll

Concavity down and
decreasing

0097150339300 -28- () Ces A
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O a Lo 0 a5 pis DI gote O 5 @ Sl (g ol B> el 6l o Wosse Wiy £ 23813
- el ((Dilanl ) B 2k w5 (@, f (@)  Hoid)

Igdaal) s gual) agll) ypanil A0 AGidal) LA

The second derivative test to determine local maximum values

I_ X=C &bl LheidBoss fos f(c)<0, fi(c)=0 sy (1)

X=C s bdf s prded B0 f 08 f"(c)>0, fi(c)=0 <53 (2

Question Fourteenth-: jde ai ) Jlgudll

(i) Determine the periods of concavity up and down and
the points of inflection.

r — 1 GllaaiYl blasg Jawdy LY jaaull olis sa(1)

(D) f(x) =x3-3x*+4x—-1

(3) f(x) = tan™(x*)

N13S

00971503393009 -29- () Cmes A ]
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S (R dellad 3k p3siad (i)
 ddaal) (g guail) agil) | Bl g ay) 330 <l 38 ) Ay jad) Jalai)

 cillaady) Bl ) cf b
(ii) Use analytical (algebraic) methods to find

Periods of concavity, inflection points, critical points,
periods of increase and decrease, and local maximums

x3—2x2—x+2

Dy=

H 1Y 11 H

x—2
xZ -1
C(Z)y= "
U
3)y=5-1

MES

00971503393009 -30- () Ces A
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Lo

—

H 1

(4)y =-2x*+6x* -3

=AUl J) gall ddaall (5 guall) adilialan) A AGEY dBidal) LS addia (i)
Use the second derivative test to find the local
maximum values for the following functions:-

(D) f(x) =x3 —6x* +12x— 8

(2) f(x) = x3 — 5x° + 3x

—-X

=
Q

00971503393009 -31- (Cuall) G A




g.ilfd\ L;‘""‘Jﬁ\ M\ dualdl) %S}Aﬂ\ 9‘33 ;\MJM
2022/2021  Cmes DAL Gl )l adile 12 Ciall

@) f(x) =e™

B

I (5) f(x)=x*+4x3-1

A1 O T el ) 9 ) 94l Aageal) & jaall aran 335 (i)

Identify all the important features of the functions and
plot a representation of each function

H 1V

x2

(D) fx) =

x2 -9

4

N13SSn

00971503393009 -32- (Cuall) Cpes A




g.ilfd\ L;‘""‘Jﬁ‘ M\ dualdl) %S}Aﬂ\ ebﬂ ;\MJM
2022/2021  Cmes DAL Gl )l adile 12 Ciall

(2) fx) =

X
X+ 2

NTISSIH 1V 11H
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B)fx)=xlnx

NTdS55NH 1VIIEH
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(4) f(x) = x*|x|

NT3ISSNA IVIIH
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5) f() = 5(x + 1)

pd I EJ S; S; r]I_I.1 \7'-]|+4

00971503393009 =36~ () (s DA ]




g.ilfd\ L;‘""‘Jﬁ‘ M\ dualdl) %S}Aﬂ\ ebﬂ ;\MJM
2022/2021  Cmes DAL Gl )l adile 12 Ciall

I(6) f(x) =x*—26x3+x
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Al pailadlly Ly S aa ) (V)

I Draw a graphical representation of the contours.

NIASSNH 1V 1I

,—1l<x<1,x<-1X8f'(x)>0,f(0)=0(1)
X< —1XEf"(x)>0,x>1XK5f'(x) <0
—1<x<0X f'"(x)<0,x>1,0<x<1

ry

3

2

J(0) =1, x8 f'(x) >0, £(0) =2(2)
X>S0Nf'(x)<0,x<0Xf"(x) >0

ry

3

2
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NIdSSNAH 1V 1IH

') >0,x<1X8f(x)<0,f(1) =0(3)
X>1,x<1X3f'"(x)<0,x>1J

a3

3

2

A8 pa 52 f1(0),x £ 04 f'(x) > 0 (4)
X>0f"(x)<0,x<01f"(x)>0

q

3

2
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’ dalaal) ¢ $ail) axdl) é\\g—e\g | duaBlitall g 3y Jiall < yidl) J.ﬁ(v)
I . ilan YY) JaliS aB) ga g | adil) il b g

(v) Estimate the increasing and decreasing periods, the locations of local

sssssmsmaximum values, the periods of concavity and the locations of the
inflection points

P 4
-~
204
t t t t t —» x
-3 -2 2 3
y
»

) Lo glad 5 adalil] ol aas g Al Wil an ) (00)

(v1)Graph the function and identify points of intersection and asymptotes.

(1)f (x) =

o
=)
wr
e
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5 X -1
@)f () =

4

3

2
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Lesson seven: Optimal valuesséﬁﬂj‘ adl) -1 aqluddl L_J-"Jm

Optimization

.sq.u.njln.mlluln.u.h.l |j.|l|nn|j;l

AL slaalt Collaall Sud 5 o gd g o AL {5
et L8 A 5T BB iy el st o Bllaal) il glalt STy ol g sud
dallalt (6 goatll @B o 5 g dr 31 DUESI susty paedt U8 GV D1y o B 2
. 0 kil 9 P gl L g

ulInIln

Sho o Ll2 ahe ST 13) Lo bidoed (§ oY1 Amadl 3Ls) ey & o Bl p Bl ur g 13y L1
dalhas (5 2o 5f (polas 0SB Als

At daalt jles o 3o dansli 85y Loyt RIS (6 padll @l Wid (S 2

(x5 01) bl it JI2 wud g 3

FNO R

Question fifteen -: ,de (uadll Jiigudll

X —in. adady 0sSl (e 12 X 16 adag 489 AL Add 5y (5 gaia sl iy
(odiall aaa cpa B3 Al x dad 2a g, cpilall b g Ayl S (e ey sal)

SAH 1V 1I1H

A box with no top is to be built by taking a 12in-by-16in sheet
f cardboard and cutting x-in. squares out of each corner and
Folding up the sides. Find the value of x that maximizes the volume of the box.

S
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@ld g yall gad ok 8 7 sl Goaia B lgails o 18" s shall (G5l (e Aay e A8 )9 Calia (2)

axall aladialy (3 gaial) Mg e Cua), Aalial Jaghadld) Job Lo Jagdugl) S (n o sbuiall anall

ua4§‘£\
A square sheet of cardboard 18in on a side is made into an open box
=By cutting squares of equal size out of each corner and folding up the

Sides along the dotted lines. Find the dimensions of the box with the

T
18 18 — 2x &:

l /:ra_z’e_r_agj it

Maximum volume.

|-— 18 — 2x —»

—| X

dasiiial) 3 gal) 43asd (5 puall daddll B giu ) Audad) slag) 33 g <l jiagla 3554 13 guall dde ai (3)
(ol e i (B ) g agial) a5 ) aa) g e o g B e aia B
3) A soda can has a capacity of 355 millimeters. Find the dimensions of the can that

(
mvill provide a small value for the amount of material used to manufacture it, assuming that
the thickness is one (i.e. the thickness of the aluminum is one anywhere in the package).

0097150339300 -43- (Cuall) Cms A
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Ladld 2 o P ASL dad ddasaa ealial) dalucall (o3 Juaiewal) ¢ C (4)

I Show that the rectangle of maximum area for a given perimeter
P is always a square.

A —

> EB Cpa Ol pda JSAN Aldaiiie aludY) dmia jadial (2 all Ala ¢6<E ol (5)

2l 8] 10 Joky by Cugalsall Guilal o alidl 6 plin b by ciladd ¢ cilga
La, &asa ptd 800 A ) dalws & ¢ff G ol Allia, (Al jlaal) o pidy
faddiceal) jlaad) gl pa Sl AN Sa) A
showroom for a department store is to be rectangular with
Walls on three sides, 6-ft door openings on the two facing sides

And a 10-ft door opening on the remaining wall. The showroom
is to have 800 ft2 of floor space. What dimensions will minimize the

Clength of wall used?

(0,1) Aha&ill a3y = x2 dadall o 428l s i (6)

Find the point on the curve y = x? closest to the point (0, 1).

M
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(0,0) 4l v BY) y = cos x Aadall o dhilll 13 4l (7)
I Find the point on the curve y = cos x closest to the point (0, 0).

D ol i g el 5 20 g sams il 4% (s a9 (8)

(8) Find two non-negative numbers whose sum is 20 and whose
product is as large as possible.

P e

I?sau.ju,?5cmw@aﬁ”m\}\g&&mmhmpiu(g)

(9) What is the largest possible area of a right-angled triangle
whose hypotenuse is 5 cm? What are its dimensions?

()

m&xoéahwﬁigha%’mbﬂm%wwﬁw\aﬁmoiaﬁi (10)

(10) Prove that among the rectangles whose circumference is 8m, one of
I I lthem gives the largest area and is a square.

e
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I,Z\.Asléi.um L) ghaa) J& o ¢ 9<iaa) g and cy ) Al ananat ) itk (11)

¢ diCan Bala JBf andid AN Slal) L

W==(11) You were asked to design a one-liter oil container in the

form of a circular cylinder. What are the dimensions that use the
least possible material?

.1000 cmB3leaay Joi (e da gila daild 4 o ) gl JS& Jo dde (12)

>
Iiﬂff e
C

¢ 4iCaa Bala 8 andind ) Syl La

(12) A box in the form of a cylinder open from the top and its
m$ize 1000 cm?3. What are the dimensions that use the least
possible material?

NT35
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L

(

u.&sgb&‘!\ouiw‘auﬁﬁd\)wuh&hh%mniwaé\ﬁ(13)
¢ Jalaiiaal) 13¢d AiSan daba pS) Lay = —x2 4+ 4 A Hada

13) We want to draw a rectangle of one dimension applied to

the x-axis and its two vertices on the function curve. What is the

rlargest possible area for this rectangle?

D —

P e

s i ddla o i 2 )Y (e dddaions dadad <4 e de ) 3a (14)

o
-

, AV EDAN Gl gall Aozl a9 3

¢ Lalagl Lag € 800 m sk g lass Wgibila) (e Al S) La

14) A farm in the form of a rectangular piece of land located on the edge

of a straight river. A fence is to be placed on the other three sides. What is

)
are its dimensions?

he largest area that can be surrounded by a fence of 800m long? What

00971503393009 -4 7- () Cms A
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poia g ddla o a5 (SAY) Aliine (2 ) daksd g Lo dald] Jay 2 (15)
s AY) DA Gl gl Jga gl pudag g
L8n £a 800 (oY) Aakdd dalua ol Lale (8 Le 8 o) J gha ¢ g8 dadal) dlayf 32

(15) A man wants to set up a fence around a rectangular land
located on the edge of a straight river, and he wants to put a

11H

fence around the other three sides. Find the dimensions of the
plot so that the length of the fence is the least possible, knowing
that the plot area is 800m?

3 — vr
Ty = \x Al ce (E,o) ALl ey bl La (16)

R 1V

(16) What is the dimension of the point shorter(z, 0)

than the curve y = v/x?
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¢ Sy Lo S) alial) Aaluna Jri i) @ Aasd Le O Lagess &g\l s b, @ Lagd sk alia b (lalia (17)

I (17) Two sides of a triangle of length a, b and the angle between them @ What is the
alue of O that makes the area of the triangle the largest possible?

) £ WA adality Mad) jead) oy g e (B skal an 0a) £y Alsaa 3y 5 (18)

Sladiial 5§ mi oa s kel AU 5, pead) G pdig i (A (0 B 3 (Ao 28

e 10 S & paad) Gkl G g Ao (S8 BT, W5 i i3 ) sl
I_ésé s Ul Jrall JaBd (5 jlaf b )3 (e 7 9 cilaiiieaal) (598 oLl Jaall (5 jlaf ab 52

Clabiloealf poag ledie juad) (3 pdi g g pead) Bl (o ABlacad) & Lad Aoly (20

The state wants to build a new stretch of highway to link an existing bridge with a
Turnpike interchange, located 8 miles to the east and 8 miles to the south of the bridge.
There is a 5-mile-wide stretch of marshland adjacent to the bridge that must be crossed.
(See Figure 3.80.) Given that the highway costs AED 10 million per mile to build over the

arsh and only $7 million per mile to build over dry land, how far to the east of the
bridge should the highway be when it crosses out of the marsh?

H

Bridge D UHA.

N13SSN
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L 8 4 o Jd g4l 2 b o | Jabilsa (558 5,0 ciuald JSG 33U (19)

| H

,Bﬁéw\:\AMSJlﬁjgﬁgéﬁﬁSﬁw\Moi‘;&nM\ﬂu_w\dJﬁj\C;.A

BRI dalusal (palind) dall ghaien (A (3 dlal) chual | Milly 5) Salalicaal) saf 22 g

A Norman window has the outline of a semicircle on top of

a rectangle. Suppose there is 8 + 7 feet of wood trim available.
Discuss why a window designer might want to maximize

the area of the window. Find the dimensions of the rectangle
(and, hence, the semicircle) that will maximize the area of the

indow
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B daiil) ) 4 dkdil) (e Jgeasll 31 40 (8 Sy 5 gl G a8 e (20)

dagl) M) UiSay ¢ ¢ gudal) do pur il (i JSAY) B A i op LaS

a5l L5 gal) Lty ) Adlall (o jhuall daddl) dlag) A Cpa a3l (o sl
O O .8 gl Lty ) ABlacall (5 ual) Aagdl) 38a5 Al 3] el o Adaddl)

A

F 3

<

(oS A9l (s gla s UiadY) Ay g) 5) Ay gluacia JSEII 8 L) g 1)

-l—'—~+|

H 1V 1]

- >|*l 4 — x —>

uppose that light reflects off a mirror to get from point A to
point B as indicated in the figure. Assuming a constant velocity
of light, we can minimize time by minimizing the distance
raveled. Find the point on the mirror that minimizes the distance
traveled. Show that the angles in the figure are equal (the angle of incidence equals the

ngle of reflection).
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B elage 9o LS B Akl ) 4 Al e JESG 5 gl o) gl e (21)
de pudl 9 g (oA ) A (§5b o guall dgatiall de ) o Gl B o Jid)
Ga Jasll T(x) gl Aaa) 324 .1, (A 3l bd Jiuf ¢ gall dgaial)
A ) sdad) Jagiad 9 T (x) = 0 Malaal) cais) B 4aill) ) 4 Al

% = 2L St 50 Alldia aa ) 9 JRAN (B L) 530 g aladil
sinoy V2 -

A

| |
I
I IL“’F)T 2 =%
! —
i |
|« \ > —

S
AENE |

|~¢—~—|-
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Nl lany A oal e Bas 431 31 il gl aadd 4B ¢ g Sl Slga A (22)
Oa Y Lall (5 jial) Aaidl) Gk 0 ol g (3005 A aSadl) g

. 2 " o .
V 22 fadll p(x) = ""2\ 500l Cpa dnaiaal) AUl ) oS8 Lgasial
(R+x)

_W\ﬁwwﬁd\w\éﬁaﬂgﬂ‘xwgﬂ _R:\.AJGAJ

n an electronic device, individual circuits may serve many
Purposes. In some cases, the flow of electricity must be controlled
By reducing the power instead of amplifying it. The power absorbed by

11 H

2
>the circuitis p(x) = (RV+ x) —~ for a voltage V and resistance R. Find the
X
value of x that maximizes

the power absorbed.

_I_

VO
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el gl e b = 4ft gasm JA AL g = 5 ga s JAw (23)
dsb oo e 1aldy)) Ayl e Alea (S sl Jghl Jsh 224l (a)
(IS4 B G Ayl 30 Alas Al

essssmA hallway of width a = 5 ft meets a hallway of width b = 4 ft
At a right angle.
(a) Find the length of the longest ladder that
Could be carried around the corner. (Hint: Express the length of the
ladder as a function of the angle ¢ in the figure.)

S e JSu b 9 @ - AN alud) Jghal calinl) dall) O ci (b)
(a?/3 + p2/3)*"
b) Show that the maximum ladder length for general a and b

3/2
equals(az/3 + bz/g) / .
s ual) dadl) 224l < 8ft s alwdl ya =5 Jsb o) L2 Ao (c)

I A5l die abead) o jg8 (Say uay b

(c) Suppose that a = S and the ladder is 8 ft long. Find the
Cminimum value of b such that the ladder can turn the corner.

L oaled) Job g ale JSdu g Jo Jgasll () s Ja a8 (d)
d) Solve part (c¢) for a general a and ladder length L.

NI1dSS
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oo S B8 Sl g ¢ it ) BN AN Cua Al ) cillladl B (24)
5 Gl aadall Cil g Basaud ALaY) Cpanali Lgiyladd pulia U ) o Lal)
G5 B A9 n o455 5[] Ayl B (lhaii ¢ abadal) B Al 5 S Bayand
Ol 5 daglia Jalady (Adlu B O 9Sia ¢ B aaiall cildlacall) 88Y) Jadl)
13« R = 229570 (1000 — tanB) aw) s LE) sl el ¢ 5154l
|— aa g ¢ Al ‘agu\ & Aniad cll g oS 5 v A Al de ) cils
D (s g o g s Jals) R paliall Aadl) (33 A [

> B=-10"() B=0() F=10(a)

Ml L350 =45+ B°/2 o e sl

In sports where balls are thrown or hit, the ball often finishes
At a different height than it starts. Examples include a downhill
Golf shot and a basketball shot. In the diagram, a ball is released

It an angle @ and finishes at an angle # above the horizontal
(

For downbhill trajectories, f would be negative). Neglecting air
esistance and spin, the horizontal range is given by
2v?% cos?0
i — (tan@ — tanf)
f the initial velocity is v and g is the gravitational constant.
In the following cases, find # to maximize R (treat v and g as

mConstants): (@) p= 10-, (b) = 0- and (c) #= —10-. Verify

That 8 = 45 - + gmaximizes the range

1
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NIdJSSNH 1V I1IH

ddagi yall dgia 3l CNamall -p el gl

RELATED RATES

ol cll )l fiuum 1 vl

‘ - i

bt & el g Ls,,éu,\,ﬂ\)mﬁmmﬂwwmjaaa}ﬁu\fﬁ d
(i) O @S &gl oy

el 2 ) ) 0 ol gl 20 (2

gl oy g gl ) B - (9

2 O gy 0 g0 L ) Jof s 0 ST o B 0 1Y) (4
e Y il o8 gl o 00lg) o gl ol e glan ) i ¢ LK
e

) g b 8o ol (o 1) ey il 0 G p 559
gl 5 ol i) 5 Sl

gl g 5 Bl 8251 § )l
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L

—

Question sixteen: -: jée guibad) Jsudl

o alad) Cra s olal) £ el T 1), el Gila e ads alad) 10 alu (1)
aled) Cra Abad) ¢ 3l (B 3 A s Lad ¢ 2 fit /s Jaray bilad) e 335
Soa N (398 Al 8 aludl Add (¢S Ladic Jailall oo 1auy

A 10 ft ladder rests on the side of the building. If the top of (1)
the ladder begins to slide down the wall at a rate of 2 ft/s, how
quickly does the lower part of the ladder slide away from the
wall when the top of the ladder is 8 ft above the ground?

00971503393009 -59- () Cs A ]
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Jladi %mi a5 Al (re G giadl olad 50 mph A e Bl i (2)

205 Al (ya (aS [ Asl) 40 mph s o Aoyl b b a9, pdalisl)

Janall s i) 5 s (B Y Gy ¢ Aliall o2 B A abaldl) (5 %mi
—p KU 5\ | 5 VE PN E WP R DT Y. B VWA VYRt WS UYL PR\

A car is traveling at 50 mph due south at a point 12 mile north of an intersection.
rA police car is traveling at 40 mph due west at a point
% Mile east of the same intersection.

At that instant, the radar in the police car measures the rate at which the distance
Between the two cars is changing. What does the radar gun register?

\'

S Elso
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O pad e 60ft Lagin ALl 9 ¢ Mgl o 40ft 5 20ft Lags W) (s (3)
I D (A 0 A g 3Y aa Lk i Gpaal) Cp Adma Ala B ¢ gudall B0k

Ladie @ S Jira Lad ¢ 41 Jamay Jlead) ) (el (0 La (il & 25 1)) (a)
¢ hually Gariall G ddlacal) dhgliia b (adldd) ¢ o<

(CSan La st @ Ayl 3l (il G 5Ss s ) adgall 2a gl (D)

wo buildings of height 20 feet and 40 feet, respectively, are
60 feet apart. Suppose that the intensity of light at a point
Between the buildings is proportional to the angle @ in the
>Figure. (a) If a person is moving from right to left at 4 ft/s, at
What rate is  changing when the person is exactly halfway?
etween the two buildings? (b) Find the location at which the
I angle 6 is maximum.

H

40°

Cl[ [N\ ,

60’
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gae Lath 18 pUL ) oo Lasd 12ty )] 6 4l gh il Ul o) 2 ) (4)
(S i) gluadll

Jira 9o Lad ¢ 4l [ as8 2 Janay 3 UY) agae (8 ady addd) (s 13 (),
U= 2 ) N el hall QD (e sl

'(F

AWJQW\JSJU¥\AJ&QA@\ﬁiGAqulsuM‘@J‘)S(g)
A6 [ 228 3 Jaray rluaall

11H

Suppose a 6-ft-tall person is 12 ft away from an 18-ft-tall lamppost (see
he figure).

Y

(a) If the person is moving away from the lamppost at a rate of 2 ft/s, at
X+

hat rate is the length of the shadow changing? (Instruct: see 185 = %).

|

(b) Repeat with the person 6 ft away from the lamppost and

Walking toward the lamppost at a rate of 3 ft/s.

S—

H

I

) f‘z\

! ! |
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(X paliad) ZUY e JSI 4y giad) ARISH Jaw gia o)) 2 e (5)
I b Ao i) glatiie Mae) et C(x) = 12 + — b g jladl cilaiial)
i X
p AUl Jgaad) B3 Al il gla EDUEY
| 5) Assuming that the average annual cost per item of producing the x

— 94
items from the commercial productsis C(x) = 12 + - The number of

its annual products for the last three years is shown in the following table:

Year 0 1 2
Prod. (x) | 82 | 88 | 94

(omale) Al alad) B Al Jasigia it Jaa g x'(2) dad 38

Estimate the value of x '(2) and the rate of change of the average
cost in the current year (two years).

H 1V ]

NT3551
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aglal) g SLaidy) gé oaadll S ama -raalil) (Al

I Lesson nine: - Rates of change in economics and science

Question seventeen: --: & agbd) Jigd)

]
C(x) = x3 + 20x% + 90x + 15 (A gile x aiual A8 il 13) (1)
I Al ARISH) gy = 50 Jiras Apasd) AR ¢ 18 9 Agasd) SIS A3 as

> 50
If the cost of manufacturmg X items is

C(x) = x3 + 20x% + 90x + 15, find the marginal cost function
And compare the marginal cost at x = 50 with the actual cost of
manufacturing the 50th item.

Aaladl) 22T gy = 100 Jdra Aol ALK o U 5 Al AEIKE Als aa

C (x) = 23 + 21x% + 110x + 20 & @i x il 435 il 1Y) (2)

ki 1002

mlf the cost of manufacturing x items is
C(x) = x3 + 21x% + 110x + 20, find the marginal cost function
And compare the marginal cost at X = 100 with the actual cost of
anufacturing the 100 th item.

Zﬁfffff e

00971503393009 -64- () Cms A




g.ilfd\ L;""“Jﬁ\ M\ dualdl) %S}Aﬂ\ 9‘33 ;\MJM
2022/2021  Cmes DAL Gl )l adile 12 Ciall

A T et LSS ) G2 d e (3)
I aal,ab C(x) = x3 — 30x% + 300x + 100
Ao 4GNS ATy 0y Aadl) B3 A (EBU g Cillaaly) Al aa g

(3) Assuming that the cost of manufacturing x a product is the

ED C(x) = x3 — 30x% + 300x + 100 inflection point and discuss the
importance of this value in terms of manufacturing cost.

v

|— —: Al b gial (5 pual) Aall) ghay o 1) ZUY) (g giasa 329l (4)

(4) Find the level of output which achieves the small
value of average cost.

H

(i) C(x) = 0.1x2 + 3x + 2000

(ii) C(x) = 0.3x3 + 4x + 4000

NS5 [
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(iii) C(x) = 10e%0%*

(iv) C(x) = +/x3 + 800

.

1 H

IR,

b oad o ddlil hugia dla & C (x) s A & C(x)os (a) . (5)
C'(100) < €(100)y) i), C(x) = 0.01x% + 40x + 3600
ARt Jay gila aBlit 1 dpeds (x) gAY (2 4138 O

(5) (a) Letc(x) be the cost function, C (x) which is the average

cost function, assuming you €' (100) < C(100)prove that

d

N 145

(x) = 0.01x% + 40x + 3600 increasing output x by 1 will
ecrease the average cost.
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C'(1000) > €(1000)J' o (b)
AR Jau g ) Fhiw 1 sy (x) U A SIS O cmg

(b) Prove that C'(1000) > €(1000)

| H

Then he established that increasing output (x) by 1 would
increase the average cost.

Cua y Aall) die (5 jha dad ghay AR Jau gl o) ()

C'(x) = C(x)o!

n 1V

(c) Prove that average cost achieves a small value at value x
where C'(x) = C(x)

e x et AT A C(x) 9 <Y A R (x)0sH (6)
P(x) = R(x) — C(x)4b gl i ws
) ¥ O . S alind) dagdl) (38a3 AN x dagd die 43 G (@)
 Agaad) ABIKEY (g glud dgaal)

et R(x) be the revenue and C(x) be the cost from manufacturing

NI3ISSN
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X items. Profit is defined as P(x) = R(x)— C(x).
(a) Show that at the value of x that maximizes profit, marginal
Revenue equals marginal cost.

T ———

> 2210 R(x) = 10x — 0.001x? il 13} gl 3 caliadl 4adl) 22 6) (b)
.l nC(x) =2x+ 5000 5

I (b) Find the maximum profit if R(x)= 10x — 0.001x2 AED
and C(x) = 2x + 5000AED

allal) 4 ¢ 98 S ) 530 (B) 9 llall Lg e (@) 2290 (7)
(E < -1l

Find (a) the elasticity of demand and (b) the range of prices for
hich the demand is elastic (£ <-1).

(D f(p) =20030-p)

N
C
N

Z(u)f (p) = 60p(10 p)
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I «is ) (p f(p))’ < 0 el | GELaN ALE s £ callal) 10 cils 1) (8)
P
f(p)

f the demand function f is differentiable, prove

that(pf(p)), < 0 if and only if%f’(p) < -1

. (That is, revenue decreases if and only if demand is elastic.)

— (155 1y callall (1S 1) GBS W) G, 03) BB 1 (p) < —1

e
I

Al ¥ (£) = 0.52()(5 — x(£)) By bsasl LA 355 G813 (9)

C i) dall) ) Je il de ju 48 Jual &) x(£) S AN 224l ()

If the concentration of a chemical changes according to the
quation x'(t) = 0.5x(t)(5 — x(t)),
(a) Find the concentration x (¢) for which the reaction rate is a

mmaximum

Z
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Sl agaa a4l (B)
I (b) Find the limiting concentration.

28158 Q () = e72'(cos 3t — 2 sin 3#)4l sl 8l B L) ¢ g2 b e (9)

il aa )

V1l

(9) Assuming that the charge in the electric circuit

Q (t) = e ?%(cos 3t — 2 sin 3t) Coulomb is to
I determine the current.

gladlly (38 53l el Gkl ae
doal ) s 611 3 Sha b Sy Il 4l Agidiag g

Jalsall

NT355NH
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