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pslall g ALai®y) A i) Y (4-9)
RATES OF CHANGE IN ECONOMICS AND THE SCIENCES
c(x) (cost) AdlH day z\G) o
(Aakad J< aidl) x Al adalllidere= 7 (x) (revenue) Ji3 A au
p(x) =r(x) — c(x) A o JAN o @AY i p(x) (profit)
Ulay a5 cad 33 2000 & ... aiaill g CNY) jadaad of 4ol CalSs Aad il g Ula 13 e 1 () AL Ala o
P IS A Ll G ey 03 daddd (< an o 3 4RI Al Laey
c(x) =2000 + 3(x)
4L\ ¢(0) = 2000 + 3(0) = 2000
c(1) = 2000 + 3(1) = 2003 (A dakd J3¥ 4hadl) QI Gl Ale
c(2) = 2000 + 3(2) = 2006 (A 4akid LI 4 adl) A8
b a0 (3) S LY (b Uak 130) ad 40 2006 S Wil g LaS ) 40N dadadll Lbed) ARIEY G BN o
Y Ly Aol s AR GY (aBly e 13a oSy AN gila S AR Gl e Ll g Adad A0 030 G By
OSig g Bl sda e Y) g AL ARG Zay Al ADAl) GUB 13gd 9 138 5 ST Allead g YY) Alual any liatia
_déb GAAJ‘
The assumption that the cost per item is constant is unrealistic. Efficient mass-production techniques could

reduce the cost per item, but machine maintenance, labour, plant expansion and other factors could drive costs
up as production (x) increases. A quadratic cost function is used to take into account some of these extra factors

@ c(x;,) A, dadadl) Uiy Lhadl) AU G Ade g o
c(xp) = c(xy) — €(Xp_1)
c(20) = c(20) — ¢(19) o 20 ) dadadl) ZUIY 4 ladl) AQISEY (JEa o
c(20) = ¢(20) — c(19) = 2060 — 2057 = 3
AR a g ll alic ad Lo Jganl) ga U syl @
@dal) JA3 = 4dal) RS saic (oS3 M) ZUSY) (5 ghena LIS aanl (Cidag () il palindl Al G

Thermaximum value of profit (if any) occurs at thelévelofproduction at which marginal cost = marginal revenue

VA = JAd) — AA

Profit = Revenue - Cost

P(x) = R(x) — C(x)
P(x) = R(x) — C(x)
sl )l g Jal) dydal) ALY

Marginal Profit Marginal Revenue Marginal Cost

Jalshobaki.com (Sisdll daan 13038] (A o) jal) Sl adiial) 12 chual) cilpdly;  Jualil) bl dag) ) s gl ol
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P(x) = 0 oaie (158 gUlY) (s slena 2o Eiaaiud (g guad o oalic ad lid (SIS o
If there are extrema, they will occur at'the:levelof productionatwhich:P(x) = 0
R(x)—C(x)=0
R(x) = C(x)

The domain in these questions is (0, 00) 4diu¥) sda 3 Jlaall :(1 433 o
L ey AGICY) = daad LY Adadl) ARICEY (B 5 S B ) guay LYY 2133 \33;ﬁ23.2nm o
If production increases significantly, the actual cost of producing a piece = approximately marginal cost.

7(x) = ¢(x) when the tangents are parallel. .0kl sia Glulaal) 5 Ladie F(x) = ¢(x) :(3 4 o

o x) Aas

[ (al A0 5 AR i e ARk

B lesa (3hal A0 B EAN G 3 Leddt ARk,

rix) s

gl A G e el A
Qs b ) B g Al G

Xy ABE Aoy A8 st Lt 3l
c(0) = 4l ad)

c(0) 0 = bl Sua Jilail dbbl ) ¢ xy

0 Xq Xz 3 dadiall aludl x
1) Determine the interval of profit for the company?  .....ccceeiiiienee. 48 )il gy (38 A B 58N ada (o
2) Determine the interval of loss for the company? ..o, A< Al B jluwd (38ad AN B AR s (20

3) At'what value‘of the goods produced does the company roughly achieve maximum profitability?
...................... € palie dyay ) Ly AS Al (53 Aaiial) adudl ad i 23 (3
4) At what value of the goods produced doesn’t the:companymake any;profit?
................................. Sy ol AS Al @8as Y datial) adadl Aad o Xo (40m
c(x) = x% +20x% + 90x + 15 A pile x griual 4RI LS 13) (5w

If the cost of manufacturing x items is c(x) = x3 + 20%%:+:90x-h15

A) Find the marginal cost functionat x = 50 ? ¢ x = 50 Yo Aial) 48 A3 as (A

B) Find the actual cost of manufacturing the 50th item? ¢ dakd f zila 50 ZzW) de ol « x = 50 die dAdedl) 48K 2 (B
3 T () ] o >

Jalshobaki.com Sigdll daaa 1alae) AG ol jall Juadl) asitial) 12 ciuall ciluily Sualdll) cilidat =day) 1) Baa gl dajta
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OsSud aa) 53 8 81N el Cada 1319 ¢ 27,000 Uyl b gia G gSuad aal 53 10 @ SSIG el ciada 1) (60m
Z sl alaiinly ahl 33 9 o SIE!N jlaad cada 13) 30,000 sadi s seall i LSy 2 33,000 _seaal) i gia
il palind) dadlll (ghay M) (x) sl dda g g3 sadll adiinaf 23 ¢( i) 23 sall) aladiud sl) aia 138 Ja g 9 dadd)
if tickets are priced at 10 AED, the average attendance at a game will be 27,000
“’N and if tickets are priced at;8 AED, the average attendance will:-be;,33;000./Using
{10, 27000 a linear model, we would then estimate that tickets priced at 9 AED would
produce an average attendance of 30,000. Discuss whether you think the use

of a linear model here is reasonable. Then, using the linear model, determine
the price at which the revenue is maximized?

J}«'Aﬂ‘ S

pA A

1 Al g B3¢l (e cilially (x) el 1A BV il A2 (A b(x) = —x2 4+ 12x — 20 & o2 (7w
Suppose /b (o)== x 24012213720 istheprofit function in thousands of dirhams forasale (X)in J0,15 ]85

hundreds of electrical appliances over the interval [0, 15]. | . ) .. .
A) Is there a production level that achieves oA Lad llAS (S 1) Srall calic dad (GRan ) o giwa 229 JA (A

maximum profit value? If so then what is it?

B) What is the level of production at which profit is zero? § b (g gl gl odis (G5Sy gﬂt i) s L (B

Jalshobaki.com Sigdll daaa 1alae) AG ol jall Juadl) asitial) 12 ciuall ciluily Sualdll) cilidat =day) 1) Baa gl dajta
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YT c(x) 9 gl Basg il (x) Gy c(x) = 100x% + 1300x + 1000 Aall; La glisy 4,101 ARUCEY  Joni (G
A2 2000 o gl Bas g JS gl g car) A
The total cost of production is given by the function c(x) = 100x% + 1300x + 1000 where (x) is a thousand units
of production, and c(x) is thousands of dirhams, and each production unit is sold for 2000 dirhams.
A) If:(x) the number of units sold, find in terms of ()" oSl Al (x) ANy 28 delaal) i gl) dae () G II(A
the profit function?

B) Find the value of (x) that makes the most profit? Sy oS @ia3 A (x) dad 2 (B

Sy La J8) Adal gial) ARISEN Jaad A il gl (& oll alic ad a5 A ZUY) Gl gl o8 Gl g ATAG )k o
Aaiial) cufas ot Ay
o Another way to find the levels of production that achieve maximum values of profit is the
levels that make the average cost the lowest possible for the units produced.

Logd dasy ¢ =0

Average Cost

c(x) & ¢ a8y

L sl (235 0of) Ao gial) ABIEY (¢ giea 14y )

A0at) AAIEH) = Adal gial) AQICEY () oS3 Ladie (Say

Theory: The level of average cost (if any) is as
small as possible when average cost = marginal

c(x)

€@ =

ALl ARl = ddal gial) AR

Marginal Cost = Average Cost

Jalshobaki.com g&ﬂ\ aa.aa nalas) ‘_,.ilﬂ\ c_,.f..ub.ﬁ\ Jadll ?.GM\ 12 Gl albual dml.ﬁﬂ\ Ciliadat rdag) ) Sas gl Z\.AJL:




Page |5

c(x) = 0.1x% + 3x + 2000 AL Ll sial (5 jial) Lahl) Ghay 2 EUN) (5 giana 2> (10
Find the production level that minimizes the average cost? __c(x) = 0.1x% + 3x + 2000

Saald C(x) = 2x + 5000 <l a0 ROx) = 10X —0.001x2  cils 13 7L S alial) Lol 2y (20
Find the maximum profit if R(x) = 10x — 0.001x?> AED and C(x) = 2x + 5000 AED?

The relationship between price and demand qullall g o) ¢y 4Bl .
(JE Y Glagall (b lal) Gany by (Gl Gl iy L3 g) M) S ol (i it (8 ) adi Ladic e
(85 clagaall g Tagks i) aiall () 318 jpe 31 ) 8 Laais
A higher price will lower the demand for a product (elasticity of demand). However, if sales do not decrease
significantly, a company may increase revenue despite a price increase.

Suppose that the demand x for an item is a function of its price p (P) ot 413 A3j o mita &Y (x) llal) Giad e

Demand u&k&\/

Function of price _audl 1
Tl QS quthal) (A e 80 ) 3 = ad) (8 daay i Juan 3y @

Al =il ysidl  Relative change in demand
w2l ol sl Relative change in price

elasticity of demand k) s < E =

Jalshobaki.com Sigdll daaa 1alae) AG ol jall Juadl) asitial) 12 ciuall ciluily Sualdll) cilidat =day) 1) Baa gl dajta
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i g puadl) g lacl) Wl g Ja5 (S o) il gL ) Cpad Lgw BLEY) Say Al alld) die Giaati digpall 1ABadl o

Elasticity occurs when the goods can be kept (stored) until the price rises. (a o \gallad
P F - - w - % 5
Define the elasticity E as a limit E = m f(P) Adgpall 08 ) Jagii ddlgill ALy e

QSLS‘MJJAJ:\ASOHA‘\“L,.éaegéj‘(&ﬁ‘uﬁﬁﬂ‘g&ségjéi)Oﬁ@‘agcE<—1 dua Jlad) o
E > 181 Gon il o5 ke —F el

Prices for which E < —1, The demand is elastic (An increase in price will decrease the revenue), and
sometimes the elasticity of demand is defined as —FE and then demand is elasticif £ > 1

Assuming that fis differentiable and  x = f(P) <ilsy UM ALE (f) wis (lhade g o

Recall that if x = f (p) items are sold at price p, then the g slui (R) <Y1 G (P) s dslia Claiia

revenue equals
|Rx) = P f(P)

Revenue 3,Y) Price sl Elasticity of Demand (&ysihaall 43asl) catlal) 431
f(P) =200(30 — P) «ils )3l (104

A) Find the elasticity of demand (E) ? $(E) llal) 43 g0 2251 (A

B) Find the range of prices for which the demand is elastic  § (E < —1) U tlal) 4 58 ¢ ) s 2 (B

E<-1)? e e . _— ; ) ‘ e
( ) ¢ (P) J duailiia 418 <2l oY) 4 080 2 138 Jland) saa o8 ray (sl el ) Ada Jhs (C

C) Analyse the revenue function, compare price range in which revenue is a decreasing function of (P) ?

e o o ol e e e e e e e e

Jalshobaki.com Sigdll daaa 1alae) AG ol jall Juadl) asitial) 12 ciuall ciluily Sualdll) cilidat =day) 1) Baa gl dajta
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Reaction Rates duiliax!l 3 gall Joldl kw.

ty,t, ulﬁj}’\uﬁdcud\ de yullgia R (/U sa) Ban gy ol G midal) a8 5 e ayay c(t) s o
Let c(t) denote the concentration (in moles per liter) of the product. The average reaction

1SR
rate between times t1 and t, is then:
The rate of change in the concentration d|c] _ E _ c(tz) —c(ty) Ao litall o gall 385 S Jina
of the reactants or products per unit time dt At t, — t4 el Basg uﬁ R

The instantaneous reaction rate at any

. [el@®) = [c](ty) hall) Jolll) de ju @
given time t, is then given by: }LI}} r— AL ciy ‘éi (_,a

(Modeling the Rate of a Chemical Reaction) (Al Jolill) de jw dalai

L) (5 gia ) Jmasl Aa Jo L) jaien g giial) g AdeLital) 3 gal) ALES Juiall 13 Al JolE 8
In an autocatalytic chemical reaction, the reactant and the product are the same. The reaction continues
until some saturation level is reached.

cx(t) HSAD G bais (100% 5 L) 1 s i) (s glay O g2 dibiarsll 33l (oo (AW S AN (198 Ladic @

lslaal) (e B3l ¢ A SN 0 S a(F) <1 ) e Gua
If the initial concentration of the chemical is 0 and the saturation level is 1 (corresponding to 100%),

this means,;that the concentration x(t) of the chemical satisfies the equation: <ABaae
JoUll Ao puu ol S S (B i) Jana | x'(0) = rx(D[1 - x(0)] WEATIT L“’ ] el g cntt
AMOR ! %
. et d OLA 48w 23y
Where 7 > 0 is a constant I f(x) E——— JOUE Aoy Alslae iS5 g s i Jelis
We rewrite the reaction rate as: SN B A LU.CM e A4 31 Aa
Our aim is then to find x > 0 that maximizes f(x) f(x) J o) 3oy 2 gl x> 0 s dagllg

b () = 0.5x(0)[5 — x(t)] HUalaall Wdy Alaskll gail) 53 IS 1Y) (10w
If the concentration of a chemical changes according to the equation x'(t) = 0.5x(t)[5 — x(t)]
(A) Find the concentration x(t) for which the reaction rate is a maximum ?

9 palinl) dadll) A Jolil) de pu Ad Jual 521 x(£) S AN (A

B) Find the limiting concentration? £ 3S AN a9aa 22 (B

Jalshobaki.com Sigdll daaa 1alae) AG ol jall Juadl) asitial) 12 ciuall ciluily Sualdll) cilidat =day) 1) Baa gl dajta
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J Analysing a Titration Curve :Aiaiall 3 jlea Jolal .

The titration of a'weak acidand a’strong base 4 ¢il) sac\8l) g Cimiall (laaall 5 pilaa

g gaat]] 03,1
" (pH)

idlinad! doeladl oo Ml . . . - o n e
- = d%mbﬂﬂ\bbwqyma)}éﬂ‘gh*u.wb&\umgjﬂ\o.\cm\mm

Saslal g ilbad Adadil) o1a ..\A.wu ISJ\A.EA.U LA.\&UJJAJM JSL’PH‘J‘JMJAU Mﬁb.a
A strong base is slowly adtf;d to a weak acid. The pH ?ﬁthe mixture is monltored by ogservmg the color of some

pH indicator, which changes dramatically at what is called the equivalence point. The equivalence point is then
typically used to compute the concentration of the base.

wJJM\@j\wﬁyycﬁM\m‘_}M(x =1) ¢ d3laal) sas Al 0<x< 1)c_uAJ.uSu.A (x)us.d °
Let x be the fraction (0 < x < 1) of base added (equal to the fraction
of converted acid, with x = 1 representing the equivalence point. P(x)=C+In 1—
Then the pH is approximated by

bl € dua

where cis a constant closely related to the acid dissaciation constant.
The rate of change of pH is then given by the derivative P (x) 48dulh PH (A g ugd) a3l 4 fadh Jhay o

Y3l paidi P(x) =C+1Inx—In(1—x)

1 -1 1.1 1oxtx
P(x)_0+;_1—x_; —x x(1—x)
P(x) = ! : = (x—x?)71

x(1—x) = (x —x2)1

1 x#+1 9 x#0 &
sl a5l R de A P(x) = g(x) = = (x—x

S bl JSAN A 5 plaal) ada o ALAG) A adag Jan e PH 5 Jira Wb 0068 ) (1) 4a 2a (A (10w
Find the value of x at which the rate of change of pH is the smallest. Identify the corresponding point on the previous

titration curve?

(1) (e x QA Ladie i g phgd) a8 1) 80 Jdeal Gaay 13 (B
What happens to the rate of change of pH as x approaches 1?

Jalshobaki.com Sigdll daaa 1alae) AG ol jall Juadl) asitial) 12 ciuall ciluily Sualdll) cilidat =day) 1) Baa gl dajta




Page |9

58 LS o Je il e jug S8 Gy X(8) = ex(t)[k — x(1)] Habaal) il Lbass Jeldli G (b e (20
tond | t=4 t=6 g.iLu.\SS\dGLA.\SH.\ng c?aﬂhcdjdﬂ\uﬁcaay
x(t) 2 ) Suppose‘a chemical reaction follows the equation x(t) = cx(¢t)[k — x(t)], and
%(t) 3 4 the concentration and reaction speed are given as shown in the table, Find the

values of ¢ and K for this chemical reaction?

Physics sk 1§ 3 54l '

LY ey 1) 99 ARial) canli Cun 92 5 AT (b a5 £ jbudll) — Agaiall Ayl Gl e @
We have already explored the concepts of velocity and acceleration. Another important application in physics where

the derivative plays a role involves density.
Population Density (number of people per unit area) (dalua 3aag J< (alddl) ) 48l 43U

. : (Density)
Color Density (depth of color per unit g.ch.&}’\ i) e (hw Sang <! cysll ) sl s a5l

area) used in the study of radiographs.
Mass Density (mass per unit volume) (p> Ban g J<I Alis) ALY AdUis
MJMUM\@&GJ@M&A 3 ga (pa Aligt) 48U

If an object of interest is made of some homogeneous material, and this gﬁantity is constant throughout the object

then the mass density is simply: .t
¥ Py mass Al

volume f..;;l\
JSEN (B LS ) (sl quly (o i X JY (pluasbiSll) ALY Lnkaal £ () A3 o2l sl g dailaia i 31 94 (sa Lal
kg [f(x) — fry)] Bl (x> xp) « xp, x Shadlal) (i Aulan) LS ot

gomputfﬁ‘é?he mass density at a specific point in a nonhomogeneous object. Suppose that the
function f (x) gives us the mass (in kilograms) of the first x meters of a thin rod. The total mass

between marks x and x; (x > x;) is given by [f(x) — f(x1)] k

= alKl) 44 mass density

=

o i
- —

«X= xlmw\mwmuum, FOOT@1) 43, 20 O (Jshal) Apedlly ABUSY) (g) ) ABUS s gia iy
X—X1
FO—f(x)

The average linear density (mass per unit length) between x and x is then defined as . Finally, the

linear density at x = x is defined as:

Jalshobaki.com g&ﬂ\ aa.aa nalas) ‘_,.ilfd\ c_,.f..ub.ﬁ\ Jadll ?.GM\ 12 Gl albual dml.ﬁﬂ\ Ciliadat rdag) ) Sas gl Z\.AJL:
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ABUS an Badaal) 348N A (o) Adabaally (@20Y) &l (@) culd) Cpe sia () J3F ALS 23a5 (1-4) e ALY B
Sl A3 S 5 lanly e ciaa g Ll ol Sl Adadl) ATQY)
The mass of the first x meters of a thin rod'is given by the function m(x) on the‘indicated interval. Find the linear
mass density function for the rod. Based on what you find, briefly describe the composition of the rod?

1) m(x) =4x — sinx grams for 0<x<6

2y m(x) = (x—1)3+6x gramsfor 0<x<2

3) m(x) =4x gramsfor 0<x<2

4) m(x) =4x* gramsfor 0<x<2

Jalshobaki.com (Sisdll daan 13038] (A o) jal) Sl adiial) 12 chual) cilpdly;  Jualil) bl dag) ) s gl ol
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(Electromagnetism Study) dsulalita g ¢Sl Al J2) [ £ 38l (a AT £ gua 54 .

(modeling electrical current in a wire) &) B AL <l Ll dalai @
The instantaneous current I(t) at any time ¢; can  4Lgill ciluay Al by ‘55 e [(t) Halll U ale Jin @
then befound by, computing the limit

1) = 1im 29220 5,
1 1

t (e 2 (electrical charge in a wire) it dll b 4yl <) Aalsl) Jis Q(t) 1 ss

(flowing current) &l e ghuia) JGl Ji Q(¢)

.. S een fe . t2)-Q(t
(Cra) Bang J<d Adad) Jbﬂ‘hww=%

Q(t2)—Q(t1)
-ty
el 13 DA el A Ldlal) diail) s Q(8,) — Q(E) G
Where the net charge passing through such a cross section is Q(t;) — Q(t) .

The average current (charge per unit time) over this time interval is then defined as:

hale JLah s < aglsS Q(E) = e 2! (cos3t'=2sin3t) d Al gl 303 & Q(¢) Ladil Gl pa b le (10w
Suppose that the charge in an electrical circuit is Q(t) = e ?!(cos3t — 2sin3t) coulombs. Find the current ¢ ¢ (s

25 Q(t) = et(3cos2t + Sin2t) A Abgs 503 & Q(t) Al &) pad o (20w
Suppose that the charge in an electrical circuit is Q(t) = et (3cos2t + sin2t) coulombs.

¢ . . T Yo
A) Find the current? Tt o)) ve L a (A

B) Find current after 1 second? $AGE 1 aay LAY A (B

Jalshobaki.com Sigdll daaa 1alae) AG ol jall Juadl) asitial) 12 ciuall ciluily Sualdll) cilidat =day) 1) Baa gl dajta
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(Modeling Population's Growth Rate) S8l salll Jira A lal .

(Logistic Equiation) fius sl Aalaall oy AR saill (s £ o piaiin o
GiSig i 7 G P(8) = r(O[1 — p(1)] s S8l N0l a5 Jira G P(1) @ A8l Nl Ujay 16 o
This:states.that.if.p(t) represents population (measured'as‘a fraction of the maximum 1Jsd e Loyl By gy

sustainable population), then the rate of change of the population satisfies the equation:
| Pt)=f(P)=r(1-P) For some constant r

S(P) J oalial) 385 ) P > 0 syl Ubagh calial) Aol oo gail) Jina (1985 g o

In order for the growth rate to be the maximum value, our goal is to find P > 0 that maximizes f(P) .

Sralind) el ) sail) Jinaded iy ) (AR Sl da | P(F) 58 Al oll) Alslaall Gy ARl 3aill G G Ao
1) Suppose that a population grows according to the logistic equation P(t) = 4P(t)[5 — P(t)]. Find the population
at which the population growth rate is a maximum?

1) P(t) = 4P(t)[5 - P(t)]

2) P(t) = 2P(t)[7 — 2P(t)]
2) Suppose, that a population grows according to the logistic equation P(t) = 2P(t)[7 — 2P(t)]. Find the population
at which the population growth rate is a maximum?

Jalshobaki.com Sigdll daaa 1alae) AG ol jall Juadl) asitial) 12 ciuall ciluily Sualdll) cilidat =day) 1) Baa gl dajta




