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DEFINITION Area Between Curves

If f and g are continuous with f(x) = g(x) throughout [a, b], then the area of
the region between the curves y = flx) and y = g(x) from a to b is the inte-

gral of (f — g) froma to b:

A

@-2)

FIGURE 5.30 The region in
Example 4 with a typical
approximating rectangle.

FIGURE 5.31 When the formula for a
bounding curve changes. the area mntegral
changes to become the sum of mtegrals to
match, one integral for each of the shaded
regions shown here for Example 5.

3
= f [flx) — g(x)] dx.

EXAMPLE 4  Area Between Intersecting Curves

Find the area of the region enclosed by the parabola y = 2 — x? and the line y = —x.

Solution  Firstwe sketch the two curves (Figure 5.30). The limits of integration are found

by solving v = 2 — x? and y = —x simultaneously for x.
2—xt=—x Equate f(x) and g(x).
X2—x—2=0 Rewrte.
x+1)x—2)=20 Factor
x=-—-L x = 2. Solve
The region runs from x = —1 to x = 2. The limits of integrationarea = —1.5 = 2.

The area between the curves is
"B 2
A =j [f(x) — glx)] dx =f [(2 —x%) — (—x)]ar
a -1

2 ‘_2 3_3 P
=/(2—x—x2}dx=2x+‘7— }
- 2 8

_ 2 81 (opl i) 2
—(4+2 3) (2 :+3)—2 &]

EXAMPLE 5  Changing the Integral to Match a Boundary Change

Find the area of the region in the first quadrant that is bounded above by y = Vx and be-
low by the x-axis and the line y = x — 2.

Solution  The sketch (Figure 5.31) shows that the region’s upper boundary is the graph of
f(x) = Vx. The lower boundary changes from g(x) = 0for 0 = x = 2tog(x) = x — 2
for2 = x = 4 (there is agreement at x = 2). We subdivide the region at x = 2 into subre-
gions A and B. shown in Figure 5.31.

The limits of integration for region 4 are a = 0 and » = 2. The left-hand limit for re-
gion B is @ = 2. To find the right-hand limit. we solve the equations ¥ = VX and
¥ = x — 2 simultaneously for x:

Vi=x-—2 Equate f(x) and g(x)
¥ =(x— 2}2 =xi—4x+4 Square both sides.
xP—5x+4=0 Rewrite.
(x—1)x—4)=20 Factor
x =1, x = 4. Solve
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Only the value x = 4 satisfies the equation Vx = x — 2. The value x = 1 is an extrane-

ous root introduced by squaring. The right-hand limitis b = 4.

For) = x = 2:
X = 4:

f{.-?f} = g{ﬂ = Vx—0=Vx
f{1] - g‘:’[’} = "'m"'} S EJ . \v; B

For2 =
We add the area of subregions 4 and B to find the total area:
2 4
/ Vxdx + f (Vx—x +2)dx
Total area = Jg 2
area of A area of B
2 _3p 2 _3p i i
—EJ-G-I— 3x" T+2l3
_£{1}3r’3_ﬂ_ "‘{4]3#? 8+ 8| — é{ﬁﬂ.ﬂ 3+ 4
R¥ 3 3 e
2 10
= = == F —i—
3 (8) — 2 3"
For regions like these
v ¥y
d| - -
=10 * =200\ x = 113)
— 0 *
x=g)\_| sl \
(4
0 = X > X

d
use the formula A= / [f(y) — gly)]dy.

In this equation f always denotes the right-hand curve

flv) — gly) is nonnegative.

and g the lefi-hand curve. so
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FIGURE 5.32 Tt takes two
mtegrations to find the area of this
region if we integrate with respect to
x. It takes only one if we integrate
with respect to y (Example 6).

b
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EXAMPLE 6  Find the area of the region in Example 5 by integrating with respect to y.
Solution ~ We first sketch the region and a typical horizontal rectangle based on a parti-
tion of an interval of y-values (Figure 5.32). The region’s right-hand boundary is the line
x =y + 2.s0 f(y) = vy + 2. The left-hand boundary is the curve x = y?. s0 g{y) = ¥2.
The lower limit of integration is y = 0. We find the upper limit by solving x = y + 2 and
x = y? simultaneously for y:

5 Equate f(y) =y + 2
y¥d=p and glv) = »°
JFI —y—2=0 Rewrite
(v + ])(y —2)=0 Factor.
P =1, y=2 Solve.
The upper limit of integration is b = 2. (The value y = —1 gives a point of intersection

below the x-axis.)
The area of the region is

A=fww%@wmw=£ﬁ~z—va

)

24y -y

=4

b
4.2
L @.2)
y=Vx
L= v=x—2 2
Area =2 J
—
= x
0 y=0 2 4

FIGURE 5.33 The area of the blue region
is the area under the parabola y = \V/x
minus the area of the triangle (Example 7).

2 3
j1;+__L2
F gl

4 3 10
4+2 M

Combining Integrals with Formulas from Geometry

The fastest way to find an area may be to combine calculus and geometry.

EXAMPLE 7 The Area of the Region in Example 5 Found the Fastest Way

Find the area of the region in Example 5.

Solution  The area we want is the area between the curve y = V. 0 = x = 4, and the
x-axis. minus the area of a triangle with base 2 and height 2 (Figure 5.33):

4
Area = f Vxdx — = (2)(2)
: 2
4
= éxm —2
3 0
2 10
= = Lsmpnes R
3 (8) —0—2= (5
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Find the total areas of the shaded recions in Exercises 2540,

25, Y

V=x 4 — x?

> X
—2 0 2
26. i
v = (1l — cosx)sinx
> X
0 T

Mr. Mohamed Abdel Aal — Math HOD — AL MADAR International SCHOOL
Al Ain -Al Hilli - UAE — 050 7374551



69

27,

—3F

y= S{Binx']VI + cosx

28.

s %(cos x)(sin(7 + wsinx))
y

.l“
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29.
}:‘
>
1
-
0
30. Y
A 1 "
y = 35sect
1 I
1 -
> T
T T
3| /O 3
y = —4sin’t
—4F
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y=x
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37.
llr
A
~3.5
3.5 |
y= 5o
L > x
-3 gy 1
y=—x> —2x
1,-3
(=3.-3) ( )
—4
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40. y
g (3.6)
3
¥V = % — X
¥ = x
(3.1)
| > X
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Find the areas of the regions enclosed by the lines and curves in Exer cises 41-50.

41. y=x*—2 and y=

I3
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43. y=x* and y= 8

5
44, y=x"—2x and y =x
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. J -?
45. y=x and y= —x"+ 4x
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47. v=x*—4x>+4 and y=x

48. v =xVa’> —x%, a>0, and y =0
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Vx| and 5y = x + 6 (How many intersection points are there?)

x* — 4] and y= (x*/2) + 4
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Find the areas of the regions enclosed by the lines and curves in Exer cises 51-58.

51. x=29°, x=0, and y=3
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53. y?

—4x=4 and 4x—y =16

4
£

,
5. x—yp* =0 and x+2y° =3
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56. vy — v =0 and x+y*=2
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57. x=y>—1 and x=|y|VI1 -3y’

|
58. x=9>—y* and x=2
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Find the areas of the regions enclosed by the curves in Exercises 5962,

59. 4x* +v=4 and x*—1y=1

60. x* —y=0 and 3x’—yv=4
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6l. vy +4°=4 and x+1v*=1 for x=0

62. x +1v> =3 and 4r +1> =0
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Find the areas of the regions enclosed by the lines and curves in Exer cises 63—70.

63. ¥y = 2 Sil]_.T ﬂﬂd y = Si]] "7 O0=yv=a1

64. v = 8cosx and y=sec’y, —w/3=x= /3
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~

65. v =cos(wx/2) and v =1 —«x"

66. v = sm(mwx/2) and y=x
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67. v =sec’x, y=tan’x, x=—w/4, and x = a/4

68. x = tan’y and x = —tan’y. —@w/4 =y = 7w/4
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69. ¥y = 3siny Vcosy and x=0. 0=y=7/2

70. v = 5ec3{ﬁx‘/3] and y=x", —-l=x=1
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71. Find the area of the propeller-shaped region enclosed by the curve
¥ — 1> =0andthe linex — v = 0.

72. Find the area of the propeller-shaped region enclosed by the
curvesy — y'3 =0andx — vy = 0.
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73. Find the area of the region in the first quadrant bounded by the
line v = x. the line x = 2. the curve v = 1/x?. and the y-axis.

74. Find the area of the “triangular” region in the first quadrant
bounded on the left by the v-axis and on the right by the curves
vy =sinxand vy = cosx.
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76. Find the area of the region between the curve v = 3 — x” and the
line v = —1 by integrating with respecttoa.x. b. 1.

77. Find the area of the region in the first quadrant bounded on the
left by the y-axis, below by the line vy = x/4. above left by the
curve v = 1 + Vx. and above right by the curve v = 2/Vx.
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78. Find the area of the region in the first quadrant bounded on the
left by the y-axis. below by the curve x = 2V/y. above left by the
curve ¥ = (v — 1)%. and above right by the line x = 3 — .
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