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Find the critical points of a given function
Example10 255
bllzn A0 ol sl ol

EXAMPLE 3.10 Finding Critical Numbers of a Rational Function
2yl
x+2

Solution You should note that the domain of f consists of all real numbers other
than x = —2. Here, we have

= EE+D =220
(x+2)
(e +4)
~ G
Notice that f'(x) = 0 for x = 0, —4 and f'(x) is undefined for x = —2. However, —2

is not in the domain of f and consequently, the only critical numbers are x = 0
and x=—4. B

Find all the critical numbers of f(x) =

Tom the quoient rie.

s A1) Ay sl alsw) 310 i,

.f{ﬂ:iizz_la?ﬂ!ﬂumdjd_?
b byad . x==2 2 agasdl slacl) US o gass £ Jlowe ol Las 36 ol casm Sl
x+ 2} — 2221 7
f[ﬂ=4x{ -:I-I:iZ}z @ saall il saclh s
2x(x + 4)
T w22

=2 olb U5 poy . x= =2 Loane a83as i f(x) g x=0,—4 1 fix) =0 .} oy
g X=—% 3 x=0 2 Lad > =l slae¥l ols Albs f Jlos o o




2 Find the absolute extrema of a given function

Sllana A4 Balkaall Gguadl il sl

(25-24)

258

W dGllay) geaid gl o 25-34 5 ,led) L0
In exercises 25-34, find the absolute extrema of the given func-
tion on each indicated interval.

25. flx)=x"—3x+1on (a) [0, 2] and (b) [-3, 2]
26. fix)=x*—8x* + 2 on (a) [-3,1] and (b) [-1, 3]
27. fix) = x** on (a) [-4,-2] and (b) [-1, 3]
28. fix) = sinx + cosxon (a) [0, 2x] and (b) [z /2, =]
29. fix) = e om (a) [0, 2] and (b) [-3, 2]
30. f(x) =x%¢ "% on (a) [-2 0] and (b) [0, 4]

3 on a) [~2 2] and (5 [2 8

x—3
32. fi(x) =tan'{x") on (a) [0, 1] and (b) [-3, 4]

3L fix) =

33. flx) = 5~ on (a) [0,2] and (b) [3, 3]

x? +

34. f(x) = =% on (a) [0,2] and (b) [0, 6]

¥ +16
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Find the local extrema of a given function using the First Derivative tast

) Bl s ety B 14) dlounll (gpanll pudll Sl

(1-10)

267

e a5 ) el mad) (Bgay) as (1-10 osleadt
1:;:-......:1 i | P PR & ._r.JF ol pally dasl e &S
FIEN YO | -] B TS TR ,_,J Silaglagdl sdis

Tl Mt peyly

In exercises 1-10, find (by hand) the intervals where the func-
tion is increasing and decreasing. Use this information to deter-
mine all local extrema and sketch a graph.

T B T

y=x—3xr+2 2.
y=x'—8&?+1 4.
y=(+1)% 6.
iy = Silx + COSx 8.

Y= e 10.

y=x"+2’+1
y=x3—3:2—9:+1
y=(x—1)"
y=é~:inzx

y = Infx> — 1)




Identify increasing and decreasing functions

Buagffialt Aty Lualitnall AN | pggia o Byatht

(33-38)

267

and sketch a graph.
33, y= —
L
x
35. y= —+——
ST d+3
3.y = ——

WVl +1

ol doglas a3LS (Byus) s 3338 5 L)
Lale Mo 15-'-",:}] .G,.uniﬂ H.“AJ"
In exercises 33-38, find (by hand) all asymptotes and extrema,

7
38 y=—"
Y -1
x

36. 1Jr=1_x_1
2

38, y— X +2

(x+1)°




. Find the local extrema of a given function using the First Derivative test

8 A 3 phackaly Bgna Al el il o
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Ed 1Y
In exercises 11-20, find (by hand) all critical numbers and use
the First Derivative Test to classify each as the location of a local
maximum, local minimum or neither.

1. y=x'4+453-2 12, y=x" — 5’ +1

13. y=xe ™ 14, y=xe™

15. y = tan~!(+¥) 16. y=sin(1- 1)
x x

17. W= ],-|-—_‘.f3 18. ¥ = m

19. y=/x* + 3«2 20. y=x"? + 413




Learn the notion of an Inflection Point and find one
uﬁ.aujgﬂthﬂ:l ahﬁ.';la_gshulr- \_l'm.lﬂ

(1-8)
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In exercises 1-8, determine the intervals where the graph of the
given function is concave up and concave down, and identify in-
flection points.

1. f{x]=13—312+4x—1 2. ﬂ.r]=x‘i—6xz+?_r+3
3. fle)=x+1/x 4. flx) =x+3(1-x)'
5. flx)=sinx—cosx 6. flx) = tan(x?)

7. flx)= 23 4 gylf3 B. flx)= xe ¥




Determine the concavity of a function using the first and second derivatives
ey J R Rl i ke Bicma Aa) Jo Jlg e ) pai 40 o

7

(45.45)

176

it Logdl g Baul med) ol mad) a8 464 45 s ed) 2
adlasg paind) ol o8y dloag) gouadll moall aBlsag
vt e ¥ dalis

In exercises 45 and 46, estimate the intervals of increase and

decrease, the locations of local extrema, intervals of concavity
and locations of inflection points.

45.

u

-

| 204

3

\ i+ f

46.

l—10+

Sketch the graph of a given function using its properties and its first and second derivative
il 230 e ol A o

(L13]

187

gl -.:'-‘L‘-'-“ Lelisns asmge alls o 49-52 -l u—"‘
illas Jl o ylazll

In exercises 49-52, find a function whose graph has the given
asymptotes.

(]

49. x=1, x=2andy=3
5. x=1Ly=2andx=3

gkl daallae daaa [ ALY 8

G gaall s




Find the antiderivative of a given function
blbren 1) el oS ol

(5-28)

18

Lpusal) A8idal) 33 o) (28-5) kel B

In exercises 5-28, find the general antiderivative.

5. /[3::‘1—3::} dx b. /{.‘r]—E] dx
7. f(ay@— lj:ﬁ 8. f(zx-hi_)dx
rd ﬁlr.-".T

1/3 _ 4
9./"‘ s 5 1[!./%&
1'2.13 I:'.lfl
11. /[Eﬁinx+cna‘x] dx 12, f[’;’.ms:—sin:]a‘x
13. [EE&ECITEHI:;"I 14./ 4 dx
V1 —x2
15, [mclx.a 16. /4“”’3‘ dx
510° x
17. / (3" — 2) dx 18. / (4x — 2¢%) dx
19. /{3 cosx — 1/x) dx 20. /{’-J_r"- + sinx) dx
dr 3
21. d 22, S
./IE+4 : f-—l:r:+-'1

COSx i g
23, /sinx dx 2. f(ELDS: Ve jdx

zs./ A 2. fft+3dx
43 i

7. / oA M 4 dx 8. f 3 Z3) dx




Understand the notion of indefinite integral as finding an antiderivative
10 [35-48) 330
A3l o iy dgacmall b B pggia Je Byl

Blarall Ja gyl (38a3 AN £(x) 1A 2 1 (40-35) cmlail) B
In exercises 35-40, find the function f(x) satisfying the given
conditions.

35. f'(x) = 3¢ +x,f(0) =4

36. f'(x) = 4cosx, f(0) = 3

37, f"(x) = 1262 + 26, F'(0) = 2, f(0) = 3
38. f(x) = 20:3 + 267, f(0) = =3, £(0) = 2
39. f(H) = 2+ 24 f(0) = 2,f(3) = 2

40. () =4 +6t f(1) = 3,f(-1) = =2

Blaaall Jn g pld) (38a3 Al F(x) o) aan 2390 (44-41) Gl B
In exercises 41-44, find all functions satisfying the given

conditions.
41, Ji*'”{x}=:3~5~in:r+a1:z2 42, f"(x) = V{_—Ecus:r
43. fm{-‘f}=4—2,-".‘r! 44, f"(x) = sinx — ¢

45. Determine the position function if the velocity function is
o(t) = 3 — 12t and the initial position is s{0) = 3.

46. Determine the position function if the velocity function is
o(t) = 3¢~ — 2 and the initial position is s(0) = 0.

47. Determine the position function if the acceleration function
is a(f) = 3sint + 1, the initial velocity is »(0) = 0 and the ini-
tial position is s(0) = 4.

48. Determine the position function if the acceleration function
is alf) = #* + 1, the initial velocity is »(0) = 4 and the initial
position is s{0) = 0.

o dgaiad) de ! Ay colS 13) aslS ) Al sas 4D
 5(0) =3 s Slan¥) g3ellly v(f) =3 =12t

o dgaiad) de ! Al colS 13) aslSl Al sas 46
c5(0) =0 a2 Alaza¥) abgally vif) =367 =2

alt) =3sint+1 o g lacll alls colS 3] aalS) alla) sus A7
ot Alan¥) adeudly 0(0) =0 o adlazn¥) dgacldl dc s
. 5(0) =4

alf) = £ +1 Lo gylad) @l colS 15) 218 i) s 48
5o Alan¥) aslly p(0) = 4 2 A1V dgeull de iy
s(0) =0

el Sl pabilas fix) sl Shod) L2l puyl 49
LY =f(x) ) pagsl




Use the sigma notation to compute basic summation
11 [3-18)
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In exercises 5-8, write out all terms and compute the sums.

5. iBiE b. Z[iz + 1)
=1 =3

10 B
7 Y (4i+2) 8. Y (*+2)

g saaall dlasy £ ganall 381 8 addin) 18-9 o Culalll B
In exercises 9-18, use summation rules to compute the sum.

70 45

9. ¥ (3i—1) 10. ¥ (3i-4)
i ]

11. 2{4—2’3_} 12. Z{E—z]
100 a0

13. Y (n"-3n+2) 14. ) (n* +2—-4)
o o

15. Z[q‘z'—ml +i—3] 16. Z[s—g](f+3}
=3 =4

17. ) (" -3) 18. 3 (k* +5)
k=1 k=0

Estimate the area under a curve on a given interval using rectangles 510)

Cithtall il Baies B B A ortall S Al

ke ) sl Al 52 510 slead) B
(a) el scleBy dadus 1 plascwly dlaayl) & aal)
Aylged) idads (0) caanied! adads () g ) dslgad) adads
o et |
In exercises 5-10, approximate the area under the curve on the
given interval using n rectangles and the evaluation rules (a) left
endpoint (b) midpoint (c) right endpoint.
5. y=x>+1on[0,1]n=16

6. y=x>+1on[0,2],n=16

7. y=+/x+2on [l 4] n=16

8. y=e=on[-1,1]n=16

9. y=cosxon[0,x/2],n=50
10. y=x>-1on[-1,1], n= 100
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Learn the properties of definite integrals

13

[23,21]

356

i) dx s 244 23 s el B

In exercises 23 and 24, compute f ;f{r]. idx.

2 ifx<l
23'4{“]:{4 ifx>1

(2 ix<2
24'f“ﬂ={3: ifx> 2

Apply the Integral Mean Value Theorem
B § R B s

14

(55-58)

367

ole Aol il ugngd) il o o 55—58 pylall B
Ellasgd) & ,zall

In exercises 55-58, find the average value of the function on the

given interval.

55. flx)=x2—1,[13]
56. fx)=2v—2%[0,1]

57. flx) = cosx, [0,x/2]
58. fix) =&, [0, 2]
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Use substitution to compute integrals

CABEN Al | fragalll el

(5-18)

iTe

dgaomed] gk JolS) ded o 30 JI 5 e Gl

In exercises 5-30, evaluate the indicated integral.

5. f.‘r'-! WVl +3dx

7-
9.
11.

13.

skl saaliae daaa [ MLy

SiMx
dx

4/ COSx

f Icostidr
/IETE_I:iT

/

-/

. i
eV’

— idx
"I'r.'EI

' fm

dx
x

6. [Vttt
8. /Iﬁinst[Jﬁxuir
10. fsinf[cn5r+3}3*'*df
12. [ .-:*T\.,fm dx

14, / cos(1/x) 4

P
xe

16. ‘/E&Etzletanxdx

G gaall s




Solve economical and scientific problems on exterema
16 Exampled.1,2 307
il oo ol il e Ay Ay Pl J>

EXAMPLE 9.1 Analyzing the Marginal Cost of Producing
a Commercial Product

Suppose that
C(x) = 0.02x% + 2x + 4000

is the total cost (in AED) for a company to produce x units of a certain product.
Compute the marginal cost at x = 100 and compare this to the actual cost of
producing the 100th unit.

Solution The marginal cost function is the derivative of the cost function:
C'ix) =0.04x + 2

and so, the marginal cost at x = 100 is C'(100) = 4 + 2 = 6 AED per unit. On the
other hand, the actual cost of producing item number 100 would be C(100) — C(99).
(Why?) We have
C(100) — C(99) = 200 + 200 + 4000 — (196.02 + 198 + 4000)
= 4400 — 4394.02 = 5.98 AED.

Note that this is very close to the marginal cost of AED 6. Also notice that the
marginal cost is easier to compute. m

Another quantity that businesses use to analyze production is average cost. You
can easily remember the formula for average cost by thinking of an example. Ifit costs a

total of AED 120 to produce 12 items, then the average cost would be AED 10 (AED ‘!ED )

12
per item. In general, the total cost is given by C(x) and the number of items by x, so
average cost is defined by

Clx) = @

Business managers want to know the level of production that minimizes average cost.
gl wolsaay) Lasd) dalsall fdss 9.1 Jls

ol pasd le
Clx) = 0.02x* + 2x + 4000

AnlSoll 3,8 aogl diias alocis s Basg X pas Al tru._,_LJL.J aalSell  Jles) aa
Gasg 100 zloy adsal) aalSall Lysleg x =100 sae dasd
aalSall )y aacfia oo Gasdl 2alSa)) alls Sl
C'lx) =0,04x+ 2

oy By S oalyy C'(100) =4+ 2=6 & x =100 J aastl aalSall . Jllby
Lead (81300) .C(100) = C(99) aSiw 100 sue paell aleall aalSall ol g sf sl
C(100) — C(99) = 200 + 200 + 4000 — (196.02 + 198 + 4000)
= 4400 = 439402 =598 sal ;>

[}

dasdl aalSa)) o Lal das¥ AED 6 a8l) dvasd) 2alSa)l e 1 wa,d lie ol sy
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Solve mathematical and real-life problems on related rates
17 [19-28) 304
Bapah Cindl o Loy By las >
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Exercise 19 k o = g 1
19 Lyt

M. Boyles lsw for & g2= 3 oonslan iEmpETSune B PV =g
where P i presmme, ¥ & volume and ¢ 15 3 consiand. A%
same thai both Pand v are functlons of time. (3] Show tha
FRY W ) = —:_.'1.-':'. {b) Scbve for P a3 fonotion of V. Tees-
Ing ¥ asan independen wariabie, oompue PV ) Compare
Fiv) amd .F":JIJ"'.-"'H:- Erom panis (a) and ik

A. Adock &8 ahore waier Suppose yousiand ond he edge of
the dock and pull a ope sttachedio a boad & the oonstam
e i 2 Bser Sesromedta dhe bosd remains 3 waer level
#4 what speed 1s the boal approaching the dodk when & s
20 fem. foom e diock? 10 feet from dhe dodk? It B o
prising that the boat's speed ks nal consiam 7

¥ Sand 18 poured imdo a conical pliewith the height of the plie
equalling the dismeter ofthe plle. 1 the sand s poomed 2 a
ComsiaTH T o 5 T/'s, & whai rmie 13 the hetght oithe plie
increzsing when the height 15 2 meters?

23, The freqoency s which o guliar sering wibrses fwhich deter
mines the plich ofthe potewe hear) bs relaied iodbe ension
T wowhichihe sring sighiensd, the demsity o ofihe S1ing
end the effecitre length L of the siring by the sgosiion
fm ﬁ1.|'l1 By running his Smger 2leng astring, & golars

]
can change L by chenging the disiance between the bridge

lEﬂ.hJJEIF_E-UFFﬂ'IHh.HL—i-EW“'I—Eﬂﬂ-'!m
a
that the s of F are Henz jgpdes per second). Lidhe gub

tamist s band slides so ke L) = — &, 8ndf (1), A4 this mxe,
how long will B dake fo madse the pich one ootave jgha s

daable 77

M. Suppse thed yoa are biowing op a balioon by adding atr =
the taes 1 s ke I:a:i:r;ﬁahﬂm ;mgu_:e,
the volume ard radius are relsied by V = Sar®. Comgpare
the mie & which the radius s dhanging when r= 001 A
wersus when r= 0.1 8. Disces how s maiches (he spe.

rience of a person biowing up a balinon.

25, Waier s being pumped fmo & sphericaliank of mdius 60 fee
& ihe cormiand ree of 10 &7 /s, () Find therae s whichibe
rad b o e d o el ofwaet inthe tamk chamgeawhendbe
tamik Ishalfful b} Find the height & which the beighd ofibhe
water Inthedank changes & the same raie &the mdis:

26. Sand tsdomped such thatihe shape of the sandplle remains
poone with hetghd equad do swice the mdios (3) 1Fthe sand
Is dumped a1 the corsiand raie of 20 i reec @nd the ree #
whichibe radius & moresstngwhen the heighi reaches 6 fesl
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18 Learn the properties of definite integrals (3738) 256
Spmall JaBE adleac eyl
e dx=—24 [ fx) dx =3 51 L 2 384 37 iyl 8
o g
Im exercises 3¥ and 38, assume that fff{.r} dr=13 and
J;} gtx) dx = —2 and find
3 3
7. @ [ i+l v [ e -gela
1 1
3 3
8.0 [f@-swla O [ k- e
1 1
Lean the Fundamental Theorem of Calculus [Part I} and use it to compute various definite integrals
[39-42) 366-367
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In exercises 39-42, find an equation of the tangent line at the

given value of x.

39. y= / sinVi2+xldtbx=10
Ji

40. y= / in (2 + 2t + 2) dt,x = —1
a1, y= / cos(xf) dt, x = 2

42, y= / g+ dt,x=10
a
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Use substitution to compute integrals
0 d 5 (5-40) 376
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In exercises 5-30, evaluate the indicated integral.

5. f oyt + 3de . [ v 14 10w dx
sinx

7. f dr
y/ cosx

q, fr cos [ dt 10.

-/

/

11 [ _H;i_-.lh. . [

13. [“:‘_dl. . ji:..:m'].fu N
[ =
/=

"1]'I X 005X dr

sin f{cost + 3)°4 &

Eafer + 4 ddx

1,,-]11

17. [ — I:,_ adu 18.
'|...JI"|..h—|

-*++
149, dx 20, [tanlr..l.r
1|'I'|1+l-
[sin~" x) - o R
M. [—_...1 22 [.1"5:::':'.1’”&1'
y1—a )
3. (a) [ﬁeh‘ ik jﬁm
M. (a) [ I"" e b j ]:_ dx
+x =
25. (a) [ ll _11_ dx {b) j ]] +11‘ dlx
Infx Ty X
.15“/ Ll rbj""gt
1l +x 145
7. [‘”1’.. :3.[_" dt
yi+3
9. J[ ...1 30, [+e.‘.1'
V '1 +y Wt -1
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In exercises 31-40, evaluate the definite inte gral.

31. / x4+ 1dx 32. / xsin{x’) dx
J | ; 3

33 [ — it M. J/r e i
4 B+1p o

-

15.[ fﬂ ar .Ehli'/r s ir
g 14e= p 14#

xf1 £ Inx
I7. / colx dx 38. —dx
=

"x—1 ! r .
30, f'r = i 4. J/r ———dx
LI TR 0oy +1




