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Differentiation Rules Blaxa| uelgd

e
Derivative f,(.X')

y=f(x).9(x) j—i = f'(X)g(x) + f(x).g'(%) 2 G+ 1)+ (2 +5)(3)

INEIeIVEAWiViwil EreiU M WA Lo N E—— N e LY M WAU L N I It] \NJAIC] ]

PR
_f® dy _f(0g®) — f(x).g'(x) [ A3+ | dy 3x*(5x—2) - (2 +1)(5)
Y= gx) dx (,g(x))2 Y= 5x—2 dx (5x — 2)2

3(2x)
(x2 + 2)2

-II.']II:II_IIII’II.-I -II_ lllllllllllll

a 2\/5x2 1

_ Jsxz—ﬂ a
y = (f(g(x) Y _ r(g®).9'® g 9 _ 53 1 8)*(3x2)
dx dx
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Function f(X)

Derivative f’ (.X)
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CHAPTER 4
Applications of Differentiation
Slaay! eliulas
Lesson 4-3
4-3 Al

(6 ) a9 slaall ol
MAXIMUM AND MINIMUM VALUES

DEFINITION 3.1

For a function f defined on a set § of real numbers and a number ¢ € §,

(1) f(c) is the absolute maximum of fon S if f(c) = f(x)forallx € § and
(i1) f(c) is the absolute minimum of f on § if f(c) < f(x) forall x € §.

An absolute maximum or an absolute minimum is referred to as an absolute

extremum. (The plural form of extremum is extrema.)

3-1 Cyas

cES = Y sdidall oYl de geae o § 8 flll o &b o f(x) Ula gV
f(©) =f(x)forallxeSJsis sl lo f Al aae d8lhadad 2f(c) 2 (1
F(c) < f(x) forallx € SIS s o f Al 5 ja dilin Ak Af(c) 2 (2

An absolute maximum or an absolute Al f Aallaal) _adaall daadl) ) L
minimum is referred to as an absolute Adlldl) (5 galll aill anly ddlladll (5 jaaall

extremum. (The plural form of extremum is .(extrema s extremum (» aeall)
extrema.)

0507614804 525 e iy
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-lII
Has no 1 3';
\ absolute f
| S S Abzolute
\ / maximum
I'ul |.'I _.Irl:l:":'——"'?)f--.
e |/ \
| ! - : L
! X J 1 L .
- IR
it +flc) \
Absolute / Has no \
minimum absolute \
MmN mum \
dilha 5 4 f(c) ditha el f(()
dilha aBie 22 g Y Adlhs 5 a2 g Y
EXAMPLE 4.1 4-1 Jla
(a) Locate any absolute extrema of J dallas (5 gual dad (gl 22a
f(x) = x* — 9 on the interval (—oo, o).
A - . ) N
f(O):—9 MLA&MMJA}‘\A‘}JSAE‘)JS 4 maximum
Allas elie daf a5 Y |
.I"ll [ I.In".l
:_3'\< e
{Absolute minimum )
; -~ - - 3
<l (b) Locate any absolute extrema of J dallae (5 pual da (g 22a
O f(x) = x* — 9 on the interval (=3, 3).
‘g f(0) = —9 Al (5 yrim Aad 2x 5y s gida 3y
e Albae elie Aaf aa g Y 4 No absolute
maximum
—3 3
——t— ———+—+
\ /
A /x
Tho) = o
{ Absolute minimum)
0507614804 525 ses JiuY)
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(c) Locate any absolute extrema of J Aillan (5 gl a6l 22a
f(x) = x* — 9 on the interval [—3, 3].
da gy 48lza 3 5l Absolute maximum A
F(0) = —9 Adllas (5 jin dad A=-3)=/3)=0
f(=3) = f(3) = Odalhas alac 4ad _1 >
"-.' _.'"Il
AW /
N
fily= -9
{ Absolute minimum)
EXAMPLE 4.2 4-2 Jla
Locate any absolute extrema of J dallas (5 pual da (g 22a
1
f(x) = —on [-3,0) U (0, 3].
dad Ll an g Vg aliaia ye AN () Baa an )l o 4
Jille 5 pocd N
i Ladie 4leiVle alls ) X5 Ll a3 dus = T 3
O i Lavie ¥ Lo (s el (e Jeall (g A1) S—— e
el e il T
|I 1
THEOREM 3.1 (Extreme Value Theorem)
A continuous function f defined on a closed, bounded interval [a, b] attains both an
absolute maximum and an absolute minimum on that interval.
3.1 4k
MLA‘EALQMJMLA&MM&}J [a’b]um"é‘)ﬁs‘;szﬁﬂ}u@.q‘dbay
5| EXAMPLE 4.3 4-3 Jia
'8 Locate any absolute extrema of J dallas (5 gual dad (gl 22a
—% f(x) = i on the interval [1, 3].
& |
i #
da g Al Al e Alate A1) 1
1.. p A 4
F(1) =1 4l olac 408 T ~—,
} } } X
| k)
0507614804 525 ses JiuY)
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DEFINITION 3.2
(1) f(c)is alocal maximum of f if f(c) = f(x) for all x in some open interval
containing c.
(it) f(c)is a local minimum of f if f(c) < f(x) for all x in some open interval
containing c.
In either case, we call f(c) a local extremum of f.
3.2 iy p

sl e 5 x af arend fe) 2 f(x) CsCuny €t ia et B a1 ke ol 3aE fi(€) QS
sl ade 2 af sl ) S fx) oS us € eI Aa e s 8 Cua 5 1 Al (g a daE fie) eSSy

3....35;‘\ §.pad Zug f(b) Locall??;}h:ugii
f'(b)=0 '

b

Local maximum 3":‘3“ GJ‘AE 2'—‘,-.‘3 f(d)
[ "(d) 1s undefined] Bagaga & fl(d)

a,.\.‘m ‘53443 R.A...é f(a) Local minimum
' _ Lf'(a) = 0]
fl@=0

REMARK 3.1
Local maxima and minima (the plural forms of

maximum and minimum, respectively) are
sometimes referred to as relative maxima and
minima, respectively.

0507614804 335 sas Miuy)

https://t.me/lomaths12

Local minimum Rﬁh“ 63“5 a-‘,-.é f(C)
[f"(c) 1s undefined] 3_1‘9%‘9‘ J,-.‘.Q f/(c)

dasada
Al s sladl) Lol (5 gl il ) Gl i
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EXAMPLE 4.4 4-4 Jéa
Locate any local extrema for J dalae (5 gual dad (5] 20a
fa) =9-2
and describe the behavior of the derivative Aladll (5 gaadll dqaall i dgidall & ol Caia

at the local extremum.

7T\
o\

EXAMPLE 4.5 4-55d\5-=

Locate any local extrema for J Adas (5 gad dad (gl 20a
fO) =Ixl o

and describe the behavior of the derivative dlaal) 5 padll Aol die dgiial) ol Cain

at the local extremum.

DEFINITION 3.3

A number ¢ in the domain of a function f is called a critical number of f if
f'(c) = 0or f'(¢) is undefined.

QuBoedy Al
S f(x) Al A ja ddass f(x) A Jlaa A € 2l (68
f'(c)=0o0r f'(c) 523 e

THEOREM 3.2 (Fermat’s Theorem)

Suppose that f(c) is a local extremum (local maximum or local minimum). Then ¢
must be a critical number of f.

e b 4y s
e b (uSallgda o Al 4 ¢ B f(x) DAl ddaa s gl dad A () @ils 1)

0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
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EXAMPLE 4.6 4-6 Jba
Find the critical numbers and local extrema of J s all Llal) s )

f(x)= 2x3—3x%—-12x +5.

EXAMPLE 4.7 4-7 Jia
Find the critical numbers and local extrema of J A pald) Ll an

f(x) = 3x + 1)%.

EXAMPLE 4.8 4-8 Jia
Find the critical numbers and local extrema of J s all Lalal) as

f(x) = x3.

0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
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EXAMPLE 4.9 4-9 Jua
Find the critical numbers and local extrema of Jda adl Llad) a
1
f(x) = x3.
bt ——t—> X
EXAMPLE 4.10 4-10 Jbe
Find the critical numbers and local extrema of Jda all Llad) a
f =22
X) =
x+2
THEOREM 3.3
Suppose that [ is continuous on the closed interval [a, b]. Then, each absolute
extremum of f must occur at an endpoint (@ or b) or at a critical number.
3.3 4k
LIall) vie ) 3 Al Gl phal e afi ol Cany Althal) (5 gualll aidll Gli[@, b] Adlaall 3yl e dlate £ Al cals) 1)
Al
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REMARK 3.4

Theorem 3.3 gives us a simple procedure for finding the absolute extrema of a
continuous function on a closed, bounded interval:

1. Find all critical numbers in the interval and compute function values at these points.

2. Compute function values at the endpoints.

3. The largest of these function values is the absolute maximum and the smallest of
these function values is the absolute minimum.

Ailaa 5 5% o Aloaie A1l Zillal (5 gl adl) slasy

da all dlae ¥l aes 2a ) (1
5 yidl) Gl el e g da jall dae Y sie Alal) el sl (2

Hallan (5 jham 55 A al s dillae i Ao 055 e Sl (3

EXAMPLE 4.11 4-11 Jba
Find the absolute extrema of Adllaall (5 goadll asll 2

f (x) = 2x3 — 3x% — 12x + 5 on the interval [—2, 4].

Imad Odeh

0507614804 335 Jes i)
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=23

EXERCISES 3.3  (wlad

Find all critical numbers by hand. Determine oo Aad Leia (o) 2 25 da all Ll apes 2a )
whether the critical number represents a Gl Leia (gl g dilan (5 yria dad Lgia () 5 Alaa
local maximum, local minimum or neither. S rua g ebe
(Ba) f(x) = x? +5x —1 (Bb) f(x) = —x? +4x +2

(4a) f(x) = x3 —3x +1 (4b) f (x) = —x3 +3x% +2

- (5a) f (x) = x3 — 3x? + 6x (5b) f (x) = —x3 + 3x? — 3x
O
o
O
&
e

(]

0507614804 525 e iy
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Find all critical numbers by hand. Determine e dad lgia () 20a 5 A jall L aes 2o
whether the critical number represents a G Lgie (515 Ao (5 o daf Lgia (g5 Al
local maximum, local minimum or neither. Srua ) abie
(6a)f (x) = x* — 2x2 + 1 (6b)f (x) = x*-3x3 + 2

7.f (x) = x* — 3x3 + 2 B)f (x) = x* + 6x2— 2

11.f (x) = sinxcosx ,[0,m ] 12.f (x) = V/3sinx + cosx

0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
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I
Find all critical numbers by hand. Determine e dad lgia () 20a 5 A jall L aes 2o
whether the critical number represents a G Lgie (515 Alaa (5 yaaa Aol gia (gl 5 Ailaa
local maximum, local minimum or neither. Srua ) abie
19.f (x) = 2xVx + 1 20.f (%) = ——
Vx2 +1

16.f (x) = xe™?* 21.f (x) = [x% —1]

Imad Odch

2
23.f(x)=f(x)={x2+2x 1, x <0
x“—4x + 3, x=0
0507614804 5355 les i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
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Find the absolute extrema of the given J il (5 guaill adll 2a
function on each indicated interval.
25.f (x) = x3 — 3x+1

a) [0,2] b) [-3,2]

R

26.f (x) = x* —8x%2+2

a) [—31] b) [-1,3]
27.F (x) = x3
a) [—4,—2] b) [-1,3]

0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
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Find the absolute extrema of the given J il (5 guaill adll 2a
function on each indicated interval.
28.f (x) = sinx + cosx

a) [0,27] b) 5,7l

29.f (x) = e™*°
a) [0,2] b) [-3,2]

30.f (x) = x%e™**
a) [-2,0] b) [0,4]

0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
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Find the absolute extrema of the given J ddllaall (5 guaill adll 2a
function on each indicated interval.
3x2
1. = —
31 f (%) = —;
a) [—2,2] b) [2,8]

o

32.f (x) = tan"1(x?)

a) [0,1] b) [—3,4]
X
33. X) =
f(x)=—=
a) [0,2] b) [-3,4]
0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
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Find the absolute extrema of the given J il (5 guaill adll 2a
function on each indicated interval.
3x
34. xX) =
f () x%+16
a) [0,2] b) [0,6]
Q11 Find the local minimum of the function where = Zallaall addll naatdl Sl syl aodSu) 110m
f(x) is graphically represented below. slanall 3 yiall 4 Adlall
FO) = (-1,1)
x = ) - )
x? -1
4
3
2
—4-3-2-10[\1 2 3 4
24+
34
4_._
<l Q1 Findthe x —coordinate of the local J laall ebiall il x cilflaal aa gl 1
‘% maximum of
O X
= Y T3
&
]
0507614804 335 Jes i)
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Q2  Find the x —coordinate of the local J Alsall ebaall el x cilflaal 2l 20
maximum of
f(x) = x%e™*
Q3  Find the absolute extrema of J dalladll (5 padll pdll 2l 3w
f(x) = x3 — 12x + 100n the interval [0,3]
Q4 Find the absolute extrema of Jddlhall (5 saill pdll 2a ) 4

f(x) = e* on the interval [0,2]

0507614804 335 sas Miuy)
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Q5  Find the absolute extrema of the given e slarall lall dalladl) (5 il aiil) 2l 5
function on the indicated interval. L) Ll 3 yidll
flx) = \/x3 —3x%+2x ,[-1,3]
Q6  Find the absolute extrema of the given e slaxall lall dalladl) (5 il ail) 2l G
function on the indicated interval. L) il 3 il
f(x) =x%e™ ,[-1,4]
Q7  Find all critical points of Jids all dlae¥) jen 22yl 7
f(x) =x*+3x%2+2
-~
O
8 Q8  Find all critical points of Jasall dlaeY) aen 2a gl 8
= f(x) =x*—8x%2+7
x
&
|
0507614804 525 das Jiy)
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Q9  Find all critical points of Jaaall dlae¥) pes 22l 9
f(x)=x3-3x2-9x+1

Q10 Find all critical points of JasallslacW) pes 2a gl 100
fx)=x3-3x+1

Q11 Find all critical points of Jaa all daeY) pen 22yl 110
f(x) = —-9x* - 12x—6

0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
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Q12 Find value of k such that the function 4ad fa) Al Jass ANy kaad ang) 120
f(x) has alocal extremum value at x = 2 X =2 dic ddas (5 b
f(x)=x3+kx+5
Q13 Findvalue of a, b such that the function f(x) Aall Jaas ‘_";d\, a, biadng 130
f(x) has a local extremum value at f(—=1) = 7 & Alse 5 gl 40
f-1) =7
f(x) = ax®+ bx + 3
e
O
e
O
e
<
&
]
0507614804 335 das i)
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Lesson 3.4 ¢
a)a 0451.'\33 Ag\js
INCREASING AND DECREASING FUNCTIONS

DEFINITION 4.1

A function f is increasing on an interval [ if for every x|, x» € I with x; < x3,

f(x1) < fixz) [i.e., f(x) gets larger as x gets larger].

A function f is decreasing on the interval [ if for every x, x, € I with

x1 < x2, f(x1) = f(x2) [i.e., f(x) gets smaller as x gets larger].

THEOREM 4.1

Suppose that f is differentiable on an interval /.

(1) If f'(x) = Oforall x € I, then f is increasing on /.

() If f'(x) <= Oforall x € I, then f is decreasing on /.

Aoy ARl 5 L) g LaBlinl) g A 33
Increasing and decreasing and first derivative
f'(x) <0,x € (ab) f'(x)>0,€ (a,b)
f(x) decreasing 4<8liia f(x) increasing 3 i
e (a,b) 55 ke (a,b) 5 5 s
‘_c Dﬁbt Sa‘l?ry
O \
'g /
a b a b
0507614804 535 sbes ind)
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fincreasing ,
(tangent lines have _',]L
positive slope)
‘\\\\‘-\_—-\_‘;}f
'-:_"‘—-—— Fdecreasing "
(tangent lines have
negative slope)
THEOREM 4.2 (First Derivative Test)
Suppose that f is continuous on the interval [a, b] and ¢ € (a, b) is a critical number.
(i) If f'(x) = Oforallx € (a,c)and f'(x) < Oforall x € (c, b) (i.e., f changes
from increasing to decreasing at c), then f(c) is a local maximum.
(ii) If f'(x) < Oforallx € (a,c)and f'(x) = Oforall x € (c, b) (i.e., f changes
from decreasing to increasing at c¢), then f(c) is a local minimum.
(iii) If f'(x) has the same sign on (a, ¢) and (c, b), then f(c) is not a local extremum.
A9 ddiell ylis
First derivative test
fley=0 flid=0
or or
undefined undefined
x = a c d b
G
= f’(xj&d;'u:‘ ¥+ + + + |- - - o e+ o+ o+ o+
% f1(x) >0 f1(x) <0 ') >0
f(x) ’ '
k=
Increasing Decreasing Increasing
sl e T Sl e
fle) fd)
Local maximum Local minimum
Lidas paBe Ao g fus
Increasing &l isforallx € (a,c) U (d, b)
decreasing “~fiaforallx € (c, d)
0507614804 335 les JiuY)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
25




Imad Qdeh

Imad Odch

EXAMPLE JGa
Use the graph to answer 4l Lee 430 6l ol e aaie)
1) Absolute maximum

Adllaall alaall Aadll L e

2) Absolute minimum
dalhall 5 jraall Al
3) Local maximum

4) Local minimum
Adaall (g poall Aadll L

5) Increasing interval(s)

G B
6) Decreasing interval(s)

o8l B
EXAMPLE 4.1 4-1 Qe
Find the intervals where the function pill aaas daa o yaBlul) ) i g ) ) ) Y38 aas
is increasing and decreasing. Use this lee 55 Oy Aalaall (5 sl

information to determine all local extrema
f(x) = 2x3 +9x% — 24x — 10

EXAMPLE 4.2 4-2 Jia
Find the intervals where the function is increasing PR | JP VENSUCPNP e i G [ RV G [ JEREN
and decreasing. Use this information to determine e 5 Om g Adaall (5 puadl)

all local extrema

f(x) = 3x*+40x3 - 0.06x% — 1.2x

0507614804 335 Jes i)
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EXAMPLE 4.4 4-4 Jia
Find the intervals where the function il aaen das &5 Bl ) y38 5 ) I )y s
is increasing and decreasing. Use this lee 55 Oms Aladll (5 il
information to determine all local extrema
5 2
f(x) = x3 — 3x3.
EXERCISES 4-4
Find the intervals where the function is increasing PRI SVENICPNPA g i | G PRV G JELEN
and decreasing. Use this information to determine Lee 53 (s Alaall (5 gucail
all local extrema
Ql y =x3-3x +2
= @ y =x3+2x2+1
Q
=
O
e
x
&
|
0507614804 525 das Jiy)
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Find the intervals where the function is increasing pill aren 2aa o8 (Bl <l i ) Sl ) 8 daa
and decreasing. Use this information to determine lee 53 s Alaall (5 gucal
all local extrema
Q3 y =x*-8x*+1
Q4 y=x3-3x>-9x +1
5 2
¢ y=(x+1)3
-~
Q
=
O
e
x
E
0507614804 515 sles i)
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Find the intervals where the function is increasing pill aren 2aa o8 (Bl <l i ) Sl ) 8 daa
and decreasing. Use this information to determine lee 53 s Alaall (5 gucal
all local extrema

6 1
¢ y = (x—1)3
Q7 y = sinx + cosx
Q8 y = sin®x

0507614804 335 Jes i)
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Find the intervals where the function is increasing pill aren 2aa o8 (Bl <l i ) Sl ) 8 daa
and decreasing. Use this information to determine lee 53 s Alaall (5 gucal
all local extrema
Q9 y = exz—l
Q10 y = In(x? — 1)
Find all critical numbers and use the First SN IEN IPREG IPA R SRS B S [ SVENIENgY
Derivative Test to classify each as the location of leia S £ g8 paasl d V)
a local maximum, local minimum or neither.
Q11 y = x*+4x3-2
M
Q
=
O
e
<
&
|
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Find all critical numbers and use the First Agidall JLEAS ki) o5 A al) Blsl) gaes 2a

Derivative Test to classify each as the location of e JS g 58 daatl 1Y)

a local maximum, local minimum or neither.

Q12 y = x> -5x*+1

2

Q13 y = xe™*

Q14 y = x’e™™*
-~
Q
=
O
e
x
&
|

0507614804 525 ses JiuY)
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Find all critical numbers and use the First Agidall JLEAS ki) o5 A al) Blsl) gaes 2a
Derivative Test to classify each as the location of e JS g 58 daatl 1Y)
a local maximum, local minimum or neither.

Q15 y = tan~1(x?)
Q16 v 1
y = sin 1(1 —;)
Q17 _ X
Y =1+ 23

0507614804 335 Jes i)
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Find all critical numbers and use the First Agidall JLEAS ki) o5 A al) Blsl) gaes 2a
Derivative Test to classify each as the location of e JS g 58 daatl 1Y)
a local maximum, local minimum or neither.
Q18 y =

1+ x*

R y =+x3 + 3x2

20 1 1
¢ y = x3+4x3

0507614804 335 Jes i)
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: 1
Q27 sketch a graph of a function LN Gal &) L Al A Gl 27
with the given properties.
f(0)=1,f2)=5,f'(x)<0forx<0andx > 2,
fl(x)>0for0<x<2.
Q29 sketch a graph of a function with the L ) sal) L Sl AN Gl as sl 27

given properties.
fB) =0f(x)<0forx<0andx>3,f'(x) >0 for
0<x<3,f'(3)=0,f(0) and f'(0) do not exist.

0507614804 335 Jes i)
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Q44 Assume that f is an increasing function o wisSae Al Ll g3 e f A o) G 3l 44
with inverse function f~1. Show that f~1 a5l e Ao a1 Al () o f1
is also an increasing function.
I .
6 A Uil Al O giow M)
Q1  Find the local minimum of the function where f(x) A Gdad) g paall adll aa ) 1
f(x) is graphically represented below. Ll Ao sall
f(x) = 1x4 ——x% -2
4 2
‘g:) Q2  Find the intervals where the function F(x) bl Legd <5 Al <) i) aagl 20
o f(x) is increasing 3 yia
O
e Y
N )“ r
k=
S IV
— 10
0507614804 335 Jes i)
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Q3  Find the intervals where the function F(x) Al Led <5 Al &l il as gl 30
f(x) is increasing 3 yia
( ) 1 4 1 2 2
X) =—=Xx"—=-x°—
! 4 2
kk}\l]il!
Q4 Find the intervals where the function g(x) Al Led o <5 Al <l bl aa gl 4om
g(x) is increasing 3 yia
1,. 3,
gx)==-x>+-x“—-70x+5,
3 2
Q5 Find the intervals where the function f(a) Al Lgd o5 Al @l yiall aa g 50w
f(x) is decreasing dallila

f(x)=x3-3x2-9x+1,

0507614804 335 Jes i)
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Q6

Q7

The graph represents f'(x) determine

where f(x) is decreasing

The graph represents f'(x) determine

where f(x) is decreasing

https://t.me/lomaths12

£/ ()t i o) e gl 3l

f(x) Al laaie &S5 &l yial) s

I

6

f(x) Olo dlq:\ olaa) @4},«” (—;.u)]\
f() Al lazie ¢ oS5 <l yiall saa
3 jia ¢S5 Al <l il g dallita

¥ X

w
o

0507614804 335 Jes i)
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(e
4.5 CONCAVITY AND THE SECOND DERIVATIVE TEST
.1|: .-I"
F 9 F Y
I I > X I I X
a b a b
Concave up, increasnig Concave down, increasing
Bl i, Ao 284 Sl e, JAN gl
.11 .-I"
F 3 F Y
| | > | | >
a b i b
Concave up, decreasnig Concave down, decreasing
= Lablite | oV ale Lailite | Jiuy i
=
O
e
mﬂ
&
]
0507614804 515 sles i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
38
L




Imad Odeh

Imad Odeh

DEFINITION 5.1

For a function f that is differentiable on an interval 7, the graph of f is

(1) concave up on [ if f’is increasing on [ or
(1) concave down on [ if f 1s decreasing on [.

THEOREM 5.1

Suppose that f” exists on an interval /.

(1) If f"(x) = 0 on [, then the graph of f is concave upon I.
(1) If f"(x) < 0 on [, then the graph of f is concave down on /.

DEFINITION 5.2

Suppose that f is continuous on the interval (a, b) and that the graph changes
concavity at a point ¢ € (a, b) (i.e., the graph is concave down on one side of ¢ and

concave up on the other). Then, the point (¢, f(c)) is called an inflection point of f.

fl'le)=0 f'id)y=0
or or
undefined undefined
x = a c d b
f”(x) 5 )Ll + + + + + T I . T I
f"(x)>0 f"x)<0 f"x)>0
@ J | N | U
Concave up Concave down Concave up
A=Y 5 ke Jhdy 5 ke A5 5 ke
(e.f(e)) (d.f(D)
inflection point inflection point

i) Adags Bk A5
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EXAMPLE 5.1
1- Determine where the graph of f(x) is
concave up and concave down

5-1 Jba
) A Gnie ladie & Al &l il aas -1
e ladie 58 Al @l il g e i

2- find any inflection points Jasy
3- draw a graph showing all significant features Gas g o eyl Ll aaa -2
of the function. Lily Asia) Jie -3
f(x)= 2x34+9x% —24x — 10
¥
A
- 100+
Inflection 1
point
T ——A T \\\‘H/) A Ll
_SD__
EXAMPLE 5.2 5-2 Jus

1- Determine where the graph of f(x) is
concave up and concave down
2- find any inflection points

3- draw a graph showing all significant features

of the function.

) A Gista ladie 8 Al &l il s -1
e lavie oS Al a\)m\jg;‘\zﬂg
Jauy

Gaa g o) el Llds das -2

Ly it Jie -3

flx)=x*—6x2+1

Y
=1

[

V

0507614804 335 sas Miuy)
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EXAMPLE 5.3
1- Determine where the graph of f(x) is
concave up and concave down

5-3 Jba
F0) Al At laxie o5 Al <l il s -]
R

Jauy

2- find any inflection points
3- draw a graph showing all significant features
of the function.
flx) =x*

g
T Ll

Caa g o) callaaiy) dalay 2as -2
Ly il (B -3

THEOREM 5.2

Suppose that " is continuous on the interval (a, b) and f'(c) = 0, for some number
c €(a,b).

(1) If f"(c) < 0, then f(c) is a local maximum.
(1) If f"(c) = 0, then f(c) is a local minimum.

(Second Derivative Test)

REMARK 5.1

If f"(c) =0or f"(c) is undefined, the Second Derivative Test yields no conclusion.
That is, f(c) may be a local maximum, a local minimum or neither. In this event, we
must rely on other methods (such as the First Derivative Test) to determine whether
f(c) is a local extremum. We illustrate this with example 5.5.

0507614804 335 Jes i)
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Imad Odeh Imad Odeh _Imaql Odeh Imad Odeh
Second derivative test

AnA) dgilall Lad)
f''continuous on (a.b) and ¢ € (a.b)

e I N

flle)=0
flle)=0 e
f”(c) < " f (f) _ 0

or undefined
Bagaga o )

Imad Odl Imad Odeh lad Odeh Imad Odehl

.. . No conclusion
Local Minimum Local Maximum ?S;JI 2l Y

A pand rlialy

EXAMPLE 5.4 5-4 Jixs
Use the Second Derivative Test to find the local s il all 3ol Al ASiLall HLAA) aadtl
extrema of sl

-

f(x) = x* — 8x% + 10.

-
L

20

0507614804 525 e iy
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EXAMPLE 5.5 5-5 Jtia
Use the Second Derivative Test to find the local il adll paasl AN daidall HLAR) aadi)
extrema of Aaladl)
@ f()=x
0+
2 i
) g =x+1D*

|

LZ;}—O—D X
2

v

=

:
//
_30__
4

2 -l
-

2 -1
9|
/ N

(©) h(x)=-x* .
EXAMPLE 5.6 5-6 Jix
Draw a graph of f(x) showing all significant lpaibad asea Lina f(x) Al Gly ans )
features.
25
fxX)=x+ >

0507614804 335 Jes i)
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EXAMPLE 5.7

Draw a graph of f(x) showing all significant

features.

https://t.me/lomaths12

fx) = (x+2)%+4

0507614804 335 sas Miuy)
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1- Determine where the graph of f(x) is
concave up and concave down

2- find any inflection points

f(x) Al Aaie ladie 56 Al &l il s -]
JanY jria lavie o Al @l il oY e
Gaa g o) sl Llds das -2

Q1 fxX)=x3-3x2+4x—-1
Q2 f(x)=x*—6x*+2x+3
Q3

B 1
f(x)—x+;

0507614804 335 sas Miuy)
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1- Determine where the graph of f(x) is
concave up and concave down

2- find any inflection points

f(x) A Gsta ladie & Al &l il s -3
JanY jria lavie o Al @l il oY e
Gaa g o) alaay) Lld das -4

Q4 f(x)=x+ 3(1 — x)%
Q5 f(x) = sinx — cosx
Q6 f (x) = tan~1(x?)

0507614804 335 sas Miuy)
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1- Determine where the graph of f(x) is
concave up and concave down

2- find any inflection points

f(x) A Gsia ladie & Al &l s -1
JanY jria lavie o Al @l il oY e
Gaa g o) el Llds das -2

Q7 f(x) = x% + 4x;
Q8 f(x) = xe™**

Find all critical numbers and use the second
derivative Test to determine all local extrema.

Q9

https://t.me/lomaths12

AEE Lia) andiul o A all L aues 25l
g 515 Aulaall (5 ol il ay3a1) 4500
fx)=x*+4x3 -1
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Find all critical numbers and use the second daidall Hladl aadin) &8 As jal) Ll s 2a
derivative Test to determine all local extrema. Lo 55 laall (5 puaill adll apaail 400
Q10 f(x)=x*+4x*+1
Q11 f(x) = xe™™*
Q12 fx)=¢e*
M
Q
=
O
e
<
&
|
0507614804 525 das Jiy)
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Find all critical numbers and use the second daidall Hladl aadin) &8 As jal) Ll s 2a
derivative Test to determine all local extrema. Lee 51 Adaall (5 guaill adll daat) A1)
Q13 ) x* —5x+4
X) =
X
Q14 x? -1
f(x) =
X
M
Q
=
O
e
<
&
|
0507614804 525 das Jiy)
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Q37 sketch a graph of a function with the LAl pal Al Ld Al A Gl a )
given properties.

f(O =0,f'(x) >0forx < —land —1 < x < 1,f'(x)<0

forx > 1,f"(x) > 0forx < —1,0 < x < landx > 1,

f'"(x) < 0for -1 <x <0

Q40 sketch a graph of a function with the LN al & L A A Gl eyl e

given properties.
f) =0,f(x) <O0forx <1,f'(x) > 0forx > 1,
f"(x) < 0forx < landx > 1

=

0507614804 335 Jes i)
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Q45 a) Estimate the intervals of increase and oadlil) &l y38 g ) Wl ) i 8
decrease, Alas (5 gl o ladic ) x o8
b) thelocations of local extrema, Jany il el yibg el jadll ) yi
c) intervals of concavity and locations of Callaniy) Lolas
inflection points.
v
A
20+
10+
5 o7 5 "
Q46 a) Estimate the intervals of increase and oadlill &) yid g o) Wl g 8
decrease, dlaa (5 gad o ladic ‘;’d\ X o
b) the locations of local extrema, Janl el el iy eV jaall ¢y
c) intervals of concavity and locations of Uy Llas
inflection points.
1.‘
A
10+
51
Nt > x
_5__
— lO__
=
Q
e
O
o
<
&
|
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[y
A g Al & gl ddiy
Q1 Find the inflection point of J ity halal aa gl 1w
fx) =x*+12x3 —x
Q2 Findthe inflection point of J il halal aa gl 2
flx) =x*—6x*—-2x+3
Q3 Find the inflection point of J ilaai¥) L& aa gl 3
= f(x) = 2x3 +9x% — 24x — 10
e
O
e
<
&
]
0507614804 335 das i)
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Q4 Find the inflection point of J il bl& aa gl 4
f(x) = tan™"(x?)
Q5 Determine where the graph of the function (o) Aall Glal) Jaiail) o S ol a5
f(x) is concave up ey ) ymia
f(x) =x*—6x*+2x+3
Q6 Determine where the graph of the function £ () Aall Gl Jaal &S ol s
f(x) is concave up SeY ) ia
@ 10+ .'I
o E /
e /
x —t——+—>x
2 2/ 4
E [ -
Il'll
'l _lO__
0507614804 5255 les i)
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Q7 Determine where the graph of the function () Aall gl Jaiaill o ¢S ol 2as - T
f(x) is concave down Jad ) jaie
y
19+ X
——+— —t j 2
3 \/ \\/ 3
=10+
Q8 Estimate the interval(s) where the curve of ) il Led o <o Al <l el j8 8
the f(x) concave up and where concave i G e [ LY i f(x) W

down i | yria g ()5S

Q9 Suppose f is a polynomial function such Cusydpgaa Al f oS8l 9o
that

f'(=3)=0,f"(-3)=-25

0507614804 335 Jes i)
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Q10 Whatis the coordinate of inflection point Ladie oy Al Calaasy) ddads Slasl aa gl 10
where the function change from concave I i) I i a0 el (e Al inia
down to concave upward eV ) e
f(x) =cosx—sinx for 0<x<2m
Q11 Find the interval where f(x) will be concave O e 13) Je S jaml ) i aagl 11w
upward If
f[(x)=x*—4x-5,
N
Q
=
O
e
<
=
0507614804 515 sles i)
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Q12 The graphrepresents f"(x) f(2) Fiar g Pl s e el 125
Find the interval where f(x)will be concave e el &) i 2a )
upward

WD)

Q13 The graph represents f"'(x) gl () Jia W Sl sl e aaie) 130
Find the inflection point alaaiy) Ll

Q14 If the graph of f(x) has inflection point at Cilaas) ddads f () Al Sl s )l OIS 1S 140

(1, —2) find the value of @a and b
f(x) =ax3—6x%+bx—17

https://t.me/lomaths12
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3.6 OVERVIEW OF CURVE SKETCHING

Steps that you should take when trying to draw y = f(x). DA Saie o ) Lee bl caay Al & gadl)
a graph of y = f(x).

e Domain Jeddlou> o
o . Vertical Asymptotes | Logea) Olyliadlcegl o
e First Derivative Information Leailii g oY) daidnadl dzgl @
e Vertical Tangent Lines A gandl Oluoo)l dgl @
e Second Derivative Information L=l g Aol daiedl d>gl @
e Horizontal Asymptotes daoyl wbylaall uzgl
e Intercepts J9lxa)l e ablial dzgl @
EXAMPLE 6.1 6-1 J&s
Draw a graph of f(x) showing all significant lpailad mea Une f(x) Al Gl ans )
features.

f(x) = x*+6x3+12x* +8x +1,

-
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EXAMPLE 6.2
Draw a graph of f(x) showing all significant
features.

6-2 Jis
leailiad aues L (o) AN Gl ass )

x2 -3
fO)=—73;
EXAMPLE 6.3 6-3 Ji
Draw a graph of f(x) showing all significant lpaibad muen Line f(x) A gy aus )
features.
2
FO) =4

0507614804 335 sas Miuy)
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Q1

Q2

Q3

s Al Al O giuw Adind

Find all vertical asymptotes of the
function
2x

xZ2 -1

fx) =

Find a function whose graph has the given
asymptotes.

y=8,x=3,x=-8

Find a function whose graph has the given
asymptotes.

y=3,x=1,x=2

0507614804 335 Jes i)
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Q4 Find afunction whose graph has the given Lbsha bl Wil 58 Sl Al syl 4
asymptotes. o platl)
y=-2y=2,x=1—-x=1
Q5 Determine the graph of the function Aall Al Jiadl) aa 50
) 2x

X) =
! xz—1
c) d)

0507614804 335 sas Miuy)
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Q6 Determine the graph of the function Alall Al Jiadl) aa 60
2
X) =
f0) =5
a) J ' L b) ! ’
m ook 1 =
. L
) \ a\ 9
N
Q7 Determine the graph of the function Aall Al Jhaill aaa 7
2
X) =
() =5
a) b)
G
"G c) y d) qv
O o
‘-G i 4
& L.
0507614804 535 das Jiuy)
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Q8 Determine the graph of the function Alall Al Jiadl) 2aa 8
Fo) = o>
X) =
x2+1
a) b)
c) d)
Q9 Determine the graph of the function Aall Al Jhaill 3aa 9
2
x“+4
f ==
a) b)
~
>
=
Ol o d)
e
<
k= |
__\_\_‘\\\ 3
'u
15
0507614804 535 das Jiuy)
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Q10 Determine the graph of the function Aall Al Jiadl) aaa 100m
1
fx) = ex
a) b)
c) d)
Q11 Determine the graph of the function Adall Al Jfadl) aaa 110m
1
fx) = ex?
a) b)
o ° d)
>
=
O
e
S
& N
]
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Q12 graph the function

X

f(x) =

x3

Libn Jia 120

Q13 Determine the graph of the function
f(x) =x3—3x* +3x

https://t.me/lomaths12

Aal ) gl aas 13
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4.7
"lJ.AJ"' | N.aﬂ
OPTIMIZATION

“ -
Rectangle Jikaiss
=21+ 2w

Triangle &b

NS 1 P=a+b+c
|

Circle s

&

Sector s gl
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Shape Volume Surface area
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e Draw a picture and label it A 3 e gladl) adal o5 s Alad) | 31 o
e Determine what the variables are and how they Allad) Jal
are related. ale uﬁ‘ o cAllsall il SRS al @
e Decide what quantity needs to be maximized or 1 3a Ul s cAllall Jal 4262l e sladll
minimized. S ad STl aal ) ) Al i
e Write an expression for the quantity to be e LSPY‘ b_aaall el 1) sa 5 e B
maximized or minimized in terms of only one Al
variable. JS A83le 2aa g il gill g <l yuaiall & g2 e
¢ Determine the minimum and maximum ) ) ool gy Leis
allowable values (if any) of the variable you're OS] 5 A jral alay) costhall g8 Leds o
using. ' . a8
e Solve the problem and be sure to answer the . “”u“j\ Jh‘sf]‘fh"ﬁ-sﬂ‘ )"""m ““S\ ¢
question that is asked. =5 e fmde ‘dw ) ‘d o sl
z el adll SaBY) aall g Sl sl daa e e
2a) 4eddind (oAl patiall (Caag o)) e
(sl
S dsidl aa g e
sl 150a Allal) ddide Liaie 65 il Al 0a) @
el 8,k aie Allall el g Baen ga e
EXAMPLE 7.1 7-1 J4s
You have 40 (linear) feet of fencing with which dalie ddala) eliSay (A Zluwll (e Ladd 40 b
to enclose a rectangular space for a garden. Find OSan dalie ST e aa gl ABaal 4 ALkt
the largest area that can be enclosed with this ALal) a5 zlandl (e a8 1340 Lgilala)
much fencing and the dimensions of the
corresponding garden.
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EXAMPLE 7.2 ‘ 7-2 Jb
A square sheet of cardboard 18" on a side is 48 )5 Al g AoV (e sl (3 5a0a delia )
made into an open box (i.e., there’s no top), O duas 18 Lalia Jsh (s 5iall 34l (e dmy 1
by cutting squares of equal size out of each L)) IS e paal) 4 gl Clay jo pdad (5 )k

corner and folding up the sides along the dotted ~ .aa> xS 53 G saiall dagl aa ) ¢l 55k
lines. Find the dimensions of the box with the
maximum volume.

SEM,

18 18- 2¢ fg S
- -
Fone Lty § Lustnes

L—ls 2 T - 18 2

EXAMPLE 7.3 7-3 Jba
Find the point on the parabolay = 9 — x? Sy =9 — x% W Jaie e adas., 2l
closest to the point (3, 9). (3,9) A.Lmﬂ S le il (G 6SS

F 3

9

-
-‘. — 9 - x°
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EXAMPLE 7.4
Find the point on the parabola y = 9 — x?
closest to the point (5, 11).

7-4 Jia
(5,11) kil (s Lo ol 05

&
(5.11)

{1 V)

EXAMPLE 7.5

A soda can is to hold 12 fluid ounces. Find the
dimensions that will minimize the amount of
material used in its construction, assuming that
the thickness of the material is uniform (i.e., the
thickness of the aluminum is the same
everywhere in the can).

7-5 Jba

Cany) Al daaigl 12 312 geall dde asi () g
o deadiiall o gall AeaS e Jliie Al Y e

o 1) 2 se 8ol o o Ll i) e clgagion

(el 3 S S 8 A s o g sIY) class

-

f

0507614804 335 Jes i)
http://www.youtube.com/@imaths2022
69

https://t.me/lomaths12




Imad Qdeh

EXAMPLE 7.5 7-5 J&a
The state wants to build a new stretch of highway to  das )l ao sl (83 k) (pe s alaial ¢l 0¥ ) & 53
link an existing bridge with a turnpike interchange, Jual 8 amy e &8 @ o abaldh A s
locateFl 8 miles to .the east and 8 miles to the south of Gla | pual) e csiall ) Juel 85 38l )
the bridge. Thfere isa S-mlle-x_mde stretch of s Jal 5 oa il aal Y1 (po il
marshhar;}q ad]i(}:lertltt;clo tﬁl.e}?rldge thtatérllgst bltle Gookall el 485 S 15080 oy i camy el
crossed. Given that the highway costs million 75 aitadl 358 dae K1 Y 53 dha 10 gy
per mile to build over the marsh and only $7 million o LRy - s s
i i é}sm\.&\;ﬁ\@ab\ﬁ\dﬁdﬁdﬂhﬁjyjauﬁh
per mile to build over dry land, how far to the east of g s Tl Okl o6 o ins se sl
the bridge should the highway be when it crosses meRE & u? i " N dui
out of the marsh? kS >
pece
5 Marsh
S 8 —x
Ll;
Interchange
EXERCISES 3.7
Q1  Athree-sided fence is to be built next to a (o pafie and )l g il gall SO0zl el s 14w
straight section of river, which forms the Alidatine Adhaial aol I ilad) gy (53 5 ¢ el
fourth side of a rectangular region. The 0= a8 1800 (sl ddlaall daliall | JS)
enclosed area is equal 1800 ft?. Adlzal) dahaiall Magl 5 Japmall (G0Y) 2ad) 2
Find the minimum perimeter and the Alaa)
dimensions of the corresponding enclosure.
=
Q
e
O
e
<
&
]
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outline of the corral forms two identical

corral will maximize the enclosed area?

a8 120 Sl IS 1Y) | asitlaia oy glatie cpliatiee

adjoining rectangles. If there is 120 ft of Oe s (A 3 adaal) sladl Led e lall zladl (4
fencing available, what dimensions of the

fan oadl ) ddlaall Ashaial) sl

Q2  Athree-sided fence is to be built next to a (e pitiose and )l gay il gall SO0l el s 200
straight section of river, which forms the Ak dalaial aol I cailald) JG (531 5 ¢ yedll
fourth side of a rectangular region. There o8 96 J gk zlas i g, JS)
is 96 feet of fencing available. gland) el 5 ddalas dalise sl (o Canl
Find the maximum enclosed area and the RUEER
dimensions of the corresponding enclosure.

Q3  Atwo-pen corral is to be built. The 5 phall hlada JC5% o jaa I35 plaa el i 3

=
O
=
O
e
<
k=
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800 ft? of floor space. What dimensions
will minimize the length of wall used?

Q5 Show that the rectangle of maximum area (e s dalie sl 4 3 Qalaiadl) o 0l 5
for a given perimeter P is always a Lo Wl oS P
square.

Q4 Ashowroom for a department store is to Alia ()5S Cumy O poa A e A sSa e Al 4
be rectangular with walls on three sides, CpblEiall plaall B 6 Lea JS (e ol 5
6 — ft door openings on the two facing 110 Leme G jlaal) 8 s Al 4l s
sides and a 10 — ft door opening on the Al ax gl f£242800 L adl llia dalise cuilS 1))
remaining wall. The showroom is to have oS b J8 o) paadl Jgha (68 Cany ALl

=
O
=
O
e
<
k=
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Q6  Show that the rectangle of minimum Laad) e (SaY) aall 4l ) Jubatdl o il 64
perimeter for a given area A is always a Lo e Wil (58 A dee dalid
square.

Q7 Aboxwith no top is to be built by takinga ¢ 48,5 381 J3A (e slhe ()50 Gstia giea (S 7
6” — by — 10" sheet of cardboard, X Ol Cilay yo @k 5 <10 X 6 e (s 58l (35
cutting x — in. squares out of each corner 3l x dad a5l il sall o g Ayl ) IS (e A s
and folding up the sides. Aa bl ) B sanall ana ey 3
Find the value of x that maximizes the
volume of the box.

-~
O
=
O
e
x
E
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Q8 Abox with no top is to be built by takinga ¢ 48,5 381 YA (e slhe (ysn Gstia piea (S B
12” — by — 16” sheet of cardboard, oy o alady daa s 16 X 12 Ll (s sall 3l
cutting x-in. squares out of each corner Ao a5l il sl g Ayl ) JS (e da o x ilia
and folding up the sides. Find the value of 2 el Y saiall aaa ey 3 S x
xthat maximizes the volume of the box.
Q9 a) Abox with no top is built by taking a adad 32 Gk (e slae O su Bavia el (S (I 9
6” — by — 6” piece of cardboard, il ey yo 2l g 06 X 6 (e (5 8all 34 (e
cutting x — in. squares out of each Gral oy o8 il gl (as Ay gl ) IS (e dua gax
corner and folding up the sides. The OB (3saia (oSl e dm 5y X olie Aa HY) iyl
four x-in. squares are then taped Xoad aa gl (g i ellae () 50)
together to form a second box (with By asll ) galiall slaal & sane (e 255
no top or bottom). Find the value of
x that maximizes the sum of the sl ()Y (e Andad (g 120 Allsdl) ) S ()
volumes of the boxes. 6 x 4 i
b) Repeat the problem starting with a
4” — by — 6” piece of cardboard.
=
O
=
O
o
<
E
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Q10 Find the point on the curve y = x? oSS Ay = a2 A Jaie e datiaagl 100e
closest to the point (0, 1). (0,1) dkiill Koy La o i
Q11 Find the point on the curvey = x? OsSE Allgy = 22 A s Je dasiaagl 110m
closest to the point (3,4). (3,4) haill (Kay La ol
=
O
e
O
e
<
&
]
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Q12 Elvis the dog stands on a shoreline while 88 a p L (Bl o Gl QSN a8y 712
a ball is thrown x = 4 meters into the oladil A el z = 8 sl B iy = 4
water and z = 8 meters down shore. Ifhe  4c juy 75 6.4 jia/Ailide yuy S, 1) (Ll
runs 6.4 m/s and s.wims 0.9 m/s, find A () Sl e Einis (0.9 e /Al
the place (y) at which he should enter the SV sl o 30 i ) Jtil eLall 4 Ja o s
water to minimize the time to reach the 3,50
ball. Show that you get the same y-value Z > 1Yy iad gt e cilias olif ek
foranyz > 1.

Ball
X
Elvis -

Q13 Suppose a wire 2 ft long is to be cut into two ) 4adad St a8 2 4l sk Kl of iyl 13
pieces, each of which will be formed into a oo JS5 e LLCas S Lagia JS ¢ piinlad
square. Find the size of each piece llaa ) Aaliall anlaail dalad IS aas aa
to maximize the total area of the two squares. O all

e
O
e
O
e
<
&
]
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Q14 An advertisement consists of a rectangular
printed region plus 1 — in. margins on the

If the area of the printed region is to be
92 in?, find the dimensions of the printed
region and overall advertisement that
minimize the total area.

Q15 An advertisement consists of a rectangular
printed region plus 1-in. margins on the
sides and 1.5-in. margins at top and
bottom. If the total area of the
advertisement is to be 120 in.2, what
dimensions should the advertisement be to
maximize the area of the printed region?

sides and 2 — in. margins at top and bottom.

Ahive e ghae ddhaie o QMY S 14
crlad) e daa gy 1 Gl g1 ) AiLYL
a5 oY) 8 dia g 2 il s
da 5 92 de suhall dikaiall dalise CuilS 1)
e s de sulaall dikiall slal e Cinld ey e
Al daluall JBy 31 aay)

ALY Al fe g dikie o (S 0S5 150

1.5 el s s ) e a5 1 (el 2 )
iy eV dda

da s 120 e DU Alleay) dalisall cuilS 1)
ledle 0585 o ama Al alaa¥) o Lab cday e
Aahial Aalie (e 5 sl Gaind OleY)
fic sl

=
O
=
O
e
<
k=
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Q1

s A g ARlu ¢ gl dlic

A circular sector with a perimeter of caai Joh aagl 12 cm Aaiss 5 00 g Ui
12 cm. Find the length of the radius of its =~ Lle Sy Lo ST adalion Jaad Ll g 45 pla s
circle, which makes its area as large as Al L;Ea_g &Uasj\ daliwe
possible. Note that the area of the sector

is given by

1o

Q2-

You have 60 m fencing with which to s 4 Ll 60M 4 s low L)
enclose a rectangular space for a garden.  Jeasil ddaall alayl 2 ) JSEN Akt
Find the dimensions of the garden to get s Leala) Sy 4iSas dalius ST e
the largest area that can be enclosed by gl
this fence.

— e
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perimeter is 20 m What is the maximum
area of such a rectangle?

0507614804 335 sas Miuy)
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Q3- Abox with no top is to be built by taking a SV e g siie §stia a3 3w
12 by 16 sheet of 16 in Wb o5 S (e adad ladinly
cardboard, cutting x in. squares out of Cilag yo pdady W31 2 in Leaa e
each corner and folding up the sides. Find ~ x in b ie JS aglia Jsh 4 5luia
the value of x that maximizes the volume Leti by o Ll 5 ) e )y IS e
of the box. s x dad an o) G auall e Jpaall

Sarbe Lol (3 saiall aaa J2as
r r
K ¥
X X
x ¥
Q4 Arectangle has length x m and its 20 m s adanag yia x Adgh Jobaiia 40
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Q5 The energy required for a bird to fly at Aoy jphy Skl de 00 Al 5
speed v is proportional to P P e iy
Find v that satisfies the largest value of Bl 5 jrall dadll 333 Nl an
energy
1 3
P=—+cv’, c>0
v
Q6 Find the maximum area of a rectangle W5 dala HST 5d il dals 225l H
having a base on the x-axis and upper Ol s saa (o 4ty e Gl
vertices on the parabola Al Jaie e o) AV
y =12 — x?
e
O
=
O
e
<
&
]
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ddas sl Yol
3.8 RELATED RATES
1. Make a simple sketch, if appropriate. Jind slag) 2l A il s3al o e Al 311
2. Setup an equation relating all of the i °LL=~J‘ ol C,%’Yj:ij ‘o 3
relevant quantities. Sloghaoll drle 0331 03 Aol Jia Bla2S o)l .2
3. Differentiate (implicitly) both sides SlaSlly Al SlaSl i Jis cdllunell ol 2364
of the equation with respect to time ) -0l 990 Biiall
(D). oy S dlag) 3l (A Al G Joy i Alblae ST 3
4. Substitute in values for all known o Lo S cuale il sl
quantities and derivatives. (b Aike sy el GEIYI5 ALl aclE Jasi) - 4
. Lo sl piall g ) Al Adalea)
5. Solve for the remaining rate. ol Al e slaall S8 gaen Al Akl i el 5
su)zui'i ;‘lx‘}[&xJaj
alay) o glaall el Jael G Aol JAT 6
EXAMPLE 8.1 8-1 J&s
An oil tanker has an accident, and oil pours out at 150 Jaray Jadill o jusi 5 Caslad Jadi AU Caua jad
the rate of 150 gallons per minute. Suppose that the & el e iy badill o (i 4 e 488y o s
2i1,spreads onto the water in a circle at a thickness of 7.5 0sla st 1f23 0 ! 1_10:: s 0o
m Given that 1 ft3 equals 7.5 gallons, determine the Jsnas die oyl yhd Caal ay) 35 Jare 2a sl
rate at which the radius of the spill is increasing 5001t & kil
when the radius reaches 500 feet.
I
- \,‘;\\é -
|
~
O
=
O
e
<
&
]
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EXAMPLE 8.2 8-2 Jui«
A 10 ftladder leans against the side of a building. If 13 A s e 10 [t Jshs alu S5 5
the top of the ladder begins to slide down the wall at ~jlaall Jaud ) 3Y 3V 2 alull (e (s glall ¢ 3all
the rate of 2 ft/sec, how fast is the bottom of the Sl ¢l 3Y 3l de ju i ¢ 2 ft/sec daa
ladder slidi_ng away from the wail when the top of LSJH‘ ¢l 0 sSy Laic _}231?1\ o 1axise alull (g
the ladder is 8 ft off the ground? 8 ft « La Y oo i e alidl e
"‘—
EXAMPLE 8.3 8-3 Ju«
A car is traveling at 50 mph due south at a point (sl olsd 50mph e A il 5 5l s
5 mile north of an intersection. A police car is b b ke ety L Sl Jled ax8 A
1 . 1 . - el L -
traveling at 40 mph due west at a point y mile el 554 PR e ki 4o 40mph Ae
east of the same intersection. At that instant, the "‘J‘.‘J*m.U*:“ «* J“‘le S ‘M‘:“’.«;‘ Al
radar in the police car measures the rate at g Lad O el “L“‘d\e“f‘ Jﬂ*—“.tﬁi‘ Janall
which the distance between the two cars is TN Slen Ao
changing. What does the radar gun register?
¥ Elm

= L

= 40

O

o

<

&

|
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EXAMPLE 8.4 8-4 Ju«
A small company estimates that when it spends pd o all (3 vie ad) a8 B jprea AS ) 8 68
x thousand dollars for advertising in a Leilaase Chua g (Saall (gad i) 8 CldleY) e
year, its annual sales will be described by w0l s = 60 — 40e7005% Al 4y i)

s = 60 — 40e7%95% thousand dollars. The four ~ <Ule3 cilllea) day ) AT JEN Jganll a5y
most recent annual advertising totals are given A saud)
in the following table.

Year 1 2 3 -

Advertising Dollars | 14,500 | 16,000 | 18,000 | 20,000
Estimate the current (year 4) value of x'(t)  _wll Jsll Jasall g x"(8) J (4 dond)) Al dadll 8

and the current rate of change of sales. RUEERTON g
EXAMPLE 8.5 8-5 Jbs
A spectator at an air show is trying to follow the A 3 yillal Als ) (5o pae il e Jlag
flight of a jet. The jet follows a straight path in front ) yall eLJ pfiee Jad 8 234 3 yUall aud
of the observer at 540 mph. At its closest approach, el ddads G i die 5 540 mph ic
the jet passes 600 feet in front of the person. Find 2 600 feet 22 e il Ll (,LJ ABlad) 5 )
the maximum rate of change of the angle between Lally ol Sl s Al 3l s Jaxs
the spec.tator‘s line of sight apd a line perpendicular 3l 5 e i ¢l e o (53 sanl
to the flight path, as the jet flies by. W a5l
=
A
Path of plane _
600H i
Nz
» X
Observer
0507614804 325 dbas Jin)
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EXERCISES 3.8 cpyles

Q1  Assume that the infected area of an injury is Ay Alad) ddhaid) of a8l e
circular. e 3 Abiadl dikidl b Caas oIS 13 ()
(a) If the radius of the infected area is 3 mm 335 Jane Lad ddelifae 1 Janay salys
and growing at a rate of 1 mm/hr, at what Ciladl) dakaidl
rate is the infected area mcreasmgf{ Loic Gubiaal) 2kl 33l 5 Jone 2a g (<)
(b) Find the rate of increase of the infected " | il Com
area when the radius reaches 6 mm. Explain : ) a6 S kil "
. . . S Jarad) 138 (5 0S5 130 dgshaie Calalbanay
in commonsense terms why this rate is B | R |4 Jsad)
larger than that of part (a). () e 02 =
Q2 Suppose a forest fire spreads in a circle with Coal a3 il Al ALl A Gs 20
radius changing at a rate of 5 feet per minute. Jara 2 ) Aadal) a\qﬁi 5 Jaras L ylad

When the radius reaches 200 feet, at what
rate is the area of the burning region
increasing?

Jay Ladie 48 jiaal) dalaiall dalowe ) 3
238 200 )kl Caas

0507614804 335 Jes i)
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Q3 A10 ftladder leans against the side of a e ila e ?\ﬁi 10 dsh alo <5 3
building. If the bottom of the ladder is pulled O 1 alul) e Adud) ¢ adl can 2513
away from the wall at the rate of 3 ft/s and Sle aludl Jla g @Lﬁleuﬁ 3 Jara Lilal)
the ladder remains in contact with the wall, Lilall Juasl

(a) find the rate at which the top of the ladder sl 4 ity oA Jaeall (i
is dropping when the bottom is 6 ft from the Uéj o ¢ . . 5H()
il ¢ all (6K Ladie alull (e (5 5lall
el ) Lilall (e ol 6 aen e
(b) Find the rate at which the angle between e d A Janall i.
the ladder and the horizontal is changing il 2 .Jj “ PR =S (<)
when the bottom of the ladder is 6 ft from the O glind ‘;)*j‘ 055 E“m Y15 plud
wall. L) (e e\.\ﬁ\ 6 2 oJr_ ?LJ\
a—

Q4 Two buildings of height 20 feet and 40 feet, Sle a8 40 5 Lad 20 Legeldi )l hise 4
respectively, are 60 feet apart. Suppose that ol pai) L 60 Legin Jaady g ¢ ) il
the intensity of light at a point between the oo i il o b ie ¢ )—\A” Ba
buildings is proportional to the angle @ in the J<all 4 9 Ayl 3l
figure. . o 7

| ol e & s S 1A ()
(a) If a person is moving from right to left at ""J O < f‘u, . O ()
] . P x] Jaxa Lad c‘\:u\_a/(a\ds\ 4 Ac JL».»,)S\
4 ft/s, at what rate is 8 changing when the ™ W A'Y a1 W
person is exactly halfway between the two hiaila o S5 U’S" m 6 2 3
buildings? . _ ?Oﬁ"*fj‘ o Lalas 48Lusal
(b) Find the location at which the angle 0 is 0 45l 3l 4 55 (A @ gall 2a ) (<)
maximum. R P
G
e 40’
O zcr'I 0
s «
60
&
]
0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
85




Imad Odeh

Q5 Aplaneislocated x = 40 miles (horizontally) S x = 40 Mlw e s a5
away from an airport at an altitude of h miles. Juel b gla)l Jeo jdas o (L:\sa\)
Radar at the airport detects that the distance NOE™ ol Uadl) &b Ol s
s(t) between the plane and airport is changing S'(1) = Jamay s JUaall 55 ikl o
at the rate of s'(t) = —240 mph. Aeludl 3 Se—240
(a) If the plane flies toward the airport at the e aall slatly BJBLL;X\ e 13) (\)
constant altitude h = 4, what is the speed NER m = 4 ol G
|x’(t)] of the airplane? X (£)] 4= o~ '%iuj\
(b) Repeat with a height of 6 miles. Based on . . . .
your answers, how important is it to know the - -d}'*"“‘ 6 ?u";)\ 2 5 ()
actual height of the airplane? gUELY) A8 jma Lanl G20 L i) o
5 iall ledll
Q6- A camera tracks the launch of a vertically et 4iliad 4K o kil | HlS aa i 6

ascending spacecraft. The camerais located at (s Jie 2 22 (o | 0alSH i€ 1Y) <L gee
ground level 2 miles from the launchpad. gl pmide yuaa gl S ) 30Ul Adads
If the spacecraft is 3 miles up and traveling 4S5l 30l de o cilS 13) A8 ) da
at 0.2 mile per second, at what rate is the Jie 3 pliil e ¢S5 Laxie 4t/ 00,2
camera angle (measured from the horizontal)
changing?

=

Q

e

O

o

<

£
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Q7- Sand is dumped such that the shape of the JSG e da S dall JSiy Gamy Jo N by 7
sandpile remains a cone with height equal to 13, hadl) Caai T (g gl 8550 (a3
twice the radius. If the sand is dumped at the 225l 363 /s 538 il Janay biuy Jla )
constant rate of 36ft3/s . ey Lodie pladll a4 ala 3 (53l Janal)
Find the rate t which the radius is increasing 28 6 ) iy
when the height reaches ?ft. (v = inrzh) L5 3l ana maali)
(Hint: Cone volume v = Zmr?h)

Q8- Adockis 6 ft above water. Suppose you ) UAJ-\SJ bl 558 ol 6 plii)) e Chna ), 8
stand on the edge of the dock and pull a rope U s ye S casasi s Gl 1) dils e i |
attached to a boat at the constant rate of O oyl A/ 2 5 508 Culd Jaeay ol
2 ft/s. Assume that the boat remains at e pull Lo eldl (5 gl ie J) 30 Y ol
water level. At what speed is the boat Sle 058 Ladie Cina ) (e ol Lo oy
approaching the dock when itis 20 ft from faua)ll e a8 20 a2
the dock?

-~
O
=
O
e
x
E
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Q9- Suppose that you are blowing up a balloon o sedl Ailaly () 5l iy 85 Gl o yiail 9
by adding air at the rate of 1 ft3/s. If the Al Jasing ¢y MUl OIS 1 fE3 /5 Jona
balloon maintains a spherical shape, the = Ot kil Caiai g aaall Gl (g5 SI)
volume and radius are related by V = gnr3. Dbl Caai yiad Jaea )8V = g 3
Compare the rate at which the radius is e Qi pdi 7 = 0,01 055 Lexie
changing when r = 0.01 ft versus pdr = 0.1 05N
whenr = 0.1 ft.
Q10- Suppose a 6-ft-tall person is 12 ft away dx e\ﬁi 6 Ash iy Uall ol eyl 10
from an 18 ft-tall lamppost. a8 18 alsha 3 5l dgee e a2 12
If the person is moving away from the . Agae Ce & ety Gaddll IS 1))
lamppost at a rate of 2 ft/s, at yvhilt rate is @A) Jandl) b (2 ft /5 Janay 5,0y
the length of the shadow changing? ¢ Sy a5
__
I8 ft
6 ﬂﬁ
- : -
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Q11 Suppose a forest fire spreads in a circle Cun 5 pla JS5 e pdin alile s 11
with radius changing at a rate of 5 ft / Sft/min Jae ki Cuai i,
min. When the radius reaches 200 ft, at 43 jiaal) Adhial) Aabia pad Joare 2a )
what rate is the area of the burning region 2001t Wb hé Caai ) &< Ladic
increasing?
Q12 Sand is poured from the pipe with rate 9 m3/sec Jue @il (e do) aay 120

9m3/s So that formed a conical pile by S sbon Leeld ) Apda s A da S IS8 Suny
a height equal to half the diameter of the 8 o a5l s Al acl8 Hlad (ol
base of the cone. Find the rate of increase ~ 3m Lel&)) (58 ladie Ja)ll e S plis )|
in the height of the sand pile when it
reaches a height of 3 meters.

e

O

=

O

e

x

=
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Q13 Land M two vertical roads in C, a gas station ~ .C 4bill & pladlaia Glaioss Gy L s M 13
is 12 km on M road from the intersection Ge12km 2285 M Gkl e o gy ddasa a8
point C. If a car moves towards C with L Gkl o 8l &€ a3 13 € adalésl) 3dass
velocity 26 km/h. find the rate of changing Lé | € Akl oladl & 26 km/h A
distance between the car and the station 285l Aasa 5 B lamadl (o Adlusall S Jaeae
when car about 5 km from C i e km 5 2 e b jbd) (S8 Ladie

¢ ti:a\.ﬁﬂ\

Q14 Anisosceles triangle 10 cm each and the daalin e S Jsha cpaliall aidate Gl 14
angle between them @ if the angle change 0 ein )3l Gd5 10 cm (pilaiall
with rate % rad /min. Find the rate of m/60 rad/min Jx 0 Sosi ),

Ladie Galiall dalica pad Jaxa @

change of the tringle area when 8 = = S

3 » 0=m/3
-~
O
=
O
e
x
&
|

0507614804 335 das i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
90




Imad Qdeh

Q15 The radlius of a circle is changing at the ) % in/s Jsas 5 _ila Hld Caai w1500
rate of — in/s. Choai 65 Latie 50} Aol a8 Jane
At what rate is the circle’s area changing S5cm la_kd
whenr =5 in?
=
Q
e
O
o
<
k=
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3.9
polally SLaiBYl § padl &Yune
RATES OF CHANGE IN ECONOMICS AND THE SCIENCES

EXAMPLE 9.1 9-1 Juis
Suppose that O o e
C(x) = 0.02x? + 2x + 4000
is the total cost (in dollars) for a company to (e Ban g X gl AS Al aa ol dall) lea) ga
produce x units of a certain product. AalKil) Al an gl Ama Cilatiia
Compute the marginal cost at x = 100 and compare Y Adedl) AL s jli 5 x = 100 e daall
this to the actual cost of producing the 100" unit 3325100
EXAMPLE 9.2 9-2 Juis
Suppose that O a e
C(x) = 0.02x? + 2x + 4000
is the total cost (in dollars) for a company to A8l Lelaats Al (LY 5ally) Adlea) A8SHl) a
produce X units of a certain product. e e (e Sl g x LY
Find the production level x that minimizes the s oall dadll sy A x Y (5 gle 2a )
average cost AAlSl) Jass gial
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EXAMPLE 9.2 9-2 Jixs
Let R(x) be the revenue and C(x) be the cost of X gl IS5 g8 C(x) 5 92Y) s R(x) OS4
manufacturing x items. Profit is defined as Al Ao m )l Cay el oy | pealiall (e

P(x) = R(x) — C(x)
R(x) = 10x — 0.001x?
C(x) =2x+ 5000

Find the maximum profit Lo alaal) dal) 2
EXAMPLE 9.3 9.3 0
Suppose that Ol sad e
f (p) = 400(20 — p)

is the demand for an item at price p (in AED) P <20 Cuspr il pomen Gme e lla s
withp < 20. allall &g peaa
(a) Find the elasticity of demand. E < —1dmi Al andl 52022 5) (2
(b) Find the range of prices for which E < —1. Sl ) A (585 Al ) 2 )
Compare this to the range of prices for which p J Ladliic dla

revenue is a decreasing function of p.
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EXAMPLE 9.4 9-4 J%s
In an autocatalytic chemical reaction, the reactant 3 gall 4Ll juatll A3 Sl Jeladl) 8
and the product are the same. The & dpa gl (S Jelaill paioy miiall g dleldiall
reaction continues until some saturation level is T il oY) e cilasl) o yay il (5 gisa
reach_ed. From experimental (_evidencg, . sl i) dad ae i Jelaill de yu o
chemlst:s know that the reaction rate is jointly OIS el Ay padil) (5 slse 3L 5
proportional to the amount of the product G sinas 0 st Alall 5oLl e Y1 5 Sl
present and the difference between the saturation B i 1263 100% LB L) 1 58 asill
level and the amount of the product. Taall e Fileal) salall ® Pyl
If the initial concentration of the chemical is 0 and O EEE X "
the saturation level is 1 (corresponding to 100%),
this means that the concentration x(t) of the
chemical satisfies the equation
x'(t) = rx(t)[1 — x(t)], wherer > 0is a constant.
Find the concentration of chemical for which the Ao 4 Jaad (o3 Aibiasl) Balall 38 55 2a
reaction rate x'(t) is a maximum ebaad) Al N X' (8) Lelelss
EXAMPLE 9.5 9-5 J&s
Find the value of x at which the rate of change of pH At Jama Lt (58 Al x4 2a
is the smallest. Identify the corresponding point on ALlaal) Adadl) das Jan pra pH o 5l
the titration curve in Figure Jil A5 laall e e
x | <
px)=c+In——
— X

‘: 'H

Q

e

Q R

"G ml of base added e

<

&

]
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EXAMPLE 9.6 9-6 Jb
Suppose that the mass of the first x meters of a (e Gl (e (Y1 YT AIES (o)) (= 8 e
thin rod is given by f (x) = v2x. Compute the Cuald f () = V2x Al aas 58
linear density at x = 2 and at x = 8, and Ol x = 8aic g x = 2 e Al 43U
compare the densities at the two points Ol e (i)
EXAMPLE 9.7 9-7 Juis
The electrical circuit shown in Figure includes a 14 — potie JSEN 8 Al AL HeSI) 3 lall (panat
ohm resistor, a 2 — henry inductor,a 0.05 — farad 3 30,05 <&Sa 5 5 s 2 Glaas 55 a5l 14
capacitor and a battery supplying 232 volts of AC 23 idl Ll el g8 232 alae) 4 jUa
current modeled by the oscillating function 232 sin 2t, 232sin 2¢ Gdiidl Al -l
Where tis measu.red in s:ecopds. . e 5l & el and 0 L QS of Gas
Find the current in the circuit at any time ¢. £ gl
5 &
Q(t) = 10e™> + 2te 2 + 3 sin2t — 7cos 2t coulombs
14 ohms 0.05 farad
|
2 henrys
©&—|
‘f) 232 volts
e
O
e
<
&
]
0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
95




Imad Qdeh

Il
EXAMPLE 9.8 9-8 Ji
Suppose that a population grows according to bl Asbaddly any AU gaill o 2 8 e
the equation p'(¥) = 2p(H)[1 — p(®)] (the p'®) = 2p(®)[1 — p®)]
logistic equation with r = 2). Find the (r =2 ahaiubigsus i)
population for which the growth rate is a A saill Jare 4d 068 3 ALKl dlaadll 2o
maximum. Interpret this point graphically. Ly Adaiil) o2 b alaal) dagdl)

Q1- Ifthe cost of manufacturing x items is C(x) C(x) A Fiex puaiddliculS ) 1
find the marginal cost at x = 30 x = 30 e 4al) 8K s
C(x) = x3+20x* +90 x + 15

=
O
=
O
e
<
k=
0507614804 335 Jes i)
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
96




Imad Qdeh

Q2- Suppose that C(x) = 10e°%%* is the total & C(x) = 10e%0%2% () (= yidl  (2) o
cost (in dollars) for a company to produce x Gex Y Y gally 4,0 dalkyl)
units of a certain product. Gl gl
a) Compute the marginal costat x = 100 x = 100 Y Loal) 26K an o) (I
b) Actual cost of producing the 100th unit x = 100 Y dlxal) dall) aa ) (2
c) Find the production level that will &) Ao gial) 48K Jragy (5311 5 ZLGY) (5 glune an gl (=
minimize the average cost. Sy L
e
O
=
O
e
x
&
|
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Q3- The cost of manufacturing x items is given o palic y aial 8l il A 3
by A8l
C(x) =0.02x% + 20x + 1800

a) Compute the marginal cost at x = 20 x = 20 WY Laall ddil) as ) (&

b) Actual cost of producing the 20th unit x = 20 Y 4lasl) dalKal) s o) (&

Q4- Suppose that f(p) = 200(30 — p)is the kAl gl gaj e 4 o

demand. f(p) =200(30 —p)
a) Find the elasticity of demand. allal) 45 e 224 ()
b) Find the range of prices for which the O ) sais (68 s A ) e 22 g) (@
demand is elastic (E < —1) (E<-1)

=
O
=
O
S

Sl ©) Compare this to the range of prices for Wil ooy caad (o2 ) (ga (8 (2

: : : : Bl alad) Jrag o) radly

which revenue is a decreasing function of p.. oallily o > ¢ ?
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Q5- If the concentration of a chemical @8 ey JLesSl S QS B
changes according to the equation 40l Al

x'(t) =2x(t)[4 — x(1)]

a) Find the concentration x(t) for which Jelil de pud dad ST Gy s 585 2l (1
the reaction rate is maximum

b) Find The Limiting concentration. S s 2a ) (@
Q6- Ifthe concentration of a chemical changes By yoahy Sl € A1l K1Y 6
according to the equation Al Adaleall
x'(t) =0.3x(t)[4 — x(t)]
Find the concentration x(t) for which the Jelal) de pud dad ST gay A Sl as ) (&

reaction rate is maximum
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Q7- Inthe titration of a weak acid and strong A8V 3 dd3ell pe Clinia Gasa b plas ie 7
base, the pH is givenby ¢ + In :x, . el
where f is the fraction (0 < x < 1) of PH=c + In——
converted acid. What happens to the rate F AL Jiee oSl 4 b 63l
of change of pH as x approaches 1? PH & L5l Jud S e (0 < x < 1)

1.0 x o Lovic

Q8- Suppose that the charge in an electrical xd Al S 3 (A AE o 2 @) 8 e

circuit is Q(t) coulombs. Find the current ol aash Q(t) 4Ball

Q(t) = e % (cos 3t — 2 sin 3t)
Q9- Suppose that the charge in an electrical xd Al eS8 iy A AN o i @) 9
o circuit is Q(t) coulombs. Find the current Dl aa gl Q) A8dalL
O Q(t) = e 3t sin2t
=
O
e
<
&
]
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Q10- Suppose that the charge in an electrical x4l 5eS B la A Al ) =8l 10 om
circuit is Q(t) coulombs. Find the current Dbl sl Q) Al
Q(t) = e 3t (cos 2t + 4 sin 3t)
Q11- The mass of the first x meters of a thin rod is il e A5V e x JIALS CulS 1Y 1]
given by the function m(x) on the indicated SUasdll 3 yill (& () A8Nally aad Jaea
interval. (mall Canasll AN Z8UCT 4dadl) A1) s
Find the linear mass density function for the (b lea JS 8
rod. Briefly describe the composition of the el il S i Caa jlatidly
rod.
a) m(x) = 4x — sinx gramsfor 0 <x <6
b) m(x) = 4x grams for 0 < x <2
c) m(x) = (x — 1)3 + 6x gramsfor0 < x < 2
e
O
o
e d) m(x) = 4x? grams for0 < x < 2
x
&
|
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Q12- Suppose that a population grows according to the

logistic growth equation.

Find the population for which the growth rate is a

maximum.

Q13- Suppose that a population grows according to
the logistic growth equation.

Find the population for which the growth rate is a

maximum.

https://t.me/lomaths12
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AN s gl gadl) Alsbad)

p'(t) =2p(®)[7 — 2p(D)].

p' () =4p®[5-p(D)].
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Q14-

Suppose that the mass of the first xmeters of a
thin rod is given by

G e el xp Jgf AL o (il
Ay e’

14

m(x) =20 +x%for 0 < x < 4

Find the density of the rod and briefly describe
the composition of the rod.

il € il lia g ae ) &3 Cuadl) UK aa
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