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38
A pyramid 3 m high has a square base that is 3 m on a side. The cross-
section of the pyramid perpendicular to the altitude x m down from the vertex is a square
x m on a side. Find the volume of the pyramid.
39
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1. The solid lies between planes perpendicular to the x-axis at x = 0
and x = 4. The cross-sections perpendicular to the axis on the
interval 0 = x = 4 are squares whose diagonals run from the

parabola y = —V/x to the parabola y = V.

40
2. The solid lies between planes perpendicular to the x-axis at
x =—1 and x = 1. The cross-sections perpendicular to the
x-axis are circular disks whose diameters run from the parabola
e - 2
y = x“ to the parabolay = 2 — x~.
41
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3. The solid lies between planes perpendicular to the x-axis at
x =—1 and x = |. The cross-sections perpendicular to the
x-axis between these planes are squares whose bases run from the

semicircle y = —V1 — x? to the semicircle y = V1 — x2,

42
4. The solid lies between planes perpendicular to the x-axis at
x = —l and x = 1. The cross-sections perpendicular to the x-axis
between these planes are squares whose diagonals run from the
semicircle y = —V1 — x? to the semicircle y = V1 — x2.
43
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5. The base of a solid is the region between the curve y = 2V sinx
and the interval [0, 7] on the x-axis. The cross-sections perpen-
dicular to the x-axis are

a. equilateral triangles with bases running from the x-axis to the
curve as shown in the accompanying figure. y

b. squares with bases running from the x-axis
to the curve.

44

6. The solid lies between planes perpendicular to the x-axis at

x =—m/3 and x = 7w/3. The cross-sections perpendicular to
the x-axis are

a. circular disks with diameters running from the curve
y = tan x to the curve y = sec x.

b. squares whose bases run from the curve y = tan x to the
curve y = Sec X.

45
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7. The base of a solid 1s the region bounded by the graphs of

vy = 3x, y = 6, and x = 0. The cross-sections perpendicular to
the x-axis are

a. rectangles of height 10.

b. rectangles of perimeter 20.

46
8. The base of a solid is the region bounded by the graphs of
v = Vx and v = x/2. The cross-sections perpendicular to the
X-axis are
a. isosceles triangles of height 6.
b. semicircles with diameters running across the base of the solid.
47

Mr. Mohamed Abdelaal Mobile and WhatsApp +971 50 7374551




22 Elddh aaall — 6.2

9. The solid lies between planes perpendicular to the y-axisat y = 0
and v = 2. The cross-sections perpendicular to the y-axis are cir-
cular disks with diameters running from the v-axis to the parabola

x = V52

48
10. The base of the solid is the disk x> + y? = 1. The cross-sections
by planes perpendicular to the y-axis between v = —l and y = |
are isosceles right triangles with one leg in the disk. Y
X
49
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11. Find the volume of the given right tetrahedron. (Hint: Consider
slices perpendicular to one of the labeled edges.)

50

12. Find the volume of the given pyramid, which has a square base of
area 9 and height 5.

51
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EXAMPLE 4  The region between the curve y = Vx,0 = x = 4, and the x-axis is
revolved about the x-axis to generate a solid. Find its volume.

21
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EXAMPLE 6 Find the volume of the solid generated by revolving the region bounded
by v = Vx and the lines v = 1,x = 4 about the line y = 1.

22

EXAMPLE 7 Find the volume of the solid generated by revolving the region between

the y-axis and the curve x = 2/y. 1

v = 4, about the y-axis.

23

Mr. Mohamed Abdelaal

Mobile and WhatsApp +971 50 7374551




15

Clilal) g gal AL asaall — 6.2

EXAMPLE 8  Find the volume of the solid generated by revolving the region between

the parabola x = y? + 1 and the line x =

3 about the line x = 3.

24
find the volume of the solid generated by revolv-
ing the shaded region about the given axis.
About the x-axis
y
25
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find the volume of the solid generated by revolv-

ing the shaded region about the given axis.

About the y-axis
y

2 il 26
%
Xx= 7
L x
0 3
find the volume of the solid generated by revolv-
ing the shaded region about the given axis.
About the y-axis
y
1
x=tan (Ty
- (4 -‘) 27
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ing the shaded region about the given axis.

About the x-axis

_\'
N

find the volume of the solid generated by revolv-

i y = sin x cos x
2
28
> X
0 il
2
Find the volumes of the solids generated by revolving the regions
bounded by the lines and curve about the x-axis.
2
y=Xx%, y= 0 x=2 29
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Find the volumes of the solids generated by revolving the regions
bounded by the lines and curve about the x-axis.

.\v:x-‘, .\!:O, =9

30
Find the volumes of the solids generated by revolving the regions
bounded by the lines and curve about the x-axis.
y = \/9_x2’ .\,':O
31
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Find the volumes of the solids generated by revolving the regions
bounded by the lines and curve about the x-axis.

y=x—x% y=0

32
Find the volumes of the solids generated by revolving the regions
bounded by the lines and curve about the x-axis.
y=Vcosx, 0=x=xn/2, y=0, x=0
33

Mr. Mohamed Abdelaal Mobile and WhatsApp +971 50 7374551




20 Clilal) g gal AL asaall — 6.2

Find the volumes of the solids generated by revolving the regions
bounded by the lines and curve about the x-axis.

y=secx, y=0, x=—-7w/4, x=m/4
34
Find the volumes of the solids generated by revolving the regions
bounded by the lines and curve about the x-axis.
-\! — e_-‘; .\! — 0’ ) O‘ g = 1
35
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The region between the curve y = Vcotx and the x-axis from
x=mw/6tox = /2

36
The region between the curve y = 1/ (2\/;) and the x-axis from
x=1/4tox =4

37
y=g 1l =0 x=1, Xx=3

38
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EXAMPLE 9

The region bounded by the curve y = x* + 1 and the line y = —x + 3

is revolved about the x-axis to generate a solid. Find the volume of the solid.

39
EXAMPLE 10  The region bounded by the parabola vy = xZ and the line y = 2x in the
first quadrant is revolved about the y-axis to generate a solid. Find the volume of the
solid.

40
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Find the volumes of the solids generated by revolving the shaded
regions about the indicated axes.

The x-axis

y

y=vcosx f

41

Find the volumes of the solids generated by revolving the shaded
regions about the indicated axes.

The x-axis
The y-axis

.-\|
Y

-3

X=tany

42
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Find the volumes of the solids generated by revolving the regions
bounded by the lines and curves about the x-axis.

y =X, .\,v:], =0

43
Find the volumes of the solids generated by revolving the regions
bounded by the lines and curves about the x-axis.
_v=2\/;. y=2, x=90
44
Find the volumes of the solids generated by revolving the regions
bounded by the lines and curves about the x-axis.
y=x2+1, y=x+3
45
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Find the volumes of the solids generated by revolving the regions
bounded by the lines and curves about the x-axis.

y=4-—x3 y=2—x

46
Find the volumes of the solids generated by revolving the regions
bounded by the lines and curves in about the x-axis.
y=s8ecx, y= V2, -w/4d =x=7/4
47
Find the volumes of the solids generated by revolving the regions
bounded by the lines and curvesabout the x-axis.
y=secx, vy=tanx, x=0, x=1
48
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find the volume of the solid generated by revolv-
ing each region about the y-axis.

The region enclosed by the triangle with vertices (1, 0), (2, 1),
and (1, 1)

49

find the volume of the solid generated by revolv-
ing each region about the y-axis.

The region enclosed by the triangle with vertices (0, 1), (1, 0),
and (1, 1)

50

find the volume of the solid generated by revolv-
ing each region about the y-axis.

The region in the first quadrant bounded above by the parabola
y = x2%, below by the x-axis, and on the right by the line x = 2

51
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find the volume of the solid generated by revolv-
ing each region about the y-axis.

The region in the first quadrant bounded on the left by the circle
x2 + y2 = 3, on the right by the line x = \/3, and above by the

liney = V3

52
find the volume of the solid generated by
revolving each region about the given axis.
The region in the first quadrant bounded above by the curve
y = x2, below by the x-axis, and on the right by the line x = 1,
about the line x = —1
53
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find the volume of the solid generated by
revolving each region about the given axis.

The region in the second quadrant bounded above by the curve

y = —x3, below by the x-axis, and on the left by the line x = —1,
about the line x = =2

54

. Find the volume of the solid generated by revolving the region
bounded by vy = \/x and the lines y = 2 and x = 0 about
a. the x-axis. b. the y-axis.

¢. theliney = 2. d. the line x = 4.

55
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Find the volume of the solid generated by revolving the triangular
region bounded by the lines y = 2x,y = 0, and x = 1 about

a. thelinex = 1. b. theline x = 2.

56
Find the volume of the solid generated by revolving the region
bounded by the parabola y = x? and the line y = 1 about
a. theliney = 1. b. theliney = 2.
¢. theliney = —1.
57
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By integration, find the volume of the solid generated by revolv-
ing the triangular region with vertices (0, 0), (b, 0), (0, i) about

a. the x-axis. b. the y-axis.

58

Find the volume of the solid generated by revolving the region bounded by the straight

lines:y=X+1 >, y=0 , X=1, X=4acomplete revolution about X-axis.

59
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Find the volume of the solid generated by revolving the region bounded by the curve :
y = X2 + 2 and the X-axis and the two straight lines X=-2 , X=2

a complete revolution about X-axis.

60
Find the volume of the solid generated by revolving the region bounded by the curve :
y = Y X + 4 and the two axis of coordinates a complete revolution i[//
1. About X-axis. 2. About y-axis. ' /I ‘ ‘

2 ,/ X
EXEECNE
}.\i‘
61
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Find the volume of the solid generated by revolving the region hounded by the two curves :

X=y%and y = X? a complete revolution about X-axis. % . .4

~= X~y

(-<I
v

Find the volume of the solid generated by revolving the region bounded by the curve
Xy =3 and the two straight lines y = 1 » y = 3 and y-axis a complete revolution :

1. About the y-axis. 2. About the X-axis.
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Find the volume of the solid generated by revolving the region bounded by the curve
y =9 - X?and the straight line : 3 X +y=9

a complete revolution about the y-axis.

64
Find the volume of the solid generated by revolving the region bounded by the curve
y =V 2 X -2 and the tangent drawn to the curve at the point (3 » 2) and the X-axis
a complete revolution about X-axis.

65
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Find the volume of the solid generated by revolving the region bounded by the curve :

yY X and the straight line y = % X a complete revolution

1. About the X-axis. 2. About the y-axis.

66

Use the integration to find the volume of the sphere of radius length = r

67
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Use the integration to prove that volume of the right circular

4

cone = 3 ¢ r * h where r is the radius length of its base and h is its height.

68
ABC is a triangle in which A (0 50) B (5 ,0) » C (8 » 3) By using the integration
Find the volume of the solid generated by revolving this triangle a complete
revolution about X-axis.

69

Mr. Mohamed Abdelaal Mobile and WhatsApp +971 50 7374551




36

Gllal) g yal B34 asxall — 6.2

Find the volume of the solid generated by revolving the region bounded by the given

curves and straight lines a complete revolution about X-axis for each of the following :

y=X » X=3

« 9 JT cubic unit »

70
Find the volume of the solid generated by revolving the region bounded by the given
curves and straight lines a complete revolution about X-axis for each of the following :
y=|X| » X==-2 » X=4 , y=0 « 24 TU cubic unit »
71
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Find the volume of the solid generated by revolving the region bounded by the curve

y =‘V 2 X-2 and the tangent drawn to the curve at the point (3 > 2) and the X-axis
a complete revolution about X-axis.

72

Jlallue desa Yl
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Volumes Using Cylindrical Shells

Shell Formula for Revolution About a Vertical Line

The volume of the solid generated by revolving the region between the x-axis and
the graph of a continuous function y = f(x) = 0,L = a = x = b, about a ver-

tical line x = L is
b
i = ( shell ( shell )d,
- “7\ radius height *
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EXAMPLE 1 The region enclosed by the x-axis and the parabola y = f(x) = 3x — x°
is revolved about the vertical line x = —1 to generate a solid (Figure 6.16). Find the vol-
ume of the solid.
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EXAMPLE 2  The region bounded by the curve vy = Vx, the x-axis, and the line
x = 4 is revolved about the y-axis to generate a solid. Find the volume of the solid.
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EXAMPLE 3 The region bounded by the curve y = Vx. the x-axis, and the line
x = 4 is revolved about the x-axis to generate a solid. Find the volume of the solid by the
shell method.
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In Exercises 1-6, use the shell method to find the volumes of the
solids generated by revolving the shaded region about the indicated

axis.

1. 25
y y
Gl 2 3 ,
u_v::-_.q-' 1:I+-1-T I___'“}-_,- v _ X
1
0 g 0 g 2
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In Exercises 1-6, use the shell method to find the volumes of the
solids generated by revolving the shaded region about the indicated
axis.

o
-
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5. The y-axis 6. The y-axis
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Revolution About the y-Axis
Use the shell method to find the volumes of the solids generated by

revolving the regions bounded by the curves and lines in Exercises
7—12 about the y-axis.

7.v=x, vy=—x/2, x=2

Revolution About the y-Axis
Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises

7—12 about the y-axis.
8. y=2x, y=2x/2, x=1
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Revolution About the y-Axis
Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises

7—-12 about the y-axis.
9, =3 y=2 =% F=0 Torx=90

Revolution About the y-Axis
Use the shell method to find the volumes of the solids generated by

revolving the regions bounded by the curves and lines in Exercises
7—12 about the y-axis.

10, y=2—3% 9=2% =0
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Revolution About the y-Axis
Use the shell method to find the volumes of the solids generated by

revolving the regions bounded by the curves and lines in Exercises
7-12 about the y-axis.

11. y=2x — 1, y=\/§. x=10

Revolution About the y-Axis
Use the shell method to find the volumes of the solids generated by

revolving the regions bounded by the curves and lines in Exercises
7—12 about the y-axis.

12. y=3/(2V%), y=0, x=1, x=4
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(sinx)/x, 0<x=m
| x=20

a. Show that xf(x) = sinx.0 = x = .

13. Let f(x) = {

b. Find the volume of the solid generated by revolving the
shaded region about the y-axis in the accompanying figure.

sin x
y=1< ¥
5 x=10

D<x =4
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tanx)2/x, 0 <x= /4
14.Le18[x}:{:] r/ . m/

a. Show that x g(x) = (tanx)%, 0 = x = 7/4.

b. Find the volume of the solid generated by revolving the
shaded region about the y-axis in the accompanying figure.

¥ 2

y tan~ x ]

A e 3 g Lok
y Y O’ <X = 4

0, x=10

Sk

IS
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Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises
15-22 about the x-axis.

15. ,rz\/}_-'. x=-—y, v=12

Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises
15-22 about the x-axis.

16 S =V ==y, y=2 =0

Mr. Mohamed Abdel Aal — Math HOD — Madar International School
Email m.abdelaal1969@hotmail.com - Al Ain -Al Hilli— UAE — 050 7374551



mailto:m.abdelaal1969@hotmail.com

34

Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises
15-22 about the x-axis.

7. =%y =% =0

Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises
15-22 about the x-axis.

18. x=2y—y% x=y¥
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Use the shell method to find the volumes of the solids generated by

revolving the regions bounded by the curves and lines in Exercises
15-22 about the x-axis.

19, y= x|, ¥y=1

Use the shell method to find the volumes of the solids generated by

revolving the regions bounded by the curves and lines in Exercises
15-22 about the x-axis.

20. y=x, y=2x, y=2
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Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises
15-22 about the x-axis.

2. y=Vx, y=0, y=x—2

Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises
15-22 about the x-axis.

2. y=Vx, ¥=0, ¥=2 — i
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In Exercises 23-26, use the shell method to find the volumes of the
solids generated by revolving the regions bounded by the given curves
about the given lines.

23, y=3x, v=0, x=2

a. The y-axis b. Thelinex = 4
¢. The line x = —1 d. The x-axis
e. Theliney =7 f. The liney = —2
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a. The y-axis b. The line x = 3
¢. The line x = —2 d. The x-axis
e. Theliney = 8 f. Theliney = —1
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25. y=x+2, y=2x
a. Theline x = 2 b. The line x = —1
¢. The x-axis d. Theliney = 4
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26. ¥y =3 y=4—= 52

a. Theline x = 1 h. The x-axis

Mr. Mohamed Abdel Aal — Math HOD — Madar International School
Email m.abdelaal1969@hotmail.com - Al Ain -Al Hilli— UAE — 050 7374551



mailto:m.abdelaal1969@hotmail.com

41

In Exercises 27 and 28, use the shell method to find the volumes of
the solids generated by revolving the shaded regions about the indi-
cated axes.

27. a. The x-axis b. Theline y = 1
c. Theline y = 8/5 d. Theliney = —2/5
y
g x= 1262 — v}
I - _1'
0 1
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28. a. The x-axis b. Theliney = 2
¢. Thelinevy =235 d. Theline y

|

|
Lh
-
ot
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In Exercises 31-36, find the volumes of the solids generated by
revolving the regions about the given axes. If you think it would be
better to use washers in any given instance, feel free to do so.

31. The triangle with vertices (1, 1), (1, 2), and (2, 2) about
a. the x-axis b. the y-axis
c. the line x = 10/3 d. theline y = 1
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32. The region bounded by v = Vx, v = 2, x = 0 about
a. the x-axis b. the v-axis

c¢. thelinex =4 d. the liney = 2
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33. The region in the first quadrant bounded by the curve x = y — y°
and the v-axis about

a. the x-axis b. theliney = 1
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34. The region in the first quadrant bounded by x = v — v}, x = 1,
and v = 1 about

a. the x-axis b. the v-axis

¢. theline x = 1 d. theliney =1
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35. The region bounded by v = \/x and y = x2/8 about

a. the x-axis b. the y-axis
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36. The region bounded by y = 2x — x? and y = x about

a. the v-axis b. the line x = 1
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37. The region in the first quadrant that is bounded above by the
curve y = 1/x'/*, on the left by the line x = 1/16, and below by

the line ¥y = 1 is revolved about the x-axis to generate a solid.
Find the volume of the solid by

a. the washer method. b. the shell method.
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38. The region in the first quadrant that is bounded above by the
curve y = l,f’\/E. on the left by the line x = 1/4, and below by

the line v = 1 is revolved about the v-axis to generate a solid.
Find the volume of the solid by

a. the washer method. b. the shell method.
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